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ABSTRACT. This paper is devoted to an investigation of frames and Riesz bases
for general Banach sequence spaces. We establish various relationships between
Bessel (respectively, frames) and Riesz sequences (respectively, Riesz bases),
and then some of their applications are presented. Some recent results for
Banach frames and atomic decompositions are sharpened with simple proofs.
Banach spaces consisting of Bessel or Riesz sequences are introduced and it
is shown that they are isometrically isomorphic to some Banach spaces of
bounded linear operators, and that some subspaces of those Banach spaces are
isometrically isomorphic to some Banach spaces of compact operators.

1. INTRODUCTION

A sequence (f,,) in a Hilbert space H is called a frame if there exist constants
A, B > 0 such that

ALl < (1 £0F) < B

for every f € H. The concept is well known and the theory for it has been
much studied. The introductory text of Christensen [9] and the survey article of
Casazza [0] contain many results and references for the frame theory for Hilbert
spaces. We are now naturally led to a Banach space version of the frame. For
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1 < p < o0, asequence () in the dual space X* of a Banach space X is called

a p-frame for X if there exist constants A, B > 0 such that
Alell < (Y len(@)l?)” < Bllz|

for every € X. For the case p =00, (3, |xfl(x)|p)% is replaced by sup,, |z} (z)].
If there exists a 2-frame for a Banach space, then the Banach space is isomorphic
to a Hilbert space. The concept was introduced by Aldroubi, Sun and Tang [2]
and some abstract theories for it were studied by Christensen and Stoeva [11, 19].

Casazza, Christensen and Stoeva [7] introduced and studied a more general
notion. They defined that a sequence (z}) in X* is a Bs-frame for X, where B
is a scalar-valued Banach sequence space that is a linear space of sequences with
a norm which makes it a Banach space and for which the coordinate functionals
are continuous, if

(i) (xf(z)) € Bs for every z € X,

(ii) there exist constants A, B > 0 such that

Allzl] < | (2 ()], < Bll]]

for every x € X. An [,-frame for a Banach space is exactly a p-frame. We say
that (x) is a Bs-Bessel sequence for X if (i) and the upper B,-frame condition
are satisfied. Since a Banach space X can be identified with a subspace of the
bidual space X** of X, for a given sequence in X, the B,-Bessel sequence (resp.
frame) for X* can be analogously defined.

For a sequence (7)) in X* (resp. (z,) in X), if the map
Fiary: X = By, . (2,(2))
(resp. Fig,) : X* = By, 2" = (2%(n)))

is well defined, then from the closed graph theorem it is automatically bounded.
This means that the condition of Bs-Bessel sequence is only (i) in the frame
conditions. The operator is called the analysis operator. A sequence is a Bi-
frame if and only if the analysis operator is an isomorphism.

Considering the classical Banach sequence spaces [, (1 < p < 00) and ¢, then
an [, (1 <p < oo) (resp. ¢g)-Bessel sequence (z,,) for X* is a weakly p-summable
(resp. null) sequence, an l.-Bessel sequence (z,) for X* is a bounded sequence,
and for a sequence (z) in X*, a ¢p-Bessel sequence (z7) for X is a weak* null
sequence.

We say that a sequence (z,,) in X is a By-Riesz basic sequence for X if

(i) >, anw, converges for every (a,) € B,

(ii) there exist constants A, B > 0 such that

Allen)llz, < | 3 ana

< Bl|(em)]

Bs

for every (ay,) € Bs.
In particular, a By-Riesz basic sequence (x,,) for X is a B,-Riesz basis if X =
span{z,} and in this paper we call (z,,) a Bs-Riesz sequence for X if (i) is satisfied.
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Note that (x,) is an l,-Riesz sequence for X if and only if (z,,) is unconditionally
summable (cf. [17, Theorem 4.2.8]).
For a Bs-Riesz sequence (z,,) for X, the synthesis operator is defined by

R,y Bs = X, (o) — Zanzn.

From the Banach-Steinhaus theorem, a sequence is a B,-Riesz sequence if and
only if the synthesis operator is well defined and bounded. Also a sequence is a
B,-Riesz basic sequence if and only if the synthesis operator is an isomorphism.
The Riesz basis for a Hilbert space is well known (cf. [0, 9]), and in [2, 11], [,-Riesz
bases for Banach spaces were introduced and studied. This paper is organized as
follows.

In Section 2 we establish some relationships between Bessel and Riesz se-
quences. It is well known that a sequence (z,) in X is an [;-Bessel sequence
for X* if and only if (z,) is a cp-Riesz sequence for X (cf. [I7, Proposition
4.3.9]). Christensen and Stoeva [! 1, Proposition 2.2] showed that a sequence (z7)
in X*isan [, (1 < p < co)-Bessel sequence for X if and only if (x}) is an [,--Riesz
sequence for X*, where p* = p/(p — 1). We extend those results, more precisely,
for the dual Banach sequence space Y of By, it is shown that a sequence (x,,) in
X (resp. (z) in X*) is a Y,-Bessel sequence for X* (resp. X) if and only if (z,)

n
*

(resp. (z7)) is a Bs-Riesz sequence for X (resp. X*). Moreover, we establish
some relationships between B,-Bessel and Y;-Riesz sequences.

In Section 3 we study some relationships between Bj (resp. Y)-Riesz bases and
Y; (resp. Bs)-frames, necessary and sufficient conditions for Y; (resp. B;)-frames
to be By (resp. Y;)-Riesz bases.

In Section 4 we study Banach frames and atomic decompositions. Some recent
results [3, 4, 7] for them are sharpened with simple proofs.

We denote the collection of B,-Bessel sequences in X for X* (resp. X* for
X) by BY(X) (resp. BY (X*)). If B, =1, (1 < p < 00) (resp. Bs = lo),
then BY(X) is the collection of weakly p-summable (resp. bounded) sequences
in X, and ¢¥(X) (resp. ¢¥ (X*)) is the collection of weakly (resp. weak*) null
sequences in X (resp. X*). We denote the collection of Bs-Riesz sequences in
X by BsR(X). These collections are vector spaces under the standard operation
of scalar multiplication and addition for sequences. In Section 5 we show that
these vector spaces are Banach spaces endowed with some norms and that they
are isometrically isomorphic to some Banach spaces of bounded linear operators.

In Section 6 we introduce the B,-Bessel and Riesz sequences which are special
Bessel and Riesz sequences. We show that the Banach spaces consisting of them
are isometrically isomorphic to some Banach spaces of compact operators. Also
it is shown that a sequence is a Y,-Bessel (resp. B,-Bessel) sequence if and only
if it is a B,-Riesz (resp. Yi-Riesz) sequence.

