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ABSTRACT. L,—L,-boundedness of the map f — w(x) f:((;) k(x,y)f(y)v(y)dy
is described by different types of criteria expressed in terms of given parameters
0 < p,q < o0, strictly increasing boundaries a(z) and b(z), locally integrable
weight functions v, w and a positive continuous kernel k(z,y) satisfying some

growth conditions.

1. INTRODUCTION AND PRELIMINARIES

Let 0 < p < oo, [|fll, = (J5° ]f(x)]pdx)l/p and L, denote the Lebesgue space
of all measurable functions on RT := [0,00) such that ||f||, < oco. Here and
throughout the paper the mark := is applied for introducing new notations and
quantities. For the same purposes we make use of the mark =: .
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Assume w, v be locally integrable non-negative weight functions. We study
L, — L, boundedness of Hardy-Steklov type operator

b(x)
f(a) = w(o) [ k) fw)oo)dy (L)
with border functions a(x) and b(x) satisfying the conditions

(i) a(z) and b(x) are differentiable and strictly increasing on (0, 00);
(ii) a(0) =b(0) =0, a(x) < b(z) for 0 < z < 00, a(oo0) = b(c0) = 0,

and a continuous kernel k(z,y) > 0 on R := {(x,y): z > 0,a(x) <y < b(z)}
satisfying at least one of two generalized Oinarov’s conditions Oy and O,.

(1.2)

Definition 1.1. A kernel k(x,y) is satisfying Oinarov’s condition O, if there
exists a constant D; > 1 independent on x, y, z such that for z < z and a(z) <
y < b(z) we have

Dy 'k(x,y) < k(z,0(2)) + k(z,y) < Dik(z,y). (1.3)

Definition 1.2. We say k(z,y) € O, if there exists an independent on z, y, z
constant Dy > 1 such that for x < z, a(z) < y < b(x) it holds that

Dy'k(x,y) < k(x,a(2)) + k(z,y) < Dak(,y). (1.4)

Operators of the type (1.1) have been studied by many authors (see, for in-
stance, [1] — [1], [5, 9, 11]). In the limiting cases a(z) = 0 or b(x) = oo the
operator (1.1) is reduced to the Hardy type operators with only one variable
boundary a(x) or b(z). This fact stands behind a block-diagonal method, which
we use in this work for investigation of K. The method consists of decomposition
(1.1) into a sum of operators with non-overlapping domains and regulated by the
following key lemma.

Lemma 1.1. [10, Lemma 1| Let U = | |, Uy and V = ||, Vi be unions of non-
overlapping measurable sets and T' =Y, Ty, where Ty.: L, (Uy) — L, (Vk). Then

HTHLP(U)—>L¢1(V) = Sl}ip HTkHLp(Uk)HLq(Vk)v

if0<p<g<oo. For0<gq<p<oo withr:=pq/(p—q) one has

1/r
17 2p@)—rav) = (Z HTkHT[‘/p(Uk)HLq(Vk)> : (1.5)
k

In (1.5) and throughout the paper we write A ~ B instead of A < B < A
or A = ¢B, where relations like A < B mean A < ¢B with some constant
¢ depending only on parameters of summations and, possibly, on constants of
equivalence in the inequalities of the type (1.3). We shall also make shortening
wg(z,t) = k(x,t)w(zr) and vg(t,y) := k(t, y)v(y).

Note that operators T} in Lemma 1.1 in our case have the forms

b(x)

KJ@%ﬂM@A)zm@wﬁ@M% 0<c<r<d<oco,  (L0)
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or

a(d)

K, f(z) = w(z) /() o) f)dy, 0<c<z<d<oo, (LT)

where ky(z, y) and k,(z, y) inherit properties of the original kernel function k(z, y).
In particular, if the kernel k(z,y) in (1.1) is from Oinarov’s class Oy, then ky(z, y)
is also equipped by (1.3) for 0 <c¢<z<zx <d<ooand 0 <b(c) <y <b(z). It
is known (see [0, 7, &]) that for 1 < ¢ < p < oo the L, — L,~boundedness of K
in this case is guaranteed by finiteness of the constants By, By 1, where

b(d) d 3 5 v
By = (/ {/ wZ(:v,t)dx] [
o) LJb-1(0)
dr pd A » r
By, = / [/ wq(x)dx] [/ vy, (t,y)dy] wi(t)dt | (1.9)
c t b(c)

t 7 , r
[ | von) . as
b(c)
v =p/(p=1), ¢ = ¢/(q—1) and [ K|z, o) b))~ Lo(et) = Boo+ By,1- Moreover,
there are some known estimates for functionals (1.8) — (1.9) (see [¢] or [12] for
details):

r
, -
q/

b(d) [ pb(d) d v
Bo~B=( [ | { / wz<x,y>dx} o (y)dy
b(c) t b—1(y)

x[/bd wg(m,t)dx]p_;vp/(t)dt . (1.10)

S =

b(t) , P
X [/b vy, (t,y)dy] wi(t)dt | . (1.11)

Similar characterizations and estimates are true for K, if k,(x,y) is satisfying
(l4) asever 0 < c <z <z <d<oocand 0 < a(z) <y < a(d). Namely,
for 1 < ¢ < p < oo the operator K, is bounded from L, to L, if and only if
B, Ba1 < 00, where

r £
= r

a@d) [ ra=l(t) 7 [ ra(d / 7
Bay = / / wi(z, t)dx / oy o @de |, (112)
a(c) c t

Bu1 = / ’ [ / twq(x)dxr [ / :d) Ug’(t,y)dy] " ()t (1.13)

3=
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and || K, ||Lp(a (©),a(d))—Lg(e,d) = Bap + Ba1. We have also

|=

/
P q

a@) [ pt ( oo ,
Baa~Bao= | [ [ 3 s b o Gy
a(c) a(c) c

X [/al(t) wg(x,t)ah] o tdt |, (1.14)

d[ pd( ra@ q H
By~ B, = / / / vy (x,y)dy » wi(x)dz
c t a(x)

a(d) 5 r
X / oy (t,y)dy
a(t)

p

wt)dt | . (1.15)

If k(z,y) = 1 in (1.1) then, obviously, Ay = Ap1 and B,y = By. Besides,

properties of (1.6) and (1.7) are described by functionals similar to By = By,

and by alternative boundedness constants even in more general case when 0 <
q <p<ooand

