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DETERMINANTAL REPRESENTATION OF TRIGONOMETRIC
POLYNOMIAL CURVES VIA SYLVESTER METHOD

MAO-TING CHIEN!* AND HIROSHI NAKAZATO?

Communicated by F. Kittaneh

ABSTRACT. For any trigonometric polynomial ¢(6), we give a constructive al-
gorithm by Sylvester elimination which produces matrices C1, Cq, Cs such that
det(C1 +R(p(0))Co + 3(¢p(0))C3) = 0. For a typical trigonometric polynomial,
we assert that C; is positive definite, and thus the typical polynomial curve
admits a determinantal representation.

1. INTRODUCTION AND PRELIMINARIES

Let A be an n x n matrix. The real ternary form Fu(t,z,y) associated to A is
defined as

Fa(t,z,y) = det(tl, + zR(A) + yS(A)),

where R(A) = (A+ A*)/2 and J(A) = (A — A*)/(2i). Kippenhahn [%] character-
ized the numerical range of A, W(A) = {{*A{ : £ € C", "¢ = 1}, as the convex
hull of the real affine part of the dual curve of the curve Fu(t,z,y) = 0. The
form F4(t,x,y) is hyperbolic with respect to (1,0,0), i.e., Fa(1,0,0) # 0, and
for any real pair z,y, F4(t,x,y) has only real roots in t. The converse part was
conjectured by Fiedler [5] and Lax [9], namely, for any real ternary hyperbolic

form f(t,z,y), there exist Hermitian(or real symmetric) matrices S; and Sy such
that

f(ta I’,y) - det(t[n + 1'51 + ySQ) = FS(ta x,y),
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where S = S; 4+ iS2. Helton and Vinnikov [(] gave an affirmative answer to the
conjecture (see also [10, 12]). In this case, we call that the form f(¢,z,y) admits
a determinantal representation by the matrix S.

In [2], the authors of this paper study a typical roulette curve given by

o(0) = exp(inf) + aexp(—i(n — 1)), (1.1)

0<60<2r,n=23,...,and 0 < a < 1. In particular, they obtain that there
exists a 2n X 2n matrix A so that the roulette (1.1) is exactly the algebraic curve
defined by F4(t,z,y). In other words,

Fa(LR(6(6)), $(6(6)) = 0, 0 < 6 < 2. (1.2)

A more general form of the roulette curve (1.1) is a class of trigonometric poly-
nomials given by

¢(0) = Y cjexp(ijh). (1.3)
j=-—n
The curve Cy in the Gaussian plane associated to the trigonometric polynomial

¢ is defined as
Co ={(R((0)),3(¢(0))) : 0 < 6 < 2}
By using Henrion method [7] based on Bezoutian resultant, it is shown in [3] that
there exist 2n X 2n real symmetric matrices A, Ag, A3 so that the curve Cy lies
in the curve
det(A1 + ZL‘AQ + yAg) = 0
Sufficient conditions are given in [3] that guarantee the matrix A; being positive
definite. In this case, the curve Cy admits a determinantal representation by the
matrix
Ag = AP (Ay +iA) A,
that is Fia, (1, R(p(0)), I(4(6))) = 0.

We continue our study to construct another algorithm, based on Sylvester
matrix, that produces matrices Cy,Cy, C3 for trigonometric polynomial ¢(6) in
(1.3) satisfying

det(Cy 4+ R(¢(0))Co + S(4(0))C3) = 0. (1.4)
For a typical trigonometric polynomial ¢(6), we assert that C is positive definite,
and thus the corresponding curve Cy admits a determinantal representation.

2. SYLVESTER METHOD

Consider a complex trigonometric polynomial ¢(#) as in (1.3). The conjugate
of ¢(0) is denoted by

W(0) = Y Gexp(—ijh) = > e exp(ijo). (2.1)

We substitute the variable u = exp(if). Then (1.3) and (2.1) respectively become

Z cju" — p(0)u" = 0, (2.2)

j=—n
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n

> eutt — (0" = 0. (2.3)

Recall that the 2¢ x 2/ Sylvester matrix H of two polynomials

Z’yg ju! and q(u Z(Sg ju?

7=0
is defined as

Yo Y1o--- Ve 0 0O ... 0
0 Yo Y1 Ye 0 0
H—H — 0O ... ... % M - . T
P 50 51 (Sg 0 0
0 d9 O Oy 0
0 ... ... % 01 ... ... O

The determinant of the matrix H is called the resultant of p(u) and ¢(u) with
respect to u. It is well known that p(u) and ¢(u) have a common non-constant
factor if and only if det(H) = 0 (cf. [, 13]).