2. RELATIONSHIPS BETWEEN BESSEL AND RIESZ SEQUENCES

The purpose of this section is to establish some relationships between Bessel
and Riesz sequences. In order to do this, we need the well known representation
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of the dual space B! of By; cf. [7, Lemma 3.1]. Let (e,) be the sequence of the
canonical unit vectors and suppose that (e,) is a Schauder basis for B,. Let

Yo = {(«5(en))l2 € BS}

and |[(z%(en))|ly. = ||z%]]. Then we see that (Ys,|| - ||y.) is a normed space and
the coordinate functionals for Y, are continuous. Consider the map j, : Yy — B!
defined by js[(z%(e,))] = x%. Then j, is a surjective linear isometry and so Y is
a Banach sequence space. For example, if By =1, (1 < p < o0) (resp. ly), then
Y, = I« (resp. lw), and if By = ¢, then Y, = [;.

Now for every =z} € B! and (ay,) € B

2 () =25 ( D anen) = D anwten = 3 anliy e,

where (j;'2%), is the n-th element of j;'z%. Let (f,) be the sequence of the
canonical unit vectors in Y;. Fix k& € N. Then for every (a,) € B

Jsfi((am)) = Zan(]s_ljsfk)n = Zan(fk>n = Q.

This shows that (jsf,) is the sequence of the coordinate functionals for B. If
(fn) is a Schauder basis for Yj, then for every z* € B!

vt = gl e)) = 5 (Do wilea)fa) = Yo aien)jifu

Throughout this paper we use the objects Y;, js, (en), (fn), the analysis and
synthesis operators in the introduction. Recall that an operator S from Y™ to X*
is weak™ to weak* continuous if and only if there exists an operator T from X to
Y such that S is the adjoint operator T of T; cf. see [I7, Theorem 3.1.11]. We
now have

Theorem 2.1. Suppose that (e,) is a Schauder basis for Bs and let (x,) be a
sequence in X. Then the following are equivalent.

(a) The analysis operator Fi,,y : X* — Yy is well defined.

(b) The synthesis operator R,y : By — X is well defined.

(c) The analysis operator Fig,y : X* — Y is well defined and the operator jsFis,) :
X* — BY is weak™ to weak™ continuous.

Hence (z,) € Y°(X) if and only if (x,) € BsR(X).

Proof. (¢)==(a) is trivial.
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(a)==(b) Recall that F{,,) is bounded. Let (o,,) € B,. Then

l
[ > o,
n=m

!
= sup Zana:*(xn)

I*eBx*

= sup Z anjs[(z*(2x))](en)

IE*EBx*

= sup js[(x*(xk))]<ia"6">

ac*EBX*

< sup [|7s[(«" ()]

B;
T*EBx* n—m
l
= sup ||(z"(@k))llv, Zanen
T*EBx* n—m s

—» 0 asl,m — oo.
Bs

l

Hence ) a,z, converges.
(b)=(c) Recall that R(,,) is bounded. Consider the operator j
Y;. Then for every z* € X*

(2" (za)) = (" (Ren) = (B, 27)en) = ji Bi,,)2" € Vi

Hence F{,,) is well defined, Fi,,) = j; IR’("Z") and so jsFia,) = R, ) is weak® to
weak” continuous. 0J

_1fon) X —

S

For example, for 1 < p < oo, (7,) € [,R(X) if and only if (z,) € L. (X),
(xn) € LR(X) if and only if (z,) € [(X), and (z,) € ¢R(X) if and only if
(x,) € IP(X). For every Banach space X, let (x,) be a bounded sequence in X,
which does not weakly converge to 0. Then (z,,) € 1 R(X) but (z,) & ¢ (X).

Remark 2.2. For every Banach space X containing ¢, there exists a (z,,) € I1'(X)
such that (x,) € lR(X) because a Banach space X does not contain ¢ if and

only if every weakly summable sequence in X is unconditionally summable; see
[14, (I1.4.5)] or [17, Theorem 4.3.12].

We have the following duality result of Theorem 2.1.

Corollary 2.3. Suppose that (e,) is a Schauder basis for Bs and let (z¥) be a
sequence in X*. Then the following are equivalent.
(a) The analysis operator Fig-y : X — Y is well defined.
(b) The synthesis operator Ry : By — X* is well defined.
(c) The analysis operator Fig-y : X™* — Y is well defined and the operator jsFiys) :
X** — BY is weak™ to weak™ continuous.

Hence () € Y (X*) if and only if (x) € ByR(X*) if and only if (z}) €
V(X).
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Proof. (c)==(a) is clear and (b)==-(c) follows from Theorem 2.1(b)=(c).
(a):>(b) Since for every (o) € By

apxy || = z;(x)| = sup anJs|(zy
| owsi] = 2 | Sl
from the proof of Theorem 2.1(a) (b) the concluswn follows. O

Interchanging the dual Banach sequence space Y; with B, we have the following
symmetric version of Theorem 2.1.

Theorem 2.4. Suppose that (e,) is a Schauder basis for Bs and ( f,) is a Schauder
basis for Yy and let (x,,) be a sequence in X. Then the following are equivalent.
(a) The analysis operator Fig,y: X* — B, is well defined.

(b) The synthesis operator R,y : Ys — X** is well defined and the operator
Ryjst s B — X** is weak™ to weak continuous.

(c) The analysis operator Fi,) : X* — B, is well defined and weak" to weak
continuous.

Proof. (c)==(a) is trivial.

(a)==(b) Consider the operator F(, yjs : ¥s — X**. Then for every n and
zte X*
and so F{, ]an = 1, for every n. Now for every (6n) €Y,

Flos((B0) = Fioyis Z Bufn) = D BuFloyisfn = D Bt

Hence R,y = F, 1Js is well deﬁned and R;,)j; " = F(.,y is weak®™ to weak
continuous because R, )(Ys) C X.

(b)=(c) By the assumption there exists an operator 7" : X* — B; such that
T* = R(,,)j; - But for every z* € X*

Tx® = (JsfuTx") = (T7jsfn)2") = (Ria,) fur") = (27 (20))-
Hence F| (l, ) = T is well defined and weak™ to weak continuous because F{, (BY) =

Riayjo (BY) C X. O

From Theorem 2.4, if (z,) € BY(X), then (z,) € Y;R(X), and the converse
does not hold in general by Remark 2.2 above, but if By is reflexive, then the
converse is true.

