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ABSTRACT. We show that a regular von Neumann Q-m-convex Fréchet algebra
is of finite dimension. We also show that a regular von Neumann m-convex
Fréchet algebra is a projective limit of finite dimensional algebras. Finally, we
prove that a bilateral @-F-algebra is a regular von Neumann algebra if and
only if it is isomorphic to a finite product of algebras which are also fields.

1. INTRODUCTION

C. Le Page [10] considered conditions implying the commutativity of a unital
complex Banach algebra A, among those is

Az = Ax? (x € A). (Cy)

Duncan and Tullo showed that (C;) implies finite dimensionality [7]. According
to an Aupetit’s comment [3, p. 56-57], this result has been known for a long
time. In fact, one observes that (C;) infers the following condition

Vo, 3y : x = zyx. (Cy)

He referred to a book of 1. Kaplansky [, p. 111}, where the latter states,
without any proof, that a Banach algebra satisfying (Cs) is of finite dimension.
Thus Aupetit proposed a proof (see [3, p. 57]) using a seminal idea of Duncan
and Tullo [7]. But there is an error therein (see Remark 4.4).
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Before coming back to the condition (Cs), which is the subject of the present
paper, let us mention that a detailed study of the condition (C;) has been made
in the general frame of topological algebras [0].

Here, we extend the result claimed by Kaplansky to the frame of By-algebras
with the Q-property (Theorem 4.3). It is also given a structure result without
the last property in the case of locally m-convex Fréchet algebras. The particular
case of locally C*-algebras is worthwhile to mention (Theorem 4.8).

Also, it is shown that a bilateral @Q)-F-algebra (not necessarily locally convex)
is a regular von Neumann algebra if and only if it is isomorphic algebraically
and topologically to a finite product of F-algebras which are also fields (Theorem
5.2).

2. PRELIMINARIES

A unital algebra A is said to be regular in the sense of von Neumann (for short,
v.N-r-algebra) if it satisfies the condition (Cs).

A nonzero idempotent p € A is called minimal if the algebra pAp is a field.
Two idempotents p and ¢ are said to be orthogonal if pg = ¢gp = 0.

A unital algebra over K (K =R, C), with unit e, is said to be bilateral if all its
ideals are bilateral. It is said to be noetherian if the family of its bilateral ideals
satisfies the ascending condition chain, i.e., every non trivial family of bilateral
ideals of A , ordered by inclusion, admits a maximal element. A proper bilateral
ideal P of A is prime if for a,b € A with aAb C P, one hasa € Por b € P.
Equivalently, for any pair (I, .J) of bilateral ideals such that IJ C P, one has
I C PorJ C P. A left ideal T of A is said to be of finite type if it is of the
form I = Axy + ... + Ax,., for some z1,..., =, in A. If I1,..., I,, are left ideals, we
denote by I;...I, the left ideal generated by all elements x,..., x,, with x; € I;.
If I, = I, for every I, then [;...I,, is denoted I". The spectrum of an element
x € Ais Sppx = {A € K : x — Xe is non invertible}. The spectral radius of
x is pa(x) = sup{|\| : A € Spazx}. An element z is said to be quasi-nilpotent if
pa(x) =0.

A topological algebra (A, 7) is a locally m-convex algebra (I.m.c.a. ; cf. [11,12])
if the topology 7 is given by a family (p,), of submultiplicative seminorms i.e.,

palzy) < pa(z)pa(y) -

Such an algebra is said a locally m-convex Fréchet algebra (Fréchet l.m.c.a.)
if it is moreover metrizable and complete. In that case, its topology is given
by a denumerable family of submultiplicative seminorms. The algebra A is an
F-algebra if it is endowed with an algebra topology which is metrizable and
complete. If, moreover, it is locally convex, it is called a By-algebra. A unital
topological algebra is said to be a (Q-algebra if the group of its invertible elements
is open. An involutive [.m.c.a. is called a locally C*-algebra if the p)’s satisfy the
C*-equality i.e., py(x*z) = [pxr(x)]?, for every x and every \.
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3. GENERAL PROPERTIES

We begin by putting together some properties which are common to all topo-
logical algebras which are also regular in the sense of von Neumann. We will
write a topological v. N-r-algebra.

