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TOTAL DECOMPOSITION AND BLOCK NUMERICAL RANGE
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ABSTRACT. Let H be a separable Hilbert space and let A € B(H). In this
note the notion of a total decomposition is introduced, and it is shown that
sometimes the block numerical ranges corresponding to a total decomposition
approximate o(A), sometimes not.

1. INTRODUCTION AND PRELIMINARIES

Let H be a Hilbert space and let A € B(H). The numerical range of A is
defined as follows (see [1, 3]):

W(A) = {z*Ax : x € H,||z| = 1}.

The notion of quadratic numerical range was introduced in [!] and this concept
was generalized to the block numerical range in [6]. Let H = Hy @ -+ @ Hyp,
where Hy, Ho, ..., H,, are Hilbert spaces. With respect to this decomposition,
the block operator matrix .4 on H has the following representation:

All T Alm
Aml T Amm

Date: Received: 24 May 2010; Accepted: 10 June 2010.

2010 Mathematics Subject Classification. Primary 47A12; Secondary 49M27.

Key words and phrases. Block numerical range, total decomposition , spectrum.
51



52 A. SALEMI

where A;; € B(H;,H;) forall (i,j =1,...,m). Forx = (21,...,2,) € H1®H2®
-+ @® Hp, define Ay € M,,(C) (the space of m x m matrices over C) as follows:
(Anzr, ) - (AT, 1)
Ax = : :
(Ap121, Tm) - (Amm@m, Ton)
The block numerical range of the block operator matriz A as in (1.1) is the set
WTA)={AeC: Xeo(Ay), x €Sn},

where S, = {(z1,...,2m) EH1 B - O Hp t|| 21 [|= - =] @ [|= 1}
In the following Lemma we state some properties. (For details see [0].)

Lemma 1.1. Let A as in (1.1) be a block operator matriz on H. Then
(1) op(A) € W™(A), where 0,(A) is the point spectrum of A.
(2) ( ) C Wm(A), where o(A) is the spectrum of A.
(3) Wm(A) € W(A),
(4) Wm(A*) :=={A: X e W™(A)}.

Let H = H1 DD HA =H®---PH,. Then Hl DD Hm is a refinement
of Hy & - EBHm, if m < m and there exist 0 = ig < iy < -+ < i,, = m such
that H; =My, 41 @ @ Hy, 1< 5 <m.

Proposition 1.2. [ , Theorem 3.5] Let Hi & - & Hp be a refinement of
Hi® - ® Hp. Then WT(A) C W™ (A).

Notice that, we consider A with respect to the decompositions H; @ - d H,,
and H; @ - - @ Hz, to define W™ (A) and W™(A) respectively.

Throughout the paper we will fix these notations: Let T and D be the unit
circle and closed unit disc in the complex plane, respectively.

2. MAIN RESULTS

Let H be a Hilbert space and let A € B(H). In this section the notion of a total
decomposition of H is introduced. Also, we define an estimable decomposition
of H for o(A). By using an estimable decomposition, we will approximate the
spectrum of A by block numerical ranges of A.

Definition 2.1. Let H be a separable Hilbert space. A total decompostion of H is
a sequence of decompositions {H = Hf @ HE & --- & HE }Zozl with the (k + 1)
being a refinement of £ and there is no subspace V with dim(V) > 1 such that
for all £ € N, there exists 1 <, < ny such that V' C ka.

Lemma 2.2. Every separable Hilbert space 'H has a total decomposition.

Proof. Let 'H be a separable Hilbert space. Then ‘H has an orthonormal basis B =
{ai, ag,...}. Now, we define a sequence of decompositions for the Hilbert space

H, {H =Hi1 D - DPHn® ﬁm+1}oo , where H; is the subspace generated by
m=1

{a;} ,i=1,...m and 7‘A(m+1 is the subspace generated by {11, oo, ...} It is
readily seen that this sequence of decompositions is a total decomposition. O
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Let {H =HiroHs® - Hfbk}:;l be a total decomposition of H and let
A € B(H). Then, by Proposition 1.2, and Lemma 1.1(2,3), we have the following:

o(A) C Wi (A) C W (A) C W(A), k € N. (2.1)

Hence, o(A) C Ny, W™ (A). In the following it is shown that sometimes for m

large enough W (A) is a good approximation of o(A) and sometimes not.

Definition 2.3. Let H be a separable Hilbert space and A € B(H). A total de-
composition {H =HY & HE D --- @ Hka}Zil is called an estimable decomposition

of H for o(A), if o(A) = =, W (A).

It is obvious that all total decompositions in the finite dimensional cases are
estimable decompositions.