Remark 2.5. The assumption that (f,,) is a Schauder basis for Y is not used
in the proof of Theorem 2.4(b)==(c), but (a)==(b) need the assumption (see
Remark 2.2).

From the same argument as in the proof of Theorem 2.4, we have the following
duality result.

Corollary 2.6. Suppose that (e,) is a Schauder basis for Bs and (f,) is a
Schauder basis for Yy and let (z)) be a sequence in X*. Then the following
are equivalent.
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(a) The analysis operator Fiz-y : X — By is well defined.
(b) The synthesis operator Ry : Yy — X* is well defined and the operator
Ryjs '« Bi — X* is weak® to weak* continuous.

3. B,-FRAMES AND RIESZ BASES

In this section we use the results in Section 2 to establish some relationships
between frames and Riesz bases, necessary and sufficient conditions for frames to
be Riesz bases.

Recall that an operator T is surjective if and only if 7™ is an isomorphism,
and T is surjective if and only if 7" is an isomorphism; cf. [17, Theorem 3.1.22].
Then we have

Theorem 3.1. Suppose that (e,) is a Schauder basis for Bs and let (x,) be a
sequence in X . Then the following are equivalent.

(a) The analysis operator Fi,,y: X* — Yy is an isomorphism.

(b) The synthesis operator R,y : By — X is surjective.

(c) The analysis operator Fig,y : X* — Y is an isomorphism and the operator
JsF(z,) + X* — B} is weak™ to weak™ continuous.

Proof. (c)==(a) is trivial.
(a)=(b) By Theorem 2.1 R(,,) is well defined. Then R{, | = jsF{s,) in the
proof of Theorem 2.1(b)=(c). Hence by the assumption (a) R, is surjective.
(b)==(c) Since R{, | = jsF(s,), by the assumption (b) F,) is an isomorphism.
O

From Theorem 3.1, if (z,) is a Bs-Riesz basis for X, then (z,) is a Y,-frame
for X*. For example, if (z,) is an [,-Riesz basis for X (1 < p < 00), then (z,) is
an l,--frame for X*, and if (z,) is a ¢p-Riesz basis for X, then (z,,) is an /;-frame
for X*. But a Y;-frame for X* does not imply a B,-Riesz basis for X in general.
Indeed, consider the sequence (z,) = (e1,0,e5,0,---,0,¢e,,0,- ) in ¢o. Then for
every (ag) € Iy ||[(ag)lr = |((ag)zy)||1. Thus (x,) is an [;-frame for Iy, but (z,)
fails the condition (ii) of a cyp-Riesz basic sequence for ¢.

In the proof of Theorem 2.4 the synthesis operator R,,) : ¥y — X** is the
operator F fm) Js, hence we have the following.

Theorem 3.2. Suppose that (e,,) is a Schauder basis for Bs and (f,) is a Schauder
basis for Yy and let (x,) be a sequence in X. Then the following are equivalent.
(a) The analysis operator Fi,,y : X* — By is an isomorphism.

(b) The synthesis operator R, : Yy — X is surjective, and the operator
Renyist s Bf — X** is weak® to weak continuous.

(c) The analysis operator F(,,) : X* — B is weak* to weak continuous and an
1somorphism.

Remark 3.3. In Theorem 3.2, if (a) holds, then X is reflexive because Ry, )(Ys) C
X in the proof of Theorem 2.4 . Consequently, under the assumption in Theorem
3.2, a nonreflexive Banach space X cannot contain a B,-frame for X*.

We now consider sequences in dual spaces. The following result extends [11,
Theorem 2.4].
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Theorem 3.4. Suppose that (e,,) is a Schauder basis for By and (f,,) is a Schauder
basis for Yy and let (x) be a sequence in X*. Then the following are equivalent.
(a) The analysis operator Fiu«y : X — By is an isomorphism.
(b) The synthesis operator R : Yy — X* is surjective and the operator R,:j; " :
BY — X* is weak™ to weak™ continuous.

Proof. From the same argument as in the proof of Theorem 2.4, we see that the
synthesis operator R(:) : Ys — X* is the operator F(’;*) Js, hence the proof is
established. O

In view of Corollary 2.6 and Theorem 3.4, if (z7) € B¥" (X*) and (z}) is a Y-

Riesz basis for X*, then (z7) is a Bs-frame for X, and if By is reflexive and (z7)

is a Y;-Riesz basis for X*, then (z7) is a Bs-frame for X. Consider the sequence

(xf) = (e1,0,€2,0,---,0,€e,,0,--+) in l;. Then (z7) is a co-frame for cq, but (x})
is not even an [;-Riesz basic sequence for [;.

In Theorem 2.1, we have shown that a sequence (z,,) in X is a B,-Riesz sequence
for X if and only if (z,) is a Y,;-Bessel sequence for X*. But even for a Y;- Riesz

basis in a dual space, it may not be a Bs-Bessel sequence.

Example 3.5. Let 2 = e; and for every n > 2 let 2} = (1,0,---,0,1,0,---),
where the second 1 is the n-th element. Consider the sequence (z7) in [;. Then

for every (oy,) € b >, lanzi|li = D2, 2|lan| < 0o and so Y a,x) converges in

ll7
ol < | (3 awran )|+ (= w0
k k=2
< H Zn:anas;; 1 +;|akl < ZH ;anl‘;‘; .
and

(a’Il): (al—Z&k’O’...)+(a2’a2’0’...)+..._|_(an,07... 7&17,707“')_‘_"'
k=2

o0 o0

* *

= (a1 — E ak>:c1 + E anx,
k=2 n=2

which shows [; = span{z}}. Hence (z}) is an [1-Riesz basis for [;. But 2 (e;) =1
for every n and so (z}) does not weak* converge to 0 in /;. Hence (z7) is not a
co-Bessel sequence for c¢g.

We next establish necessary and sufficient conditions for Bessel sequences (resp.
frames) to be Riesz basic sequences (resp. Riesz bases).

Theorem 3.6. Suppose that (e,,) is a Schauder basis for By and (f,,) is a Schauder
basis for Yy and let (x,) € Y*(X). Then the following are equivalent.
(a) (z,) is a Bs-Riesz basic sequence for X.
(b) For (8,) € Bs, if >, Baxn =0, then p, =0 for all n, and R,,\(Bs) is closed
mn X.
(©) o) (X*) = Y,
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(d) (zn) has a biorthogonal sequence and Fi,,\(X*) is closed in Y.
(e) For every n x, & ~Span{x;}izn and Rg,)(Bs) is closed in X.