3=

Ky = w( / fy)v(y)dy, 0<a<bx)<oo, z€lgd) (1.16)

or
/ f(y)v(y)dy, 0<a(zr)<b<oo, x€/cd). (1.17)
Lemma 1.2. [11, Lemma 1] Let 0 < ¢ < p < oo, p > 1 and the operator K, be

defined by (1.16). Then K, is bounded from Ly(a,b(d)) to Ly(c,d) if and only if
By < 00 or By < 0o, where HK;,HLp(ab (d))—Ly(e,d) = By = By, and

S =

T

se=( [] /jwwﬂ [ dy]”wq@)dt s
(Lo e

b(t) p
« [ / W dy| wiydt | (1.19)

~—

T

|
|
5

Lemma 1.3. [I1, Lemma 2] Let 0 < ¢ < p

a < > 1 and the operator B, be
defined by (1.17). Then K, : L,(a(c),b)) — Ly(c,d

zﬁB < 00 or B, < oo with

“8
= @
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||Ka||Lp(a(c),b)—>Lq(c,d) ~ Ba ~ Ea; where

B, = (/d /: wq(x)dxr Ua; Up’(y)dy] ’ uﬂ(t)dt) r (1.20)
e ([ AL ]

X Uab Up’(y)dy] " wq(t)dt> % . (1.21)

(t)

hSA b

CL‘:

In this work we adduce several results describing the boundedness of (1.1) with
kernel k(x,y) satisfying Oinarov’s type conditions Oy, and/or O,. The results are
obtained with using enumerated characteristics (1.8) — (1.15), (1.18) — (1.21) and
under conception of the fairway function introduced in [9]. We use the notion of
the fairway in its original form (Definition 2.1) for the boundedness criteria in
case k(x,y) = 1 (Theorem 2.1) and modify it in a proper way for deriving new
necessary and sufficient conditions for the boundedness of (1.1) when k(z,y) is
from Oinarov’s type classes (Theorem 2.5 or Theorem 2.6).

Throughout the paper we assume products of the form 0 - oo be equal to 0.
The notation |||z, (a,b)—Ly(c,qy Mmeans the norm of an operator 1" from Ly(a, b)
to Ly(c,d). Z denotes the set of all integers and yg stands for a characteristic
function (indicator) of a subset E C R¥.

2. MAIN RESULT

We start from the case k(z,y) = 1.

Definition 2.1. [9, Deinition 1] Given boundary functions a(x) and b(z), satis-
fying the conditions (1.2), a number p € (1,00) and a weight function v(x) such
that 0 < v(z) < co a.e. € RT and v*'(2) is locally integrable on R*, we define
the fairway-function o(x) such that a(z) < o(z) < b(x) and

o(x) , b(z) ,
/ P (y)dy = / P (y)dy for all x € RT.
a(z) o(x)

Under given conditions (1.2) on boundary functions a(z) and b(z) it is possible
to prove that the fairway o is differentiable and strictly increasing function.
Put

A(t) = [a(t), b(1)], o(t) = [~ (o (1), a” (a(1)], O(t) == (0 (a(t)),c ™" (b(1)))-

The following statement contains two forms of criteria for the boundedness of the
operator (1.1) with k(z,y) = 1.

Theorem 2.1. Let the operator K of the form (1.1) be given with the boundary
functions a(z) and b(x) satisfying the conditions (1.2). IC is bounded from L, to
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L, for 1 <p < g < oo if and only if

Ay = sup Ay (1) = sup ( / wq(x)dx)q ( / vp’<y>dy)”' < o0
t>0 t>0 5(t) At)

or if and only if

A= ([ <y>dyrwq<x>dx); (L.~ <y>dy)_; <o

Moreover, Ay =~ Ar ~ ||K||L,—1,-
If0<qg<p<oo,p>1then K is bounded if and only if Byr < oo or if and
only if Bps < 0o, where

xr
7

Bur = (/OOO {/60&) wq(m)dm}; [/A(t) vpl(y)dy] ’ wq(t)dt) % :
Brs = (/OOO [A(t) {/A(x) ”p,(?J)dy}qwq(x)dx]; {/A(t) vp'(y)dy} " wQ(t)dt>i

and Byr = Bps ~ H/CHLPHLF,-

Less general form of this statement can be found in [9] and [!1]. The dual form
of Theorem 2.1 reads

Theorem 2.2. Let the operator KC of the form (1.1) be given with k(x,y) = 1 and
a(z),b(x) satisfying the conditions (1.2). Then K : L, — L, for 1 <p < g < o0
iff Ayp < oo oriff A < oo, where

b)) V[ i) :
Ay = sup / P (y)dy / wi(x)dx |
>0 \ Ja@w(t) 0

1
e @ @) [ et ) v T i) 7
A} = sup / / w(x)dz| VP (y)dy / wi(z)dz |
t>0 Y1) b= (y) b1 (t)

¥(y) a~(y)
/ wi(z)dx :/ w?(z)dr for all y € RT (2.1)
b=1(y) ¥(y)
and Ay = A ~ ||K||1,—L,-

If0<g<p<oo,p>1onehas K: L, — L, iff Byjp < o0 or Bpg < 00,
where

|
3=

T r

oo [ pb(e(t) 7 [ ra=l(t) .
By = / / P (y)dy / wi(z)dx| P (t)dt |
0 a(i(t)) b=t (t)
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3

o | potat) [ patw) v !
=) [ wrwny )y
o | (Vow

a=l(t) Pre
X [/ wq(x)dx] oP (t)dt
b

—H)
with fairway-function 1 (t) defined by (2.1) and By p = Bpg = || K| 1,1,

The next statement was obtained for K with k(x,y) from Oinarov’s class O,.

Theorem 2.3. [9, Theorem 2] Let the boundaries a(x), b(x) of the operator (1.1)
be satisfying (1.2) and k(z,y) € O,. If 1 < p < q < oo, then

1Kl L, —r, = Ado + Aai, (2.2)

where

t % b(s) ) p
A=y sup ([ uttealo)i) ( / vP(y)dy> e
>0 s<t<a—1(b(s)) s a(t)

t P b(s) , P’
A,1:=sup  sup (/ wq(x)dx> / v (ty)dy | . (2.4)
>0 s<t<a—1(b(s)) s a(t)
If 1 <g<p< oo, then

1Kz —r, ~ (Z [(Bra)" + (Bia)" + (Bis) + (52,4)T}> o (29)

k

3=

3=

T

!

a€n) [ pa'(0) 0 [ patesn 7
B, = / / wi(z, t)dx / vP (y)dy| WP (t)dt |
a(€k) &k t
Skt1 t 5 a(€k+1) P
By, = / [/ wq(:c)dx] / vy (ty)dy | wi(t)dt |
3 38 a(t)
b(€k+1) Ert1
By = / [/ @UZ(%G(&:H))W]
b(&r) b=1(t)

Ekt1 Ekr1 b bt) P
By, = / [/ wq(x)dx] / v (1, y)dy | wi(t)dt
38 t b(&k)

and & =1, & = (a7 o b)*(&), k € Z.
Similar result is true for IC with k(z,y) € O,.