Proposition 3.1. Let A be a topological v.N-r-algebra. Then
(i) A is semi-simple,
(ii) For every x € A, the ideals Ax and xA are closed.
(iii) Ewvery left or right ideal of A which is of finite type is closed.
(iv) If A is a normed algebra, then it is a QQ-algebra.
(v) If A is a Q-algebra, then every bilateral ideal, not necessarily maximal, of
A is closed.

Proof. (i) Let x € RadA, where RadA is the Jacobson radical of A. Consider
y € A such that x = xyx. Then one has x(e — yx) = 0. Whence =z = 0,
since e — yx is invertible.

(ii) Let (ay) be a sequence in A such that (a,z) — 2z with z in the closure
of Az. Consider y € A such that = zyz. Then one has (a,zyzr) — 2.
Hence z = zyx and so z € Az. The same for xA.

(iii) Let I = Azy + ... + Az, be an ideal of finite type. For every i, there is
y; € A such that x; = z;y;x. It ensues that Ax; = Ay;x;. Moreover y;x; is
idempotent. Thus replacing if necessary x; by y;x; we may suppose that
the z;’s are idempotent. Examine first the case r = 2. Consider (a,,) and
(b,) two sequences in A such that

(anz1 + byxy) — 2z, with z in the closure of 1.
Multiplying on the right by (z; — €), one obtains
(bpzo(x1 —€)) — z(x1 — e).
By (ii), Axo(z; — €) is closed, hence
z(xq —€) = axy(z) — €);
whence
Z = 2T — aTeT1 + axy € Axy + Axs.
Thus Axy + Axy is closed. The proof is finished, using the induction
argument on 7. X

(iv) A is inverse closed in its completion A | i.e. every element of A which is
invertible in the completion A is actually invertible in A. Hence it is a
Q-algebra. Indeed, let z € A be invertible in A. There is y € A such that
x = xyx. It then follows that xy = yxr = e.

(v) Let I be a bilateral ideal of A. It is clear that A/ is also a v.N-r-algebra.
So A/I is semisimple by (i). Now the maximal left ideals of A/I are of
the form M /I, where M runs over the family of maximal left ideals of A,
that contain I. Then the semisimplicity of A is equivalent to the fact that

I is equal to the intersection of maximal left ideals of A, that contain it.
The latter are closed, since A is a (Q-algebra. The result then follows.
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4. By-ALGEBRAS

We begin with some entirely algebraic considerations. It is easy to prove the
following result.

Lemma 4.1. Let A be a v.N-r-algebra and p € A a nonzero idempotent. The
following assertions are equivalent.

(i) p is minimal.

(ii) The algebra pAp admits only p and 0 as idempotents

The following lemma is essential in the sequel. It is the principal ingredient
(though not entirely detailed) in the proof of Duncan and Tullo [7].

Lemma 4.2. Let A be a v.N-r-algebra and p € A a nonzero idempotent which
s not minimal. If it is not the sum of pairwise orthogonal minimal idempotents,
then A admits an infinity of nonzero pairwise orthogonal minimal idempotents.

Proof. The idempotent p being not minimal, there is (Lemma 4.1) an idempotent
q € pAp with ¢ # 0 and ¢ # p. So q and p— g are two orthogonal idempotents the
sum of which is p. One of them, say ¢, is not minimal. By the preceding, there
are two orthogonal idempotents r, s € gAq the sum of which is ¢. Thus r, s and
p — q are three nonzero idempotents which are pairwise orthogonal. Continuing
the process, one obtains an infinite sequence of nonzero idempotents which are
pairwise orthogonal. 0

Now here is the first structure result. Recall that the notation Aker py, ;1 is
for all finite sums Xa;z;, where a; € A and z; € ker py,41. It is a left ideal.