Proof. (a)==(b) By definition of B,-Riesz basic sequence this is clear.

(b)=(a) Since (x,) € Y,*(X), by Theorem 2.1 the synthesis operator R, :
By, — X is bounded. By the assumption (b) Ry, is injective. Since Ry, )(B;) is
closed in X, by the open mapping theorem R,y is an isomorphism. Hence (a)
follows.

(a)<=>(c) In the proof of Theorem 2.1 Rj, ) = jsF{s,). Hence the conclusion
follows.

(c)==(d) Since F{,,) is surjective, for every n there exists an ) € F { fult

Consider the sequence (z}) in X* and fix k. Then

T4 (2n) = PalFlen) (@)] = oalfr);
where ¢, is the n-th coordinate functional for Y;. Hence (x
sequence for (x,,) and so (d) follows.

(d)==(c) Let (z}) be a biorthogonal sequence for (z,). Then for every n
Foyr, = (2 (z,)) = fo. Consequently {f,} C F,)(X*). Since (f,) is a
Schauder basis for Y; and F,,)(X") is closed in Y, Y = span{ f,.} = F(5,)(X*) =

(a)==(e) It is easy to check that if a sequence (z,) in X is a Bs-Riesz basic
sequence under the assumption that (e,) is a Schauder basis for By, then (z,) is
a Schauder basis for span{x,}. Hence (e) follows.

(e)=(b) By the assumption z,, # 0 for all n. Suppose that there exists a
(Bn) € By such that > B,xz, = 0 but 3, # 0 for some m. Then Zn#m Bntn =

*

*) is a biorthogonal

—BmTm and s0 T, = > ;ﬁm—%xn Consequently, z,, € span{;}izm. This
contradicts the assumption (e). Hence (b) follows. O

In Theorem 3.6, the condition that (f,,) is a Schauder basis for Y; is only used
in the proof of (d)==(c). From Theorem 3.6 we have

Corollary 3.7. Suppose that (e,) is a Schauder basis for Bs and (f,) is a
Schauder basis for Yy and let (x,) be a Yi-frame for X*. Then the following
are equivalent.
(a) (xy,) is a Bs-Riesz basis for X.
(b) For (B,) € Bs, if Y, Buy =0, then B, =0 for all n.
(€) Flay)(X™) =Y.
(d) (xn) has a biorthogonal sequence.
(e) For every n x,, & ~Span{x;}izn.

Using the operators in the proof of Theorem 2.4, then from the same argument
as in the proof of Theorem 3.6 we have the following.

Theorem 3.8. Suppose that (e,,) is a Schauder basis for Bs and (f,,) is a Schauder
basis for Yy and let (x,) € BY(X). Then the following are equivalent.
(a) (x) is a Ys-Riesz basic sequence for X.
(b) For (8,) € Ys, if >, Bnty = 0, then B, =0 for all n, and R, (Ys) is closed
mn X.
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(C) F(xn)(X*) = BS.
(d) (x,,) has a biorthogonal sequence and F(,,\(X*) is closed in B.
(e) For every n x, & ~span{x;}izn and R, \(Ys) is closed in X.

Use the operators in Corollary 2.6 to show Corollary 3.9.

Corollary 3.9. Suppose that (e,) is a Schauder basis for Bs and (f,) is a
Schauder basis for Y, and let (x%) € BY (X*). Then the following are equiv-
alent.

(a) (x) is a Ys-Riesz basic sequence for X*.

(b) Fruy(X) = B,

(c) (z3) has a biorthogonal sequence in X and F(-\(X) is closed in B.

Corollaries 3.10 and 3.11 extend [11, Proposition 2.7].

Corollary 3.10. Suppose that (e,) is a Schauder basis for Bs and (f,) is a
Schauder basis for Yy and let (x,) be a Bs-frame for X*. Then the following are
equivalent.

a) (z,) is a Ys-Riesz basis for X.

b) For (B,) € Ys, if >, Buxy =0, then B, =0 for all n.

¢) Fa,)(X") = Bs.

d) (z,,) has a biorthogonal sequence.

e) For every n x, & ~Span{x;}izn.

Corollary 3.11. Suppose that (e,) is a Schauder basis for By and (f,) is a
Schauder basis for Yy and let (x}) be a Bs-frame for X. Then the following are
equivalent.

(a) (x}) is a Ys-Riesz basis for X*.

n

(b) F(x;g)(X) = B;.

(¢) (z%) has a biorthogonal sequence in X .
Now we obtain some applications for Riesz bases.

Theorem 3.12. Suppose that (e,) is a Schauder basis for Bs and (f,) is a
Schauder basis for Ys. If (x,) is a Bs-Riesz basis for X, then there exists a
Ys-Riesz basis (x) for X*, which is a biorthogonal sequence for (x,), so that

r = Zx’,;(x)xn, = Zx*(xn)xz
n n

for every x € X and x* € X*.

Proof. We have shown that if (z,) is a Bs-Riesz basis for X, then (x,) is a
Y,-frame for X* and F,,)(X*) = Y,. Consider the sequence (F(;i)fn) in X*.
Then F(;i)fn(xk) = gok(F(xn)F(;i)fn) = r(fn), where @y is the k-th coordinate
functional for Y;. Therefore (F(;i) fn) is a biorthogonal sequence for (z,) and for
every r* € X*

2" = F Fana® = F,) (2" (2,))]

= FL (et @ fn) = 3w @) Fl o
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Let z € X. Then z = ) B,x, for some sequence (,) of scalars and for ev-

ery k F;i)fk(x) => 5nF(;i)fk(xn) = [). Hence z =) F(;i)fn(x):cn. It is
immediate that (F(;}L) fn) is equivalent to (f,). O

If By is reflexive and (z,) is a Yi-Riesz basis for X, then X is reflexive and
s0 (xy) is a Bs-frame for X* and F{,,)(X*) = B by Theorem 3.2 and Corollary
3.10. Then by the proof of Theorem 3.12 we have

Theorem 3.13. Suppose that (e,) is a Schauder basis for Bs and (f,) is a
Schauder basis for Y. Let By be reflexive. If (x,) is a Ys-Riesz basis for X,
then there exists a Bs-Riesz basis (x%) for X*, which is a biorthogonal sequence

for (z,), so that
r = in(a:)xn, = Zx*(mn)xz
for every x € X and x* € X*.

If (z) € B (X*) (or B, is reflexive) and (27) is a Y,-Riesz basis for X*, then
(z) is a B-frame for X and F;«)(X) = B by Theorem 3.4 and Corollary 3.11.