Let A € B(H). Equivalently, a total decomposition of H is an estimable
decomposition for o(A), if

¥e>0,3M>05 d (U(A),an(A)) <e¥m > M,

where, d is the Hausdorff metric [2, page 117] for compact subsets of the complex
plane C.

Theorem 2.4. Let S, be the unilateral shift operator on a separable infinite
dimensional Hilbert space H. All total decompositions of H are estimable for

o(Sy).

Proof. We know that 0(S,) = D and W(S,) = D, (see [2, 5]). By Lemma 1.1(2),
o(Sy) € WE(S,) € W(S,). Then, o(Sy) = N, WH(S,) = D, and hence all

total decompositions of H are estimable for o(S,). O]

In the following Theorem we show that for the bilateral shift operator S, there
exists a total decomposition which is not estimable for o(S).

Theorem 2.5. Let S be the bilateral shift operator on a separable infinite dimen-
sional Hilbert space H. Then, there exists a total decomposition of ‘H, which is
not estimable for o(S).

Proof. Let {ap,a41,...} be an orthonormal basis and let Sa; = a;41 (1 =
0,£1,...). We consider Hy, the subspace generated by {ap}, and for all |i| > 1
JH;, the subspace generated by {a;}, and ﬁii, the subspace generated by
{ati, axgiy1y, ...} Then

H=H o ®Hom1®  BH A BHoBHI DD Hpp1 & Hpy, m € N.

It is readily seen that this sequence of decompositions is a total decomposition.
Now, we consider the (2m + 1) x (2m + 1) block operator matrix S = (Si)7%-_,,
with respect to the above decomposition. It is easy to show that the block entry
Spmm is a unilateral shift operator and by [0, Corollary 3.2], W (S,,,) € W2m1(S)
for all m > 1. We know that o(S) = T, and W (S,m) = D, m > 1, (see [1, 2]).
Thus, 0(S) =T ¢ D C (_, W2n+1(S) and hence this total decomposition is
not estimable for o(S). O
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In the following Theorem we show that for any separable infinite dimensional
Hilbert space H there exist 7" € B(H) and two total decompositions, which one
of them is estimable for ¢(7") and the other is not.

Theorem 2.6. Let 'H be a separable infinite dimensional Hilbert space. Then
there exists an operator T € B(H) such that H have two total decompositions
which one of them is estimable for o(T) and the other is not.

Proof. Let B = {aj,as,...} be an orthonormal basis for H. We define T' €
B(H) such that the representation of 7" with respect to B is of the form [T]z =
diag(e™, e, ...), where {r;}32, be a sequence of all rational numbers in [0, 27).
Now, we consider two total decompositions which one of them is estimable for
o(T) and the other is not.

First, we consider a total decomposition,

{H:<051>@"'@<am—1>@<am7am+17"‘>}:§:27

where < S > is the subspace generated by S. It is clear that this sequence of de-
compositions is a total decomposition of H. With respect to these decompositions,
T have representations of the forms T' = [e"] @ - - - & [e" 1| @ diag(e"™,...), 1 <
m < oo. Since for any m > 1, the set {e™™, e+ ..} is a dense subset of the
unit circle in the complex plane, we obtain that, W (T) = W (diag(e™,...)) =
D, m > 1. Also, by [6, Corollary 3.2], W (diag(e™™,...)) € W™(T). There-
fore, o(T) = T ¢ D C (oo, W™(T) and hence this total decomposition is not
estimable for o(T).

Second, let {H = H" ® H} ® --- @& HY4}.°_, be a total decomposition, where

m

HJ" be the subspace generated by {ay : ), € [2071)” 23—”) NQ)}, where {ay, e}

277L ) 2m
is an eigenpair of T'. For m € N, define

. 20— 1)m 25
T7" .= diag (e”’“ (T € [ (jzm )7r’ 2‘{:)(1@), 1<y<2m

Hence W(T™) = conv (e :r € 20‘;—3”, 2;—;} } , where conv(X) is the convex

hull of X. Since T' = T7" @ 13" ¢ --- @ Ty, for all m € N, we obtain that
W2 (T) = W(IT{) U W(T3") U --- U W(T5m) is the region between the regular
polygon of degree 2™ and it’s circumscribed unit circle T. Then, for all € > 0,

there exists M > 0 such that 1—cos (2,,1%) <&, m>M.So, d <W2m(T),T) <e,

for all m > M. Therefore, o(T) = T = (. _, W?"(T'), and hence, this total
decomposition of ‘H for o(7T') is estimable. O

It would be nice to solve the following conjecture.

Conjecture. Let H be a separable Hilbert space. For any A € B(H) there exits
an estimable decomposition of H for o(A).
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