To construct matrices C1, Cy, C3 satisfying (1.4), we introduce a new parameter
tin (2.2) and (2.3), and write

n 2n
t Z cju"t — ()" = Z%n_j(t, 2)u!
j=0

j=—n

n 2n
t Z e u"t —p(O)u" = Z5gn_j(t, w)u?
=0

j=—n

Now, let H be the 4n x 4n Sylvester matrix of polynomials

2n
plu:t,z) = Z%rzjtz)u”andqu t,z) 25%9?52
7=0

Denote the matrix H with rows rq,79,...,74, as
H=H(ri,ra,...,T4). (2.4)
More precisely, the j-th row of the matrix H is
r; = (0j_1,cnt, Cnt, ... cot — @, ... cont, Ogpj)
for 1 < 7 < 2n, and
r; = (0j_2n—1,C_nt, Cprit, ..., Cot — 1, ..., Cnt, On—y)

for 2n + 1 < j < 4n, where 0, stands for k-dimensional zero vector. We will
produce a 2n x 2n matrix associated to ¢(f) by modifying the matrix H. At first,
we define the matrix

H= H(T’l,...,T’n,fn_,_l,...,f3n,7”3n+1,...,7“4n) (25)
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which is obtained from H (2.4) by replacing the n + 1,n + 2,...,3n rows with
the following new rows

Tn+1 = Tp41l — Cfn/q T3n+1,

T = Tpio—CpfCyT — (Copt1Cn — ConCpi) [Cat 1
n+2 — n+2 —n/tn '3n42 —n+1tn —nbtn—1 n 3n+1
- _ — .\ /=2

'n+3 = Tp43 — C—n/cn 3n+3 — (C—n—i-lcn - C—ncn—l)/cn T'3n+2

_[C—n+2q2 — C_n41Cn—1 Cn + C—n<cn—12 —Cp—2 q)]/ag T3n+1,

and
f3n = T3p — m/cn T'n,
f3n—1 = T3p-1— m/cn T'n—1— (Cnc—n+1 - Cn—lﬁ)/ci Tn,
f3n—2 = T3p—2 — E/CTL T'n—o — (Cnc—n—‘rl - Cn—la)/ci Tn—1
_[(Cic—n-ﬂ — CpCn1Cpy1) + E<Ci—1 - Cn—QCn)]/Ci T'n,
The general rows 7,11, k = 1,2, ..., n, are formulated by
k
Ttk = Ttk + Z Q5T 3n+k+1—5>
j=1
where the coefficients ay, a, . . ., oy are uniquely determined so that the (3n+1)-
th, (3n + 2)-th, ..., (3n + k)-th entries of the row 7, all equal 0, while the
coefficients 3, 0, . .., O of the general rows

k
Tant1-k = T3nt1-k + Z Bitnsj—r, k=1,...,n
j=1
are uniquely determined so that the n-th, (n — 1)-th, ..., (n — k + 1)-th entries of
the row 73,11k equal 0. )
The following result is a key observation for the properties of the matrix H in

(2.5).

Theorem 2.1. Let H be the matriz defined in (2.5) corresponding to the trigono-
metric polynomial ¢(0) in (1.3). Then the following hold:

(1) The upper left nxn principal submatriz of H is an upper triangular matrix
with diagonals (cut, et . .. cpt).
(73) The lower right nxn principal submatriz of H is a lower triangular matriz

with diagonals (Cpt,Cut, . .., Cyt).
(ii1) The first n entries and the last n entries of the new rows r,. 1, ..., ap,
Tondls - --5T3n are all 0.
(tv) The form associated to ¢(0) in (1.3) is given by
R(t,x,y) = det(H) = det(H) = |c,|*"t*" x det(H,), (2.6)

where Hy is the 2n x 2n principal submatriz of H by deleting the first n
and last n rows and columns.



DETERMINANTAL REPRESENTATION 273
(v) If we denote the matriz Hy by
Hy = Hy(t,¢,v) = Ho(t, z + iy, x — iy) = tCy + xCy + yCs, (2.7)
then we have

det(C) + R(6(6))Cs + (6(60))C3) = 0.

The matrix C obtained in Theorem 2.1 is not necessarily Hermitian and is
therefore not positive definite; see, for example, the remark at the end of this
section. It is shown in [2] that a special trigonometric polynomial (1.1) admits
a determinantal representation. We apply Theorem 2.1 to more general typical
trigonometric polynomials of the form ¢(0) = exp(inf) + aexp(—imf) which
guarantee the positive definiteness of Cf.