Then by the proof of Theorem 3.12 we have the following which extends [11,
Theorem 2.8|.

Theorem 3.14. Suppose that (e,) is a Schauder basis for Bs and (f,) is a
Schauder basis for Yy. Let (x3) € BY (X*) (or By be reflexive). If (x3) is a

Y;-Riesz basis for X*, then there exists a Bs-Riesz basis (x,,) for X, which is a
biorthogonal sequence for (xf), so that

xr = in(m)xn, = ZI*(%,)JEZ
n n

for every x € X and x* € X*.

4. BANACH FRAMES AND ATOMIC DECOMPOSITIONS

For an operator S : B; — X, a sequence (z,) in X and a Bs-frame (z}) in X*

for X, we say that ((z}),S) (resp. ((z),(x,))) is a Banach frame (BF) (resp.
an atomic decomposition (AD)) for X with respect to By if

Sz (x)] == (resp. Zx;(x)a:n = x)

for every x € X. The BF and AD for Banach spaces were introduced and
studied by Grochenig [15], and Casazza, Han, Larson, Christensen and Heil [2, 10],
respectively. Recently, some abstract theories for them were studied by Carando,
Lassalle and Schmidberg [3, 1], and Casazza, Christensen, Stoeva [7]. The purpose
of this section is to sharpen some recent results [3, 4, 7] for the BF and AD.
First we consider the existence problem of the BF and AD for Banach spaces.
In [, Theorem 2.10], it was shown that there exists an AD for a Banach space X
if and only if X is separable and has the bounded approzimation property (BAP).
Thus there exist a separable reflexive Banach space Z, which does not have the
BAP (see [12]), such that there is no AD for Z. Also we will see that there is no
BF for every nonseparable reflexive Banach space from the following proposition.
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*

Recall that a sequence (x}

implies x = 0.

) in X* is called total on X if x}(z) = 0 for every n

Proposition 4.1. The following are equivalent.
(a) There exists a BF for X.

(b) X* is weak* separable.

(¢) X* has a total sequence.

Proof. In [7, Lemma 2.6], (c)==(a) was shown and since a weak® countable dense
set in X* is a total sequence, (b)==(c) follows.

(a)=(b) Let ((z%),S) be a Banach frame for X with respect to B;. Consider
the countable subset {e; Fi,+)}n2, of X*. If there would exist an * € X* such
that z* ¢ span“*" {e}, F,+)}°2,, then by the separation theorem there exists an
x € X such that span”** {e}, Fl;+)}>2, C ker(z) and z*(z) = 1. But

xTr = SF(I;;)I = S[(GZF(I,’;)CE)] = 07

which is a contradiction. Hence X* = span®**" {e}, F{,:)}°2, and so X* is weak*
separable. O

Corollary 4.2. Let X be a reflexive Banach space. Then there exists a BF for
X if and only if X is separable.

If X is separable, then there exist Banach frames for X and X*. Indeed,
if X is separable, then there exist sequences (x,) in X and (z¥) in X* such
that (z7) is total on X and (jx(z,)) is total on X* (see [10, Proposition 1.f.3]),
where jx : X — X™ is the natural isometry. Hence the assertion follows from
Proposition 4.1(c)==(a)[7, Lemma 2.6].

We now extend some results in [3, 1, 7] for the BF and AD. Our proofs are
simple using some results in the previous sections. First, we note that a Bi-
Bessel sequence (x}) in X* for X is a Bs-frame if and only if (x}) is total and
Flay(X) is closed in B,. Indeed, if (z},) is total, then the frame operator F{,:) is
injective. Thus if Fi,+)(X) is closed, then by the open mapping theorem Fi,.) is
an isomorphism. We also remark that if there exist operators U : X — B, and
V : By — X such that VUz = z for every x € X, then ((U*e}),V) is a BF for
X with respect to By (see [1]), where each e is the coordinate functional for Bs.

We now establish necessary and sufficient conditions for B,-Bessel sequences

to be Banach frames with respect to By, which extend [7, Proposition 3.4].

Theorem 4.3. Let (z) be a Bs-Bessel sequence in X* for X. The following are
equivalent.
(a) Flax)(X) is complemented in By and (x}) is total.
(b) There exists an operator V : By — X such that V[(z}(x))] = x for every
reX.
(¢) There exists an operator S : By — X such that ((z),S) is a BF for X with
respect to Bj.

If (ey) is a Schauder basis for Bs, then (a), (b) and (c) are equivalent to
(d) There exists a sequence (x,) in X such that ) oay,x, converges for every

(o) € Bs and x =Y ak(x)x, for every x € X.

n-n
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(e) There exists a Yy-frame (z,,) in X for X* such that x =) x}(x)x, for every
r e X.
If (e,) is a Schauder basis for By and (f,) is a Schauder basis for Yy, then the
above statements are equivalent to
(f) There exists a Ys-frame (x,) in X for X* such that o* = Y x*(x,)x) for
every x* € X*.

Proof. (a)==(b) Since F{,x)(X) is closed in B,, by the note above F(,:) is an
isomorphism. Let P : By — Fiz;)(X) be a projection. Then F, ;)P is the desired
operator.

(b)==(c) By the assumption V F(-yx = x for every x € X. Then by the note
above ((F{;.)ep), V) is a BF for X with respect to B,. But I{,.,e; = z}, for every
n.

(c)==(a) By the assumption (},) is total and F{,.)S is a desired projection.

(b)=-(d) We see that (Ve,) is the desired sequence.

(d)==(b) By the assumption we can define the map V' : B; - X by V((«,)) =
>, Ty Then by the Banach-Steinhaus theorem V' is bounded and then it is
the desired operator.

(d)==(e) follows from Theorem 3.1 and (e)==(d) follows from Theorem 2.1.

Assume (e). Then (z*(z,)) € Y; for every 2* € X*. Hence by Corollary 2.6,
(f) follows, and by Theorem 2.1 (f)==(e) follows. O

Next, we consider the AD. Remark that an AD for X with respect to a Banach
sequence space can be an AD with respect to another Banach sequence space in
which the sequence of the canonical unit vectors is a Schauder basis for it (see

[4])-

We say that an AD ((x}), (x,,)) for X is shrinking if for every x* € X*
()" ()

— 0

r€Bx >N

as N — oo, and that it is boundedly complete if ) a**(x} )z, converges for every
r* e X**. Also it is called unconditional if ) ) (x)x, converges uncondition-
ally for every € X. The concepts were introduced in [3]. We now have the
following which extends [!, Remark 3.2].