X
<=

3
[ — |
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Theorem 2.4. [9, Theorem 3] Let the operator K be defined by (1.1) with a(z),
b(x) satisfying (1.2) and let k(x,y) € Op. If 1 <p < q < o0, then

KN, ~L, = Abo + Ap1, (2.6)

where

t : b(s) »
Aso=sup  sup ( / wi(x,b<s>>dx) ( / vp’<y>dy> e
t>0 b=1(a(t))<s<t \Js a(t)

1
t q b(s) , P
Api:=sup  sup (/ wq(a:)d:c> / vy (s,y)dy | . (2.8)
150 b-1(a(t) <s<t \Js a(t)

If1 < q<p< oo, then

||IC||LP—>L(, ~ (Z [32,1 + 62,2 + 82,3 + BZ,A) ) (2.9)

k

=S =

al€) [ pot@) o[ patesn) 7
Ba=| [ [ utesena| | [T | v
a(ék) &k ¢

Eht1 t v a(€kt1) v
By = / [/ wq(x)dx] / vp (Egyy)dy | wi(t)dt |
&k &k a(t)
b(k+1) [ [Ek+1 t / 7
Bys = / {/ wg(x,t)dx} [/ vP (y)dy} o (t)dt |,
b(k) b= (t) b(ék)
€1 Tl RO v
B4 = / {/ wq(x)dx] / vy (ty)dy|  wi(t)dt
&k t b(&k)

and fo =1, gk = (ail o b)k(go), ke Z.

Note that (2.6) was derived earlier in [3] and [1].

Double supremums in (2.3), (2.4), (2.7), (2.8) and a discrete form of (2.5),
(2.9) gave a motivation for searching new necessary and sufficient boundedness
conditions of X with more convenient forms.

Let functions ¢(z) and p(y) on R U {+oo}, where a(z) < ¢(x) < b(x) and
b y) < p(y) <a'(y), be fairway-functions satisfying the following

S =

Q3
3=

\I
3=

Definition 2.2. Given boundary functions a(z) and b(x) satisfying the conditions
(1.2), numbers p,q € (1,00), a continuous kernel 0 < k(z,y) < co a.e on R and
weight functions 0 < v,w < oo a.e. on R such that for any fixed > 0 the
function le (x,y) is locally integrable on Rt with respect to the variable y as
well as for any y > 0 the function wj(z,y) is locally integrable on Rt with
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respect to z, we define two fairways — the functions ¢(z) and p(y) such that

alz) < ¢lx) < b(x), b (y) < p(y) < a~'(y) and

@ bo)
/( | vy (z,y)dy = /¢( | vy (z,y)dy  for all x>0, (2.10)

p(y) a”'(y)
/ wi(z,y)dx :/ wi(z,y)dr for all y > 0. (2.11)
b=1(y) r(y)

By assumptions of the definition ¢(z) and p(y) are continuous functions. Put

O(t) =0~ () UOT(t), O7(t):=[b""(1).p(t)), OF(t):=[p(t),a” (1)),
(

V() =0~ () UIT(t), I (1) = [alp(t),t), 9"(t) = [t,b(p(1))),
5(t) == 6" (t)Udt(t), o6 (t):=[b"(¢(t),1), 67 (t) = [t,a " ((1))),
At) == AT()UAT(t), A7) := [a(t), (1), AT(t) = [o(t),b(t))
and denote
A = :ilig A (t) = Stlig </@(t) wk(x,t)dx)

S =

3=

Asi=sup ) =sup ([ witayae) ([ )"
>0 t>0 \Js@t) A(t)

1

= ([ ) - ( [, ston] [ o %pf@dt)i
B, < / B, (1) dzs)i < /0 [ /5 (t)wq(x)dx];: /A (t)v’,i/(t,y)dy: pr/w"(t)dt) T:

New boundedness conditions for I with k(x,y) € O, are proved in Section 3 and
read

=
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Theorem 2.5. Let the operator K be defined by (1.1) with the border functions
a(x), b(x) satisfying (1.2) and a continuous positive kernel k(z,y) on R from the
Oinarov’s type class Oy. Suppose that the functions p(y), ¢(x) on RT are strictly
increasing fairways from Definition 2.2. If 1 < p < q < 0o, then

A+ A < IKL, -, < Ay + Ay (2.12)
If1 < q<p< oo, then
B, + B, < |IKllL,~z, < B, + By. (2.13)

Analogously we obtain a similar result for K with k(x,y) satisfying the condi-
tion (1.4).

Theorem 2.6. Let the operator KC be defined by (1.1) with a(x), b(x) satisfying
(1.2) and a continuous kernel k(z,y) > 0 on R from the class O,. Suppose that
p(y), o(x) on RT are strictly increasing fairways satisfying Definition 2.2. If
1 <p<qg<oo, then

./4;_ + .A; < ||]C||Lp_>Lq <A, + A,
If 1 <qg<p< oo, then
B, + B, <||K|,~, < B, + Bs.

In conclusion of the section we provide several cases when the results of Theo-
rems 2.5 and 2.6 became of a criterion form.

Theorem 2.7. Let the operator KC be defined by (1.1) with a(x), b(x) satisfying
(1.2) and a continuous kernel k(x,y) > 0 on R. Suppose that the functions p(x),
o(x) on RY are strictly increasing fairways from Definition 2.2.

(a) If k(z,y) € Op and
/ v (y)dy ~ / v (y)dy, t >0,
9= (1) 9(t)

/ wi(z)dr ~ / wl(x)dx, t>0,
5 (1) 5(¢)

then
A, + Ay, 1 <p<g<oo,
||ICHLp"Lq ~ B
,+ DBy, 1<g<p<oo,
(b) If k(x,y) € O, and
/ W (y)dy ~ / W (y)dy, t>0,
It (t)

I(t)

/ wi(x)dx ~ / wi(x)dx, t >0,
6= (1) 5(t)

then the estimate (2.14) holds.
(c) If k(z,y) € Oy N Oy, then the equivalence (2.14) is true.