Theorem 2.2. Let ¢(0) be a trigonometric polynomial defined by
¢(0) = exp(inf) + aexp(—imb),

0 <0 <27, where 0 < m < n are positive integers and 0 < a < 1 is a positive real
number. Then the matriz Hy = tCy + xCy + yCs in (2.7) satisfies the following
conditions:

(1) The 2n x 2n matrices Cy, Cy, Cy are Hermitian and C is positive definite.
(1) The matriz Cy = 01—1/2(02 + 2'03)01_1/2 satisfies

Fe,(t, z,y)det(Cy) = det(Hy).
(791) For 0 <6 < 2m,
Fe, (1, cos(nf) + acos(mb), sin(nf) — asin(md)) = 0.

Proof. From (2.7), the matrix Hy(0,x,y) = 2Cy + yCj is the following form

(Q(a(:), y) P(gg y)> ’

where P(z,y) is a lower triangular Toeplitz matrix

pl(xay) 0 0
Tp2<xay) pl(xvy) O
Pla,y) = c M,
(z.9) rps(z,y) pax,y) pi(z,y)
with
pi(z,y) = (=6 +con)r +i(—C — c_n)yl/Cn,
pa(,y) = (Cong1Cn — Conloor)(x — iy) [,

p3(l’, Z/) = {C—n+2a2 — Cn+1Cp—1 q + C—n,(Cn—l2 — Cp—2 @)}(ﬂf - Zy)/@3>



274 M.-T. CHIEN, H. NAKAZATO

and Q(z,y) is an upper triangular Toeplitz matrix

Ch(ﬂ?,y) QQ(I,ZJ) q3(x,y)

|0 ey ey
with
a(z,y) = [(—en +T50)z +i(en + )yl /cn,
@, y) = [(cnCopit — Cn1C)(x +1y)] /2,
as(r,y) = e — coaennin) +Tnlchy — caac) Yz +iy)l /e,

Hence the matrices Cy, C'3 are Hermitian, and
det(Ho(0,z,y)) = det(xCy+ yCs)
= (=1)"pu(@,9)"q(z,y)"
= (-D)"{-c(z +iy) + c_plz —iy)}"
<A@ +1y) — calz — iy)}" /e,
Let ¢ = n — m. Then the matrix C} is given by

I, O¢,2n—2¢ aly
2
O2n—20e (1 —a)lon—2¢ Ozp—oes |,
aly 0¢,2n—2¢ I

which is a real symmetric positive definite matrix. The matrix
Co = Oy *(Cy +iCy)Cy V2
gives a homogeneous polynomial
Foo(t, 2, y) = det(tI, + 2Cy 2 CoC 2 4y V205072
satisfying
Fe,(t,z,y)det(Cy) = det(Hy) = det(tCy + 2Cy + yCs).
The assertion (iii) follows from the Sylvester construction (2.6) and (2.7) for the
trigonometric polynomial ¢(0), i.e.,
Foo (1, R(6(6)), S(6(6))) = 0, 0 < 0 < 2.

OJ

Remark 2.3. Although the matrix € in Theorem 2.2 is positive definite for

#(0) = exp(inf) + aexp(—im#), in general, C; is not Hermitian for an arbitrary
trigonometric polynomial ¢(6) given in (1.3). For example, let n = 2 and

1 17 1 1
_ 9:9) _ L N iy 1 _9ig).
¢(0) = exp(2i0) 1 exp(i6) = + %6 exp(—1i6) + = exp(—216)

Then
1

6(0) exp(216) = (exp(i0) + 3)(exp(i6) + )(exp(i6) — 3)(exp(it) — 3).
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The matrices constructed by Theorem 2.2 are

20732 —5192 —4828 648
-9 20714 5039 —4666

=1 _4666 —5030 20714 —9 |
r648 —4828 —5192 20732

and

0 0 aa O

10 0 8 «
xCQ + Z/CB “la B 0 o0l

0O a 0 0
where o = —20448x — 21024y i, § = 648x — 648y+¢. The matrix C) is not
Hermitian.

3. DISCUSSION

Let 0 < m < n be two positive integers and 0 < a < 1 be a real number.
Consider a trigonometric polynomial ¢(6) = exp(inf) + aexp(—imf),0 < 0 < 27
which defines a real affine curve by the relation

v = x(0) = R(6(0)),y = y(0) = 3(¢(0)),

0 < 6 < 27m. Based on Bezoutian, the authors of this paper [3] gave a con-
structive proof by providing real symmetric matrices A;, Ay, A3 so that the curve
(x(0),y(0)) lies on det(A; + x Ay +yA;) = 0.