Theorem 4.4. Let ((x}), (x,)) be an AD for X such that ) |z} (z)x*(z,)| < oo
for every x € X and x* € X*. Then the following are equivalent.

a) X is reflexive.

b) X does not contain an isomorphic copy co and .

¢) X and X* do not contain an isomorphic copy cq.

d) ((z,), (x})) is an unconditional AD for X* and ) «**(x})x, unconditionally

converges for every r** € X**.
(e) ((z%), (xn)) is shrinking and boundedly complete.

Proof. (a)=(b) and (d)==(e) are clear, and (b)==(c) and (e)==(a) follows
from [16, Proposition 2.e.8] and [3, Proposition 2.4], respectively.
(c)==(d) Let z* € X*. Then by the hypothesis and Corollary 2.3 (z*(x,)z}) €

n

I(X*) and so ) a*(x,)x) is weakly unconditionally Cauchy in X*. By the

n

(
(
(
(
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assumption (c) and [17, Theorem 4.3.12] Y x*(x, )}, unconditionally converges.
Since for every x € X

>, & (zy)z;, = ¥ unconditionally converges. This shows the first part. Since for
every z* € X* Y a*(z,)z; is weakly unconditionally Cauchy, for every z** € X**
>, (x)k )x, is weakly unconditionally Cauchy in X. By the assumption (c) for
every ™ € X** Y a**(x})x, unconditionally converges. O

From the same proof of Theorem 4.4 we have the following which extends [/,
Theorem 3.3].

Corollary 4.5. Let ((x}), (z,)) be an AD for X such that )", |z} (z)z*(x,)| < 0o
for every x € X and x* € X*. Then the following are equivalent.

a) X* is separable.

b) X does not contain an isomorphic copy ly.

c) X* does not contain an isomorphic copy cq.

d) ((zn), (z2)) is an unconditional AD for X*.

n

e) ((z¥), (x,)) is shrinking.
The following extends [/, Theorem 3.4 and Corollary 3.5].

Theorem 4.6. Let ((x},), (x,)) be an AD for X such that ), |z)(z)x*(z,)| < oo
for every x € X and x* € X*. Then the following are equivalent.

a) X is complemented in X**.

c

(
(
(
(
(

(
(b) X does not contain an isomorphic copy cy.

(c) >, & (x})x, unconditionally converges for every x** € X**.
(d) ((z%), (zy)) is boundedly complete.

)
Proof. (¢)=-(d) is clear and (b)==-(c) follows from the proof of Theorem 4.4(c)=-(d).
(d)==(a) is [!, Remark 2.5] and (a)==-(b) is an application of [I, Corollary
2.5.9]. O

We now apply the AD to the approximation property. We say that X has the
the approzimation property (AP) if for every compact subset of X and ¢ > 0
there exists a finite rank operator 7" on X such that sup,cj |72 — z|| < ¢, and if
we take the operator T such as ||T|| < A for some A > 1, then X is said to have
the bounded approximation property (BAP).

An AD ((x}),(x,)) for X with respect to B, in which the sequence of the
canonical unit vectors is a Schauder basis for it, is called strongly shrinking [3] if

for every z* € X*
sup {’ Z anx*(z,)

as N — oco. The strongly shrlnklng property is strictly stronger than shrinking [3,
Examples 1.12 and 1.13]. The following is a simple observation of known results
but an interesting relation between the AP and AD.

l()lls. <1} — 0

Theorem 4.7. The following are equivalent.
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(a) There ezists an AD for X with respect to a Banach sequence space in which
the sequence of the canonical unit vectors is a shrinking Schauder basis for it.
(b) There exists a strongly shrinking AD for X.

(¢) There exists a shrinking AD for X.

(d) X* is separable and has the BAP.

(e) X* is separable and has the AP.

Proof. (b)==(c) is clear and (a)==-(b) follows from [3, Proposition 1.9]. (¢)=(d)
is [3, Corollary 1.5] and (d)<=>(e) is well known; cf. [5, Theorem 3.6].

(d)=(a) From [5, Theorem 4.9] there exists a Banach space Z with a shrinking
basis (z,) such that X embeds complementably into Z. Put

B, = {(an)| Z (v, 2, converges in Z}
with ||(an)|lB, = || D,, @n2nl|z. Then we see that B, is a Banach sequence space
in which the sequence of the canonical unit vectors is a shrinking Schauder basis
for it. Since X embeds complementably into Z, we can find an AD for X with
respect to Bs. O

5. BANACH SPACES CONSISTING OF BESSEL OR RIESZ SEQUENCES

Recall the vector spaces
BY(X) ={(z,) in X : (z"(z,)) € Bs for every " € X},
BY (X*) = {(2}) in X*: (z}(x)) € B, for every z € X},

n

B;R(X) ={(z,) in X : Z a,x, converges for every (o) € Bs}.

Then by boundedness of the analysis and synthesis operators, for every (z,) €
BY(X), (z}) € B (X*), (z,) € BsR(X), respectively,

I@n)llBreo = sup [[(@"(@a)lls,, | (0) |52 (xx) = sup [[(z5(2))]

T*EBx* z€Bx

‘ E AnTn

Bs»

and

[(@n)llB.r(x) = sup
Oén)eBBS

are all finite.
We now have

Proposition 5.1. (BY(X),| - |sex)) and (BY (X*),| - [|pu(x+) are Banach
spaces.

Proof. The proofs of the two cases are the same and so we only prove the first
case. It is easy to check that || - ||pv(x) is @ norm on BY(X). Let ((x%k)))k be a
Cauchy sequence in B¥(X) and let m € N be fixed. Let € > 0 be given. Then
there exists an N € N so that k£,1 > N implies

() = ()

< &
X)) >
SO = eIl
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where e is the m-th coordinate functional for Bs. Then £, > N implies

=% =2 = sup [a* (2 —2()

m
T*EB x*

< sup el (@ — 2D))lls, <e.

n

Thus (x,gf))k is a Cauchy sequence in X and so there exists an x,, € X so that

o) — 2,,. We have shown that there exists a sequence (z,) in X so that

for every n z'¥) —» z, as k — oco. Since every z* € X* (( (xff))))k is a

Cauchy sequence in By, for every z* € X* there exists a (o) € B, so that

H(x*(xgc))) — (a®)||lp, — 0 as k — oo and so for every n z*(x k)) — at

Consequently (z*(x,)) = (o) € B, for every z* € X* and so (r,) € BY(X )

Now let € > 0 be given. Then there exists an N € N so that &k, > N implies
sup [|(a* (")) — (" (=) |, <e.