(2.14)

Proof of Theorem 2.7 easy follows from Theorems 2.5 and 2.6.
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3. PROOF OF THEOREM 2.5
We start from the lower estimate in (2.12). Let 1 < p < ¢ < co. We have from
(2.6)

IK|lz,~z, =sup  sup [Ao(s,t) + Ai(s,1)], (3.1)
150 b-1(a(t)) <5<t

where
1

Audsst) = ( [ uttobiopas )
Ay(s,1) = (/t wq(x)dx)

Using (2.11) we find that

A, (1) = 2!/ (/@@ wil, t)dx) % (/ﬂm v (y)dy) ”’

1

s % p~L(s) , p’
= 2!/ (/ wi(z, p_l(S))dfﬂ) (/ P (y)dy)
b=1(p~1(s)) a(s)

=2"140(b" (p7'(5)),5) <sup  sup  Ao(s,t).

t>0 b—1(a(t))<s<t

Q =
— |
Q=
)
= = Y
w
~ g\
(4 < >
S < o
—~ ~
[V <
< =
S =
= s
< Y
N—— <
N——
S

On the strength of (3.1) it implies A, < ||K||1,—1,. Analogously,

1 1
Af () L o1 ( / wq@)d;ﬁ) ! ( / Wt y)dy) !
at(t) AT (1)

=27 Ay(t,a 7 (o(t))) <sup  sup  Ai(s,t)

£>0 b1 (a(t))<s<t
implies AJ < ||K||z,~z,, and the lower estimate in (2.12) is proved.

For the upper estimate in (2.12) we put 79 := p(a(t)) and write
sup  Ag(s,t) < sup Ag(s,t) —l— Sup Ao(s,t)
—L(a(t))<s<t b—1(a(t))<s<p(a(t))< a(t))<s<t

b

a=(p~!(70)) b(s)
e ([T /
b=1(p=1(m0))<s<10 \ /s

a=Hp~(s))
+ sup / wi(z,b(s))dx
pla(t))<s<t s

Indeed, if b=(a(t)) < s
(s,t) = (s,a”}(p™ (70

)
(5,8) C (5,07 (p""(s))) and (a(t), b(s)

Q=
VN
\@
Q.
N
v A
5‘
+
=
=
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To estimate H; (7o) we use (1.3) with y = p~!(7p), 2 = s and obtain

1
7

a1 () 1 A v
mm < ( [ wilw s ) ([ iy
b=1(p=1 () o=1(r0)
a1(2)) T e v
= / wi(x, z)dx / P (y)dy | = Af(2) < AT
b—1(2) z

Since s < z and a(z) < p~1(s) < b(s) in Hy(t) we obtain by using (1.3) with
z=sand y=p'(s):

) z
Hy(t) < sup (/ wZ(m,p‘l(s))dx>

pla(t))<s<t

s}
VR
s\
@ =
~ &
S
)B\

—~
NS
S~—
QU
<
.d\

= sup
a(t)<z<p~1(t

VR
—
~ S

O
S
T
—~
8
N
S~—
Q
)
~__—
Q=

VR
P
N =
~ =
= N

S
=S
—~
<
N—
oW
N
~
3

[\
>

Thus,
sup  sup  Ag(s,t) < A, (3.2)

>0 b=1(a(t))<s<t
Analogously, we put 71 := ¢~ !(a(t)) and write

sup  Ai(s,t) < sup Ai(s,t)+  sup  Ay(s, )
b1 (a(t))<s<t b1 (a(t))<s <~ (alt)) <t 61 (a(t))<s<t

a1 ($(m)) o v
< sup / w?(x)dx / vy (s, y)dy
b1 (o(m1))<s<m1 \ s #(11)

a1 (9(s)) Tl 7
+ sup / w?(x)dx / vy (s,y)dy | =: Hs(m1) + Hy(t).
o~ 1(a(t))<s<t s a(s)

Obviously, Ha(t) < supy-1(a())<s<t A ( ) < Aj. For Hy(r) we apply (1.3) with

z=s5<m =xand a(n) < ¢(r) <y < b(s) :

1

a1(g(r)) @ bs) v
Hi(n) < sup / w?(x)dx / vy (7‘1, y)dy
b=1(p(71))<s<m1 s é(71)

< Ag(n) < Ay

Thus,

sup  sup  Aj(s,t) < Ay (3.3)
>0 b=1(a(t))<s<t

By combining (3.1), (3.2) and (3.3) we obtain the upper estimate in (2.12).

Now we consider the case 1 < ¢ < p < 0o. Let us prove first the upper estimate
n (2.13). To this end we take a point sequence {&x}rez C (0, 00) such that

& =1, & = (a7 o b)*(1), keZ,
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and put
e = a(&) = b(&k-1), Ay = [k, Err), Ok = (1> Mt1), ke

Breaking the semiaxis (0,00) by points of the sequence {&}rez we decompose
the operator K into the sum

K=T+S8 (3.4)
of block-diagonal operators 7 and S such that
T=>) T, S=Y Sk (3.5)
keZ keZ

where
a(€k+1)

Tf (x) = w(z) /() vl ) fW)dy, Tyt Lo(@) — Lo(Ay),

b(z)
Suf (x) = w(z) / B Sk L) = L)

Kernels k(x,y) of the operators T}, and Sy satisfy the condition (1.3) for z < z,
x € (&, §pt1) and

respectively.
To estimate a norm of the operator S, we take into account two key points

s, = b p (k1)) S = ¢ H(0(&)) = ¢ (a(&k+1)) and consider three only

possible variants:

(i) s, <sg, (1) s, =154, (iil) s, > s4.

In the case (i) we have

Sif = i Saf + i Hif, (3.7)
where - -
SkaS = Xignso) ks Lp(b(&k), 0(sp)) = Lq(&k: 5p),
Hi 1 f = Xispuso) Sk (FXpieoatson) » Lo(b(€k),b(s,)) = Lo(sp, 50),
Sk2f = XispsalSk (FXpsp b))+ Lo(0(8,),b(56)) = Ly(sp, 54),
o Lp(b(8k), b(sp)) = La(5g: Srr1),
;o Lp(b(sp), b(s)) = Lg(56, Ekt1),

o Lp(b(54),0(&k+1)) = Lg(54, Ert1)-

Hyaf = Xisgeern) % (FXpE0) 005,)1)

(
ijgf = X[S¢v£k+1]sk (fX[ (sp )
)

Sk sf = Xls:Ert1] Sk? (fX [b(s¢),b(Ek+1)]
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By (1.8), (1.9) and (1.11) we obtain

~ Byo+ By~ B+ By, (38)