We compare the two construction matrices obtained in [3] and Theorem 2.2
by investigating the following example. The relation between Bezoutian and
Sylvester resultants can be found in [11]. Let n =2,m = 1,a = 4/5,

(0) = exp(2i0) + %exp(—i&),

Then the matrix Hy(t,z,y) = tCy + xCy + yC3 in (2.7) is computed by

1 0 0 4/5

0 9/25 0 0

0 0 9/25 0 |’
45 0 0 1

Cy =

0 0 -1 0 0 0 —i 0
C, — 0 0 4/5 -1 Cn — 0 0 —4i/5 —i
271 45 0 0|2 |i 4i/5 0 0

0 -1 0 0 0 0 0

We have that

0 Vi =25 0
5( 5 0 4 =25
—1/2 -1/2 _ °©
(Cl) 02(01) 9 _2\/3 4 0 \/3
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and

0 —iv/5 —2iV5 0
_ - 51 iv5 0 —4i  —2i\5
1/2 /2 _ 2
(C1)7Gs(Ch) 9 |2iv5 4 0 —iv/5
0 2iv5 Vb 0

Thus the matrix Cy = 0;1/2(02 + ng)Cfl/Q in Theorem 2.2 is given by

0 V5 0 0
10 0 0 4 0
00_3 o5 0 o0 VBl (3.1)

0 250 0
On the other hand, the matrices constructed by Bezoutian in [3] satisfying
6250000 det(t(]l + ZL'CQ + ng) = det(tA1 -+ [EAQ + yAg)

are given by
2r 0 —-63 0
0o 2r 0 -3

Q=163 0 207 0 |
0O -3 0 7
and
—15 0 35 0 0O —-60 0 —10
A — 0 65 0 15 A_—600—100
713 08 0 |"P | 0 —-10 0 40 |’
0 15 0 =35 —-10 0 40 0
The matrix A;l/ ? is a scalar multiple of the matrix
p 0 g O
0w 0 v
5= g 0 r 0]
0 v 0 w

where

p= \/218(6217 +98V5), ¢ = 7\/218(13 —2V5), r = \/218(257 +98v/5),

u= \/298(1373 +54V5), v = 3\/298(17 —6V5), w= 3\/298(637 +6V5).

More precisely S = 2¢/108v/1494; /2.
The matrices A;1/2A2Afl/2 and A;l/QAgAfl/Z are respectively real symmetric
matrices of the form

ai; 0 a3 0 0 a2 0 ayy
0 929 0 24 d 192 0 923 0

a3z 0 aszz 0 0 a 0 as|’
0 a24 0 Q44 Q14 0 asq 0

where a;;’s are distinct non-zero real numbers. Therefore none of entries of the
matrix Ay = A1_1/2<A2 + iAg)Al_l/2 is 0, while the matrix Cj in (3.1) obtained by
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Theorem 2.2 is rather sparse. The sparsity of Ay and Cj, obtained by the two
methods, is an interesting subject for further study.

We have proposed two constructive algorithms for determinantal representa-
tions of the trigonometric polynomial ¢(#) = exp(inf)+a exp(—im#) by matrices
Ay = AP (Ay +i43) A7 and Cp = C; P (Cy +iC5)Cy 7 satisfying (1.2). Tt
is interesting to ask whether the two matrices Ag and Cy are unitarily similar.
At this time, we cannot answer this question. Nevertheless, we give a positive
answer for the case when

o(0) = exp(2i0) + 4/5 exp(—ib).
According to [2], there constructs a matrix
0 -4 0 0
0o 0 -4 -3
91-5 0 0 O
0O 0 0 0

B —

satisfying
729det(t1y + zR(B) + yS(B)) = 15625det(tCy + xCy + yCs).

At first, we show that the matrices Ag and B are unitarily similar by a unitary
intertwining matrix W:

WA (Ay +i43) A2 = BW.
Setting I/VAi/2 =V, the matrix V satisfies

VAT (Ay+ids) = WAPAT Ay +iAs) = WATY?(Ay +iAs) = BWAY? = BV,
(3.2)
and
VATV = WAPAT AYPW = WW* = I (3.3)
Conversely, if V' satisfies (3.2) and (3.3) then the unitary matrix W = VA2
satisfies WA;UQ(AQ + iAg)Afl/QW* = B. Such a matrix V' is given by

—3i/2 3/2 —3i/2 3/2
3i/2  3/2  3i/2 32
—3i/2 —9/2 9i/2 3/2
9i/2 —3/2 —27i/2 1/2

This shows that Ay and B are unitarily similar.
On the other hand, the matrix C is unitarily similar to B, and UC,U* = B
for the unitary matrix

V:

0 —-10 0
S S R
“l1/v5 0 0 —2/V5

2/v/5 0 0 1/v5

Thus, both Ag and Cj are unitarily similar to B.
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