Theorem 4.3. Let A be a unital v.N-r-algebra which is also a Q-By-algebra.
Then A s of finite dimension.

Proof. By (i) of Proposition 3.1, the algebra A is semi-simple. Let (px)r>0 be an
increasing sequence of seminorms defining the topology of A and satisfying

pr(ry) < pen(@)pea(y)  (v,y € A).
As A is a Q-algebra, there is kg and a constant K > 0 such that

pa(z) < Kpg,(z), v € A (Tsertos inequality; [13]).

Hence Aker py, 1 is a left ideal elements of which are quasi-nilpotent (hence quasi-
invertible) by the previous inequality. So Aker py,+1 is contained in RadA = {0}
[1, Proposition 16 (iii), p. 125]. Thus pg,+1 is a vector space norm on A. It ensues
that py is a norm for every k > ko + 1. Suppose now that A admits a sequence
(e,) of nonzero idempotents which are pairwise orthogonal. The series of general
term

1 e,

7 D)
is absolutely convergent. Indeed, let » € N, which can be supposed larger than
ko + 1 because the sequence (pg)g>o is increasing. One then has

an2k0+17
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1 e, 1 1
2 Py T 2 e
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1 1 1 1
- _—pr(en) + 9 pr<en)
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Put then
1 e,
T = —__n
ko+zl<n n2 pn(en)

Consider y € A such that x = xyxr. Multiplying the members of this equality,
on the left and on the right by e, and remarking that e,x = xe,, = \,e, where

_ 11 .
An = 73 ey one obtains

)\ienyen = )\nen
for all n. Whence \,e,ye, = e,. Now it is clear that Spa(e,) = {0, 1}, hence
pa(e,) = 1. On the other hand, since every e,, is idempotent and p4(ab) = pa(ba)
one has

I = pA(en) S pA(/\nenyen> = PA(/\negL?J) = ;OA(/\neny)
kao ()‘neny)
kao-i-l()‘nen)pk’o-‘rl(y)'

But \,e, is the general term of a convergent series. Whence 1 < 0, which is
absurd.

Now take the collection F of the families of pairwise orthogonal idempotents.
Due to the preceding, all the elements of F are finite. The order is defined as
follows

<
<

{er,...ex} <{ey,..,e.} <= {e1,....e,} C{e},....e.}.

Then F endowed with this order is an inductive family. Indeed, if (1)), is a
totally ordered subfamily of F, then it is majorized (it admits an upper bound).
Put I = UI, . By the preceding, I is necessarily finite. It is clear that I € F
and that it is an upper bound of (7). By Zorn’s lemma, F admits a maximal
element {fi, ..., f-}. One then necessarily has fi; + ... + f, = e, where e is the unit
element of A. Otherwise the family {fi, ..., f,, f}, with f = e — (fi + ... + f,),
would be an element of F which is larger than {fi, ..., f.}; but this contradicts
the maximality of the latter. Now by Lemma 4.2, every f; can be written

fi - Z fi,j?
1<5<r;

where the family ( f; ;)1<j<r, is made of minimal idempotents which are pairwise
orthogonal; if f; is not minimal, take r; =1 and f;; = f;. Moreover one has

fij= fifij= fi; fis g=1,...,m.
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Hence for i # i/, 1<k<r,1< E < 7‘;, we have

fi,kfi’,k’ = fi’7k’fz‘,k = 0.