)~

sot o NE
/ VP (y)dy) vP (t)dt
b(&k)

b(sp) Sp
:/ </ wZ(x,t)d:c) <
b(&x) b=1(t)
Sp t b(z) , g % b(t) , qu
+/ (/ [/ v, (m,y)dy] wq(x)dm) [/ vy (t,y)dy] wi(t)dt.
€k &k | Jb(Ek) b(&k)

Since t > b(&) > a(s,) in By then [b71(t),s,] C [b71(t),a” t
alp(t)). 1) because of t < bls,) = p (&) = plt) < Eens —> G(P(t))
a(&k1) = b(&x). Therefore,

b(sp) 5 , i ,
By S/ </ wZ,(x,t)dx) (/ VP (y)dy) o (t)dt < [ B, (t)dt. (3.9)
b(ék) o(t) 9= (1) Sk41

To estimate By, ; note that in view of (1.3) we have k(z,y) < k(t,y), where z < t,
a(t) < b(&) <y < b(x) and, hence,

1Sk 117 (560 b5 = La (15

Q
z
v
=
(oW
=
o
:_/
IA 1N

so ([t A ON , v
By, < / (/ wq(:c)dx) </ kP (t,y)v? (y)dy) wi(t)dt.
&k &k b(éx)

Here [&, 1] C [b71(o(t)), 1] since t < s, < s5 = ¢ 1 (b(&)) = o(t) < b(&) =
b~ (¢(t)) < &. Obviously, [b(&),b(t)] C [a(t),b(t)]. Therefore,

r xr
Iy

B, < /g ( /5 _(t)wQ(x)dx);< /A (t)vf,;’(t,y)dy> wi(b)dt < /A B (0. (3.10)

To estimate || Hp. 1|1, (b(e0)b(sp))—La(sp55) W decompose the operator Hy; by using
(1.3) into the following sum:

b(sp) b(sﬂ)

f(y)v(y)dy + w(w)/ vk(8p, y) f(y)dy

b(&k)
—HE () + HY S ()

Hk,1f<x) = wy(z, b(%))/

b(Ek)

By Holder’s inequality and (1.3)

ﬂ
|+

~__—
Q|
VRS
—
™~ S8
= 0
~ el
@ ~—
’U\
S
<
S~—
U
Ny
~__—
3

S¢
Hngjl||zp(b(gk),b(sp))HLq(sp,s@: (/ wi(w,b(s,))dx

(1.3) [Y00) 7t 56 a
< / (/ P (y )dy) (/ wZ,(x,t)dx) oP (t)dt
b(&k) b(&k) b=t (t)
b(sp) S , d
</ (/ wg(:ﬂ,t)daz) (/ VP (y)dy) oP (t)dt S/ B, (t)dt, (3.11)
b(&k) o(t) 9= (t) k41
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since a(ss) < tand < b(s,) = p~ (€ep) = (1) < € = a(p(t)) < alfr)
b(&x). Analogously,

- 5¢ g b(sp) . i
HHk:,lHLp(b(fk),b(sp))—>Lq(sp,s¢) = / w?(x)dx /( v (8, y)dy
Sp

b(Er)

< / 7 < / t wq(x)dx> % ( /b :: o, y)dy) ’ Wi (t)dt
</ (/ _(t)w%asmx) % (/ (t)v’,z’m)dy) sty < /

on the strength of a(t) < a(&k41)

By (t)dt (3.12)
b1 (p(t)) < & < s,. For Sk we use

k

= b(&) and t < s = O(t) < b(&) =
(1.8), (1.9) and (1.10), (1.11):

ISk 2||Lp(b (59):b(56))—La(8p,55) ~ Byo+ By =B+ By, (3.13)

b(s 4 , 5 S¢ p,_ﬁ ,

/ / [/ (x,y)dx } P (y)dy [/ wZ(m,t)dx] oP (t)dt
b(sp) b 1(y) b=1(t)
bz 7 » b(t) p

/ / (x,y)dy| wi(x)dx / vy (t,y)dy wi(t)dt.

b sp) b(sP)
Since a(x) < b(&) <

b(s,) <t <y =0b(z) with z = b"'(y) < z in By then
k(x,y) = k(z,b(z)) < k(z,t). Therefore,

bso) [ [blse) 7 s 5o
By, < / / P (y)dy (/ wi(z, t)dx)
b(sp) t b

VP (t)dt.
)
Since s4 < &1 then a(sy) < p~'(sy) <

Y1) = b(s,) <t = sy < a'(t)
and 5, < plt) = blse) < Wp(). Thus, [1,b(se)] C [ bGo(0)], [
[b71(t), a1 (t)]. Hence,

_l(t)>s¢] C
b(8¢) 2 , ﬁ ,
IB%Z’0<</ </ wZ(m,t)dx) (/ P (y)dy)
b(sp) o(t) 9+ (t)

P (t)dtg/ Bf(t)dt. (3.14)
Since x < t, a(t) < b(&) <

Opt1

b(s,) < y < b(xz) we have k(z,y) < k(t,y) in
By,1. Therefore, in view of & < s, S t < Sy < &1 = o(t) < b(&) =
b‘1(¢( ) < & < s, and a(t) < b(&) it holds t h

so [t v bt 7
IB%’I;71<</ /wq(a:)dx / vy, (t,y)dy) wi(t)dt
Sp Sp b(sp)
S¢ % , L/
</ (/ wq(x)d:c) (/ v
s \Jo=) A®)

oty ooy <

Ay

(3.15)

B; (1)dt
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By using (1.3) we decompose Hj,» into the sum

b(sp) b(SP)

f(y)v(y)dy + w(x)/ vk(8p,y) f(y)dy

b(&x)
- HYf(2) + HYof (1),

Hk,2f(35) = wy(z, b<5p))/

b(&k)

By Hélder’s inequality and (1.3)

e ol rblsp) iy
1 et <| ks ) ([
S k

P

r

b(sp) t , 7 Ekt1 a ,
<</ (/ VP (y)dy) (/ wZ(m,t)dx) oP (t)dt
b(&k) b(&k) b=1(t)

b(sp) é , ﬁ ,
</ (/ wg(x,t)dx) (/ VP (y)dy) VP (t)dt g/ B, (t)dt, (3.16)
b(&k) o(t) 9= () Sk+1
since ¢ is still not greater then p='(&x41) = b(s,). By Holder’s inequality and (1.3)
Ekt1 a b(sp) | w7
R 217 o) b0 — L5000 = / w(z)dz / vp (5, 9)dy
S¢ b({k)
Skt1 Ekr1 b(t) , p
<</ (/ wq(x)dx) / vy (ty)dy | wi(t)dt
S¢ t b(gk)
Ek+1 > , o
</ (/ wq(:v)dx) (/ b (t,y)dy) wi(t)dt g/ B (t)dt (3.17)
5 5+ (1) A(t) Ay

on the strength of a(t) < b(&) and s, < t = a(&1) < P(t) = i1 <
a~(¢p(t)). To estimate Sy 3 we use again (1.8), (1.9) and (1.10):