Then k£ > N implies that for every z* € By~
(" (@) = (" (@), = lim o () — (" @)

Thus k > N implies [|(z%”) — (2,)| srx) < &. Hence (z1)) — (,) in B¥(X)
as k — oo. This completes the proof. O

B, S €.

The following theorem shows that they are actually some Banach spaces of
bounded linear operators. Here L is the Banach space of all bounded linear
operators between Banach spaces.

Theorem 5.2. For every Banach space X, the following statements hold.

(a) BY(X) (resp. BY (X*)) is isometrically isomorphic to {T € L(X*, By) :
T*<{€:L}ZO:1) - X} (T@Sp. L(X7 Bs))

(b) If (ey) is a Schauder basis for Bs, then BsR(X) and Y*(X) are isometrically
isomorphic to L(Bs, X).

Proof. (a) Recall the analysis operator F{,,) (resp. Flg+)) : X* (vesp. X) — B
and then we define the map from B¥(X) (resp. B¥*(X*)) to {T € L(X*, By) :
T*({e;}> ) C X} (resp. L(X, By)) via

(x,,) (vesp. (z})) = Fla,) (vesp. Fgs)).

Then the maps will be the desired isometries. Let us only check the first case.
Since for every n and 2* € X* (F(, e )(a") = z*(zn), F(, \({ep}n2)) € X and
so the map is well defined and clearly a linear isometry. Now let T" be an element
in the codomain space and consider the sequence (7%¢}) in X. Then we see that
(T*ey) € BY(X) and Fig-¢x)y = T. Hence the map is surjective.

(b) Define the map from B,R(X) to L(B, X) via (x,) — Rs,), where R, )
is the synthesis operator. Then it is easy to check that the map is a surjective
linear isometry.

We have shown that for a sequence (z,) in X (z,) € Y*(X) if and only if
() € BsR(X) (Theorem 2.1). Moreover, we will show that their norms are the
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same, and then conclude that Y;*(X) is isometrically isomorphic to £(Bs, X). If
() € BsR(X), then

)l 0y = sup { \kzakka (o) € By, }
= sup { Zakx w)| : (ax) € Bp,a" € By}
_ sup{ iamskx*(%mek] : () € Bp,, 2" € Bx+}
—sup { js[(x*(xn))}(iakek)‘  (ax) € Bp,, 2" € By}
= { il ()] o' € By}
—sup{|(* @)lly. : o € B} = [l@n)llyeco.

OJ

For example, [, R(X) and [}, (X) (1 < p < oo) are isometrically isomorphic to
L(l,, X), and ¢oR(X) and I{’(X) are isometrically isomorphic to £(co, X).

Remark 5.3. In Theorem 5.2(a), if (f,,) is a Schauder basis for Y, then BY(X) is
isometrically isomorphic to the space L,(X*, By) of weak* to weak continuous
operators because an operator T : X* — Y is weak® to weak continuous if and
only if T*(Y*) C X.

Corollary 5.4. Suppose that (e,) is a Schauder basis for Bs and (f,) is a
Schauder basis for Ys. Then BY(X™) is isometrically isomorphic to the space
W(X, Bs) of weakly compact operators and so B¥(X*) is a closed subspace of
BY (X*) with the same norm.

Proof. Note that for every Banach space X and Y, the space W(X,Y) is isomet-
rically isomorphic to the space L, (X**,Y) via T + j,,'T*, where jy : Y — Y**
is the natural isometry. It follows from Remark 5.3 that BY(X*) is isometrically
isomorphic to the space W(X, B). In view of Theorem 5.2(a), the other part
follows. O

Recall that for a sequence (z7) in X* (z) € Y (X*) if and only if (z7) €

Y(X*) (Corollary 2.3). Moreover, their norms are also the same.

Corollary 5.5. Suppose that (e,) is a Schauder basis for Bs. Then Y*(X*) and
Y2 (X*) are isometrically isomorphic to L(Bs, X*).

Proof. By Theorem 5.2(b) we only need to show the case Y*" (X*). But, for every
Banach space X and Y, £(X,Y™*) is isometrically isomorphic to L(Y, X*), hence
the conclusion follows from Theorem 5.2(a). O

For example, [[(2) iy ovry= [[(@5) g+ x-) (1 < p < 00) for every («7) € 12(X").
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6. SPECIAL BESSEL AND RIESZ SEQUENCES

In this section we consider the following subspaces of B¥(X), BY (X*), and
BsR(X), respectively;

B;U(X) - {<xn) S B;U(X) : hTILIl H(O? ’ '70’xn’xn+1" ) )|

Bw(x) = 0},

By (X7) = {(x) € BY (X7) +1im [[(0, -+, 0,27, a7y, )l g (xcy = 0}

B,R(X) =
{(:pn) € B;R(X) : { Z Aty (ay) € BBS} is relatively compact in X}.

We will show that they are actually some Banach spaces of compact operators.
In order to do this, we need the following lemma.

Lemma 6.1. Suppose that (e,,) is a Schauder basis for Bs and let K be a bounded
subset of Bs. Then K is relatively compact if and only if lim, sup, yer [ (0, - -

'707 knvknJrla T )’

Proof. Let P, : B, — B, be the m-th basis projection for each m € N. Suppose
that K is relatively compact. Since for every (a,,) € Bs || Pn(an) — () |ls, — 0
as n — oo and (P,,) is uniformly bounded, we see that for every ¢ > 0 there is
an N € N such that for all m > N

sup || P (k) — (k)|

(kn)eK

5. =0.

B, <€,
hence the assertion follows.

Suppose the converse. Let € > 0. Then there is an N € N such that ||Py(k,) —
(kn)|| < e/2 for all (k,) € K. Since K is bounded, Py(K) is relatively compact
in Bs. Let {Pn(z1),...,Pn(z,)} be an €/2-net of Py(K), where z; € K for all
I<j=<n

Then for each = € K, there is a j (1 < j < n) such that |Pyz — Pyz;|| < ¢/2,
and so ||z — Pyz;|| < e. This means that the set {Pn(x1),..., Pn(z,)} is an
e-net of K, hence K is relatively compact. O

Theorem 6.2. Suppose that (e,) is a Schauder basis for Bs. Then for every
Banach space X, the following statements hold.
(a) B (X*) is isometrically isomorphic to the space K(X, By) of compact opera-
tors.
(b) ByR(X) is isometrically isomorphic to K(Bs, X).
(¢) If (fn) is a Schauder basis for Y, then Y*(X) is isometrically isomorphic to
K(Bs, X).
Proof. (a) Consider the map from B (X*) to K(X, B) via (27) — F(;»). Then
by Lemma 6.1 this map is well defined and clearly a linear isometry. If T €
K (X, By), then by using Lemma 6.1 it is easy to check that (T*e’) € BY" (X*)
and F(p+ex) = T. Hence the map is surjective.