—~

/

B3

19k,311 2, (b50) b0 1)) = La(srénsn) = Boo + Bog & B+ By (3.18)

/

b(&k+1) [ k)] Ea+1 v ) L e P,
:/ (/ {/ wZ(m,y)dx} VP (y)dy) [/ wg(x,t)dx} oP (t)dt
b(ss) t b= (y) b=1(t)
Skt1 Ek+1 i b(t) v
+/ (/ wq(x)dx> </ vy (t,y)dy) wi(t)dt.
So t b(8¢)

As before k(z,y) < k(z,t) for a(z) < b(&) < b(sy) < t < y = b(z) with

z=>0"1(y) <z in By, and also b(&k41) < b(p(t)) since p~1(Eky1) < t. Therefore,

bEr) [ b)) 7 Pl ,
B, < / / vP (y)dy (/ wZ(:c,t)dx) VP (t)dt
’ b(sg) t b=1(t)

b(Eks1) , 7 /
</ (/ w,‘i(x,t)dm) (/ P (y)dy) P (t)dt < B:(t)dt. (3.19)
bse)  \Jo () S

Q3

Q3
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The estimate

Skt1 5 , o
By, < / ( / wq(q;)dx) ( / o (t,y)dy) wipydt< | B (1)t (3.20)
’ 56 5+ (t) A(t) Ay

follows by a(t) < a(&k+1) = b(&k) < b(sep) and sy < t = a(&p11) < O(t) =
€1 < a1 ((t)). For the last norm || Hs||z,b(s,)b(s0))—La(sgséesr) WE make a de-
composition

Heaf (x) = w2, b(s4) /

b(sp)

b(s¢) b(s¢)

f(y)v(y)dy + w(l’)/ vk (86, ) f(y)dy

b(sp)
= Hys f(x) + Hi 3 f (x),

since k(x,y) = k(x,b(sy))+k(se,y) for sy <z and a(x) <y < b(ss). By Holder’s
inequality

Erin of se) W
HHiqéu,s||Ep(b(sp),b(%))ﬂLq(sd,,gkﬂ): / wi (7, b(sg))dx /b( )Up (y)dy
S Sp
bso) [ [blss) 7 e P
<</ / VP (y)dy (/ wZ(x,t)dx) oP (t)dt
b(sp) t b=1(t)
b(s4) F , 7
</ (/ w,‘i(x,t)dx) (/ VP (y)dy) vP (t)dtg/ By (t)dt, (3.21)
b(sp) o(t) 9t (1) )

k+1

since g (s5) < pM(Err) = b(s,) < blss) < t = 55 < plt) => blsy) < bp(t)).
We have also

Ekr1 a b(sg) | ﬁ
||Hl:,3||Ep(b(sp),b(s¢))—>Lq(s¢,§k+1): / w!(r)dx /b( )v’é (59, y)dy
S Sp

r
/

Ek+1 Ek+1 % bt) I
< / (/ wq(x)dx) / vy (ty)dy | wi(t)dt
5¢ t b(sp)

Eht1 b , o
< / ( / wq(x)d:z:) ( / o (t,y)dy) witydt< [ Bi(dt, (3.22)
5 5 () At) Ay,

since sy < t = a(§r1) < O(t) = &1 < a7 ($(t)) and a(t) < b(&) < b(sy).
Thus, by (3.7) — (3.22) it holds for the case (i) that

1Sk o0y < /5 B,(t)dt + | By(t)dt. (3.23)
k1

Ag

In the case (iii) we have

3 2
Sef = Z Skaf + Z Hyif, (3.24)
=1 i=1

where

Sk,lf = X[ﬁk;%]skﬁ Lp<b(£k)v b($¢)> - LQ(Ska 3¢)>
Hit [ = Xisgosl Sk (FX0e0neson) + Lo(0(Er),0(55)) = Lq(s6, 50),
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Sk 2f Xs4, sp]Sk (fX[b (56), Sp)]) Lp<b(8¢>, b(sp)) - Lq<5¢7 SP)?
Hk 2f = XIsp, §k+1]Sk (fX b(&x),b sp)]) y Lp<b(§k)a b(sp)) - Lq(sp’ 51@—}-1)7
Skaf = Xispera1 Sk ([Xpsvesn)) s Lo(0(8),b(Ers1)) = La(Sp, Erir)-

The estimate

1Sk, 1L, (b(er) bso)) = La(ersss) K /5 B, (t)ydt+ [ B, (t)dt (3.25)
k+1

JAVA

can be obtained analogously to ||Sk,1||z,(b(¢x).b(s,))—Lq(er.s,) i the case (i). The
next operator Hj; should be decomposed b (1.3) into the sum

b(s4) b(se)

F)o(y)dy + w(x) / oe(50,9) F () dy

b(&k)
= Hy f (@) + Hyy f(2).

5 bso) v
||H13f1||Ep(b(gk),b(s(ﬁ))an(sd},sp) :</ wg(% b(%))dw) (/ (0 (y)dy)
S¢ b(gk)
b(sg) i Sp a ,
<</ (/ P (y )dy) (/ wg(a:,t)da:) oP (t)dt
b(&k) b(&k) L)
b(8¢) L/
</ ( wi(z,t) dx) ( y) o (£)dt < B, (t)dt, (3.26)
b(fk) 5k+1
=p (5k+1) = p(t) < &1 = alp(t)) < a(§e1) =
bss) v
/ vy, (S, y)dy
® b(&k)
Sp Sp b(t) , ﬁ
< / </ wq(:c)d:r;> / vy (ty)dy | wi(t)dt
S¢ t b(&k)
Sp » / v
</ (/ wq(x)dx) </ vy, (t,y)dy) wi(t)dt< [ BJ(t)dt (3.27)
S 5+ (t) A(t) Ay

on the strength of a(t) < a(&+1) = b(&x) and a(s,) < b(&) = ¢(sy) < o(t) =
sp, < a Y(¢(t)). For Sio we use (1.8), (1.9) with ¢ = s, and d = s, :

1Sk,211%, (55,0050 = La(sssp) = Bho + Bia (3.28)

b(sp) Sp 3 t , % ,
_ / ( / wg(x,t)dx) ( / WP (y)dy) o (£)dt
b(sg) b=t (t) b(sg)
Sp Sp % b(t) , P
+/ (/ wq(:v)dx) (/ vy (ty)dy | wi(t)dt.
S¢ t b(8¢)

Heaf(x) = wilw, b(ss) /

b(&k)

Applying Holder’s inequality and (1.3) we obtain

Q3

Q|

since a(s,) < tandt < b(s,) =
b(&k). Further,

Sp
||H]::),1HZp(b(fk),b(s¢))—>Lq(s¢,sp) = (/ wq(x)@?)

Q3

B3

r
7
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Since a(s,) < b(sy) <

t <b(s,) = p~'(&+1) we have in By that s, < a™'(t) and
o(1) < &1 —> a(p(0))

<
< a(&41) < b(sy). Therefore,

xr
7

b(sp) Z , d
Bl < / < / wg<x,t)dx) ( / o (y)dy> wtd< [ B (hde. (3:29)
b(sg) \J/O() 9 (t) Ok+1

In By in view of a(s,) < b(&) = ¢(sy) < ¢(t) = s, < a ' (¢(¢)) and a(t) <
b(sy) we have

Bg71<</ (/ wq(ac)d:z:) p(/ vz/(t,y)dy) pwq(t)dtg B;;(t)dt. (3.30)
¢ 5+ (t) A(t) Aj

Analogously to the case (i) it holds that

||Hk,2||Lp(b(fk),b(sp))—>Lq(sp,§k+1) < / BP_ (t)dt 4 B;r(t)dt (331)
041 Ag
and
1Sk 3117, (b5, b6k 10— La(5pisn) < / By (t)dt + /A B (t)dt. (3.32)
k41 k

Now from (3.24) — (3.32) we have the estimate (3.23) for the case (iii) too. The
case (ii) is clear from (i) either (iii). Now we obtain from (3.5) by Lemma 1.1
that

|S]| ~ (Z HSkHEp(akH)ﬁLq(AkJ <L B, + By. (3.33)
k

To estimate the norm of the operator T; we decompose it by (1.3), (3.6) into
the sum

b(&x)

Tof(@) ~ wyleb(&) /() F(w)o(y)dy

b(&k)
Fule) [l 0y = T TS (354)

Then, we find points ¢, := a ' (p (&), ts = ¢ 1(b(&)) and make two more
decompositions:

T f =T (FXate o) + T (FXpreonen) = TS +Tisf,  (3.35)

Tl:f = Tl:fx[ﬁk,tqﬂ + Tl::]fx[t¢vfk+l] =. Tlg,lf + TI:,Qf' (336)

Denote
1T = TR L aten) ot @) —Laterts)s 1 Thall 7= TRl Lo t0-1 (€0)0(60)) = La(€rbrsr)s

N T2 N = T8 ptaten) b)) —Laterts)s | Thall = 1Tk llL,(atts)bler) = La(tocrsr)-
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19) it follows from Lemma 1.2 with ¢ = a(&), d = p~ (&),

By duality and (1.
a”(y), v(y) = w@)k(z,b(&)), w(z) — v(y) and ¢ =p', p = ¢

a_gk’ ()

that
p 1) [ pt a=1(y) P
I~ / / / Wz, b(E))de | o (y)dy
a(&k) a(&k) &k

/ T

a=l(t) Pre
X </ wi(z, b(fk))dx> VP (t)dt.
&k

Since & < o and a(x) < y < ¢ < p (&) < (&) then k(z,b(&)) < k(z,t).
Therefore,

o) ; Z( pai) i
||T,§’fl|\r<</ </ Py )dy) </ wZ(x,t)d:r;) oP (t)dt
a(&k) a(fk) 3
P (Ek) q , 7 ,
</ (/ wZ(m,t)dx) (/ VP (y)dy) vP (t)dt S/Bg(t)dt (3.37)
a(&k) e(t) 9= (2) O

on the strength of t < b(&,) = b7 (t) < & and t < p~ (&) = a(p(t)) < a(&).
Further, again by duality and (1.18) we obtain from Lemma 1.2 with ¢ = p~1(&,),

d = b&). a = &, bz) — a'(y), v(y) — wla)k(z,b(&)), wx) — v(y) and
q=17p,p=¢ inview of a *(p~'(&)) = ¢, that

r
7

b(€x) a=1(t) a bEw) 7
\T | ~ / / Wz, b(6)) de / P ydy | o ().
p~ (&) &k t

Since & < x and a(x) <t < b(&,) then k(x,b(&,)) < k(z,t) and, therefore,

b(&k) a™l(t) q b(&k) , a ,
s [ ([ et ) [ @y ) o o
P &)\ &k t
b(&k) q , 7 ,
</ (/ wZ(x,t)dx) (/ VP (y)dy) oP (t)dt S/B:{(t)dt (3.38)
p~ &) \JO(1) 9+ (t) 1y

on the strength of t < b(&,) = b71(t) < & and t > p~ (&) = b(&) < b(p(t)).
Now we have by (1.20) from Lemma 1.3 and (1.3)

r
7

o sl ;
e~ [ furone) ([ ) wroar
&k &k a(t)

U

= /g :¢ ( /5 t wq(x)dx>; ( / :jk) v;;’(t,y)dy> " ()t
< /j ( A(t)wq<x)dx);< / vg’(t,y)dy)”' W (#)dt < / B (t)dt, (3.39)
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since ¢(t) < b(&) = b1 (o(t)) < & and b(&) < b(t). Finally, by (1.21) from

Lemma 1.3 and (1.3) we obtain

Ek+1 €kt b(&k) q v
i~ [ [ @y wa
te t a(x)

q_I

b(&k) P
X / vl (&, y)dy wi(t)dt
a(t)

k1 Ek+1 b b(&k) v
<</ (/ wq(x)dx) / vy (t,y)dy wi(t)dt
ty ¢ a(t)
¥

(t (t)
< /:+( /5 +(t§0q(x)dx); ( /A (t)vzl(t,y)dy) W (#)dt < /A BIO,  (3.40)

since a(&py1) = b(&) < o(t) = &1 < a H(B(t)) and b(&) < b(t). Now from
(3.34) — (3.40) we obtain

1Tl 0ty < / B0+ [ Byt
k k

Therefore, from (3.5) by Lemma 1.1

17| ~ (Z HTkHEP(ék)—wq(Ak)> < B, + By.
k
Thus and from (3.33) the upper estimate in (2.13) follows in view of (3.4).
The lower estimate. Suppose that the inequality

ISl < TINNA (3.41)

holds. To prove
1K, —L, > B, (3.42)
we take a point sequence {}rez C (0,00) such that

& =1, & = (a7 o b)*(1), ke, (3.43)

and denote

a”L(t) t
W(t) = /b Wiz, e, V(1) = / o () dy.