(b) Consider the map from B,R(X) to K(Bs, X) via (z,,) — R(s,). Then it is
easy to check that this map is a surjective linear isometry.
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(¢) By Theorem 6.6(a) B,R(X) = Y*(X) and by the proof of Theorem 5.2(b)
their norms are also the same. Hence the conclusion follows from (b). O

For example, [, R(X) and [%(X) (1 < p < co) are isometrically isomorphic to
K(l,, X), and ¢R(X) and l“’(X) are isometrically isomorphic to K(cg, X).

Proposition 6.3. Suppose that (e,) is a Schauder basis for By. Then BY(X) is
a closed subspace of BY(X).

Proof. Let ((xﬁf)))k be a sequence in BY(X) and let (z,,) € B¥(X) with ||(x,(1k)) —
(2,,)|| Bw(x) — 0 as k — oo. Consider the analysis operators F(z(k;)), Floy : X —
B,. Then by Lemma 6.1 each F, ), is a compact operator. Since ||F, x), —
(zn”) (zn”)
Fanll = ||($$Lk)) — () (zn) 18 & compact operator.

Hence by Lemma 6.1 (x,,) € B*(X). O

Now recall the injective tensor product X®Y of Banach spaces X and Y (see
[18, Chapter 3] or [13, Section 1.1]). Then X®Y is isometrically isomorphic to
the operator norm closure F,,«(X*,Y) of the space of weak* to weak continuous
finite rank operators from X* to Y and, if X has the AP, then F,«(X*,Y) =
K (X*,Y), the space of weak* to weak continuous compact operators. Then we
have

Theorem 6.4. Si{ppose that (e,) 1s a Schauder basis for Bs. Then for every
Banach space X, B¥(X) is isometrically isomorphic to ICu+(BX, X).

Proof. By the note above, it is enough to show that B,®X is isometrically iso-
morphic to BY(X). )
We define the map J : (Bs ® X, || - [|[v) = B¥(X) by

(S 0o n) = (SNn).

ij<n ij<n
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Then we see that J(Bs; ® X) C BY(X), and

i | (0.0, ZA %’ZAMH%’M)‘B;%H

_ h,{lnSUp{ ‘(0,... ’07‘2)\%1'*(xj),Z)\fn_’_lx*(mj),-..)‘

zliénsup{yKO,--- O_Z/\J *(x5), ZAme 7j), ')”2ﬂ€BX*WEBB§}
i<

= hmsup{ ZV[(Oa T 707)‘37137 ("L‘j)a)‘m—s-lx*(xj)v T )]‘ rat € BX*af}/ S BB;}

: 2" € By«,v € BB;}
< hmz ||z || sup {
= hmz [l

1<n

@geg
‘Z/\"e,

Thus J is well defined and linear. Since for every (x,) € BY(X) and every m

(1, - ,xm,O,---):J(Zej®xj)

Jj<m

:7633;}

and lim,, [[(0,---,0, &y, Tpy1, - )

Now
| 0o,

poxy = 0, J(B; ® X) is dense in BY(X).

f{n DA (@) 07 € By € B |
-{ ;(n; o () (M))| - o* € Byey € By )
={ \jé;wm € By

{ \<x*<;w>>i\ e en)

(=) ).,

Thus J is an isometry and so there exists an extension J : B,&X — BY(X) of J
such that J is surjective and an isometry. O

x)

For example, [;f’ (X) (1 <p<oo) (resp. (X)) is isometrically isomorphic to
]Cw* (lp*7 X) (resp, le* (lla X))
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Corollary 6.5. Suppose that (e,) is a Schauder basis for Bs. Then for every
Banach space X, the following statements hold.

(a) BY"(X*) = BY(X*) with the same norm.

(b) Y2 (X*) = Y2(X*) with the same norm.

Proof. (b) follows from Corollary 5.5, and (a) is a result of Theorems 6.2(a) and
6.4 because KC(X, B;) is isometrically isomorphic to ICpp« (B2, X*). O

For example, ZZJ(X*) = Z;f’*(X*) (1 <p<o0).
Finally we establish relationships between the special Bessel and Riesz se-
quences.

Theorem 6.6. Suppose that (e,,) is a Schauder basis for By and (f,,) is a Schauder
basis for Y. Let (x,) and () be sequences in X and X*, respectively. Then the
following statements hold.
(a) (z,) € Y¥(X) if and only if (v,) € BsR(X).
(b) (x%) € Y2 (X*) if and only if (v7) € B;R(X™).

Proof. (b) follows from (a) and Corollary 6.5(b). To show (a), consider the anal-
ysis operator F,,) : X* — Y, and synthesis operator R(,,) : B, — X. Then in
the proof of Theorem 2.1 jsF{,,) = R, . If (z,) € Y*(X), then by Lemma 6.1
F{s,) is a compact operator and so is R(,). Thus (z,) € B;R(X). Conversely,
if (v,) € ByR(X), then Ry, is a compact operator and so is F,,. Hence
(z,) € Y(X) by Lemma 6.1. O

From Theorem 6.6, for a sequence (z,,) in X, (z,) € {%(X) if and only if
(2,) € L,R(X) (1 < p < o0), and (x,) € I¥(X) if and only if (z,) € GoR(X).
Interchanging B, with Y; we have the following result.

Theorem 6.7. Suppose that (e,,) is a Schauder basis for By and (f,,) is a Schauder
basis for Ys. Let (x,) and (z) be sequences in X and X*, respectively. Then the
following statements hold.
(a) If (z,) € BY(X), then (x,) € B¥(X) if and only if (x,) € Y,R(X).
(b) If (z¥) € BY"(X™*), then (2¥) € BY"(X*) if and only if (z3) € YoR(X™).

Proof. (a) Let (x,) € B¥(X). Then by the proof of Theorem 2.4 the analysis
operator F,, ) : X* — B, and synthesis operator R, : Y, — X" is well defined
and F{, \ = R,y !, Then the conclusion follows from the same argument of
the proof of Theorem 6.6.

(b) Let (z) € B (X*). Then by Corollary 2.6 the analysis operator Fi,:) :
X — B, and synthesis operator R:x) : Yy — X* is well defined, and we see that
ooy = Rianyis L. Hence the conclusion follows. O
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