() (p(t))
Note that [W,(£)]"/#[V;=(£)]7/#7 [v(£)]7' =1 = B; (£)/7. Tf we put

Fot) = WO ™[V, (O] P ()]



ON BOUNDEDNESS OF HARDY-STEKLOV TYPE OPERATORS 49

then || f,|l, = (B )T/p Thus, on the strength of Ug[&k, &kr1) = (0,00) and (3.41)
we have

Q=

3.41 Ekt1
r Y&
€kt
271/ (K . 44
> (Z/ o fp()> (3.49)

Q=

Using the explicit form of the operator K we find that

q

Ekt1 Ert1 b(z)
/ Khyada= [ urta) ( / e y)fp(y>dy> s
b=1(p~1(&k)) Lp=1(&r))
[ b(z) bz a1
— q d
/b%pl(fk))w ) </a(x) (@00 ) </<x> @ 9)1p )4 > !
P (Ert1) min{a~" (), €k+1} b(x
9 d d
- /pl(ék) fp(t>v<t> /b1(t) x t w [/ x Y fp Y ) !
- /P_1(5k+1) / (t) (t) (/P(t) t q [/ f >
v x, tw (x
" Jewgy b=1(1) R
lapplying (1.3) with z = b 1(¢)]
P~ (Ery1) p(t) t q-1
1 d de | d
>/ IACHC ( / Y | ) )] ) t
P (Et1) p(t) t q-1
/ fo(t)o(t) </ wy(z,t)dx (/ fp(y)v(y)dy> dt
P 1(&k) b=1(t) a(p(t))

P~ (€kt1) , p(t)
- / W, ()] /e[ (1)) / W, t)de
p~ (&) b=1(t)

([ s wa) gy

a(p(t))

v

(2.10) (§x+1) ,
S / V(6] 0 [ (1)) v

o~ (&)
p(t)
[ it
0

t
“(/
a(p(t))

r

rq

M(y)]””"’vﬁ’(y)dy) o7 () dt.
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It follows from (1.3) that k(z,y) > k(z,t), since a(z) < a(p(t)) <y <t = b(7),
7 =b"1(t) < z. Therefore, in view of (2.10)

k1 P~ (rr1) )
AN AL N AC G AT

“p~ () P~ (&)

t Y , r/pqd , a1 , P~ (Ekt1)
X / {/ vP (z)dz} oP (y)dy | oP (H)dt = / B, (t)dt.
a(p(t)) LSa(p(t)) P~ (Ek)

Since Up[p™' (&), p 71 (&ks1)) = (0, 00), it yields

1

Skt 1 a
Kf,) (z)dzx >>Bp_r/q.
(S o) @)

Thus, by (3.44) we obtain (3.42).
To prove

||IC||LP—>LQ > B;g
we use the dual to (3.41) inequality

/O OO[ /b al(:)y)wk(fﬂ, y)g(x)d:r]

Note that here the kernel k(z,y) is satisfying the following from (1.3) condition
of the form: if y < z and b=!(z) <z < a~!(y) then

D Yk(z,y) < k(z,2) + k(b (2),y) < Dk(z,y). (3.46)

/

p

F iy | <IR ([[# @)™ )

1
7

Break the semiaxis (0, 00) by the point sequence (3.43) and put

~1(6(0) b
Wi (1) = / wl(z)dz,  Vi(t) = / o (8, y)dy.
t a

()
Note that [W, (£)]"/27 [V, (£)]"7' [w(t)]97 = B ()7 If we take

gs(t) = Wi @)/ V()] /7 [w(t)]7!

(/Ooogg(a:)dx)" _ (Bg)’“/q’_

Thus, by Ug[¢(&x), @(§k+1)) = (0,00) and (3.45) we have

then

-

1

(€ks1) v’
Kol = (3 [ ki

1

7

b(€k+1) P
2~ 1/v Kgs) (y)d , 3.47
> (g /(b ( (Kgs)? (y) y) (3.47)

&k)

v

, /e
KN (8])™
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—1

where Kg(y (y) Jo | y)g(z)w(x)dz. We find that

(y
y)

/

b(€kt1) , b(€k+1) a™? (y)
/ (Kg)” (y)dy = / W (y) / wi(, 9)go (2)der | dy
d(&k)
b(Ers1) () *1<y> r
:/ P (y) / k(t,y)ge(t)dt wk z,Y)ge(x)dx dx
d(Ek) b=y )
€t b(t)
> [Tameo | [ ke / (@ y)as(o)de | dy | d
&k max{a(t), ¢(§k)} b—1(

2/§5k+;¢(t)w(t) /¢( (t, 90" (y [/ (@,y)gp(x)dx| dy | dit

lapplying (3.46) with z = b(t)]

Eki1 bt) a1 (y) Pt
> /£ go(t)w(t) /¢ vi (1,y) [/t g¢>(l’>w(:r)dx] dy | dt

k

Ek+1 b(t) | a1 (¢(1)) p'—1
/gk go(Byw(t) ( /¢ K (t,y>dy> ( / g¢(:v)w(x)dx> i

>
£k+1 ’ ;1 b(t) ’
= [ e vaere | [y
&k #(t)
a1 (6(0) , N vt
[ @I @ e ) e
t
211 S +(4\17/Pd’ r/p'q+1
> [ o v
k

_r_
! al

o) [ o) Ve ,
X / / v (z,2)dz | W ()] P w(x)de | wi(t)dt.
¢ @

(*)

It follows from (3.46) that k(z,z) > k(t,z) because b (1) = t < x <
a 1(é(t)) < a"'(z) and 2z < 7 = b(t). Therefore, in view of (2.11)

b(€rt1) , €ri1 , ,
/¢ (Kgo)” (y)dy > / W ()77 [V (6)]7/7

(&x) Ek

/
-1
r/pq p

a=(¢(t)) a=(¢(t)) k1
X / / wi(z)dz|  wi(r)dz wi(t)dt ~ / B (t)dt.
t T

&k
Thus and from (3.47)
1Kl L,—r, = IIKIlL,—r1, > BJ. (3.48)
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By combining (3.42) and (3.48) we obtain the lower estimate in (2.13).

(1

10.

11.

12.

The assertions of Theorem 2.6 can be proved analogously by using (2.2), (1.12),

13), (1.14), (1.15) and lemmas 1.2, 1.3.
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