Thus the family ( f;;)i1<i<r 1<j<r; 18 made of pairwise orthogonal minimal idem-
potents. Finally it is clear that
Y. fu=e

S0 =T

This family of now minimal idempotent elements will be denoted (eq, ..., €,) in
the sequel. To finish, let ¢,5 € {1,...,n}. Since e; is minimal, e;Ae; is finite
dimensional by Gelfand -Mazur theorem. It is also actually the case for e;Ae;.
Indeed let @ € A be such that e;ae; # 0. Since every e; is minimal, the ideal
Ae; is a left minimal ideal ([4, Proposition 6, p.155] ). But {0} # Ae;ae; C Ae;.
Whence
Aej = Aeiaej.
Hence
e;Aej = e;Ae;ae;

which is finite dimensional since e; Ae; is. Finally, one has
A= Z eiAej,
4,J
due to e = ¢; + ... + ¢e,,. Whence the result. O

Remark 4.4. The proof of Aupetit [3, p. 57], in the Banach case, contains an
error. Indeed, the family {pi,...,pi—1} U {p,pi — p} U {pis1, ..., px} is not larger
than {p1, ..., pr} with respect to the order considered there.

As a consequence we do have the result (claimed by Kaplansky) announced in
the introduction.

Corollary 4.5. A Banach algebra is a v.N-r-algebra if and only if it is semisimple
and finite dimensional.

For the second structure result, we will need the following fact which has an
interest in its own.

Theorem 4.6. Let A be a Fréchet l.m.c.a.(not necessarily a Q-algebra). If A a
v.N-r-algebra, then it is a projective limit of finite dimensional algebras.

Proof. Let (pr)r>o be a directed sequence of submultiplicative seminorms defining
the topology of A. The standard normed algebra (A/ker py,pr) is also a v.N-
r-algebra. It is a Q-algebra, by (iv) of Proposition 3.1. It then follows that
the algebra A/ ker py, endowed with the quotient Fréchet topology, is also a Q-
algebra. So, by Theorem 4.3, it is of finite dimension. It remains only to use the
Arens-Michael decomposition [12, Theorem 5.1, p. 20],

A = lim A/ ker py.
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Remark 4.7. Theorem 4.6 is not valid without metrizability. Indeed consider
the algebra of stationary complex sequences that is which are constant from an
integer on. For any k € N, put

A ={(zp)n CA:x, =x,Yn > k}.

The Ay’s constitute an increasing sequence of finite dimensional subalgebras of
A, the union of which is A. Actually A is, in a standard way, the algebraic
inductive limit of (Ag)r. Endow A with the associated inductive limit topology
7. It is a I.m.c.a. [2]. It is in fact the finest locally convex topology on A, since
the Ay’s are of finite dimension. Moreover, as every Ay is barrelled it is true for
A, [5, Corollaire 3, p. I11.23]. The spectrum of every element of A is finite (hence
bounded). Thus A is a @Q-algebra [14, Corollary 3, p. 296]. Now suppose that
A is a projective limit of finite dimensional (commutative) algebras. The latter
are semisimple. Thus all the factors of the projective limit are of the form C'
with [ € N . But A is a Q-algebra and so 7 must be the coarsest locally convex
topology on A. It ensues that there is only one locally convex topology on A,
which is not the case.

It is known, by a result of Apostol [1], that if (A, (py)) is a locally C*-algebra
then the factors A/kerp are Banach algebras; even C*-algebras . So, using
Theorem 4.3, we obtain the following.

Theorem 4.8. If a unital locally C*-algebra is also a v.N-r-algebra, then it is a
projective limit of finite dimensional algebras.

5. BILATERAL F-ALGEBRAS

Assertion (v) of Proposition 3.1 suggests to look at the case where all the ideals
of an algebra A are bilateral. When A is unital, it is equivalent to say that it is
itself bilateral i.e.,

Ve,y € A, Ju,v € A: xy = ur = yv.

We obtain the following structure theorem in the frame of F-algebras as indi-
cated in the heading of this section. But first an algebraic result which is well
known in the commutative case [9, Lemme 2, p. 69]. We have never met it in
the non commutative one, so we are providing a proof.

Lemma 5.1. Let A be a noetherian algebra. Then every bilateral ideal of A
contains a finite product of prime ideals.

Proof. Denote by F the family of bilateral ideals, of A, which do not satisfy the
desired conclusion. Suppose that F is not void. Consider I a maximal element of
F, the existence of which is assured by the noetherianity of A. In particular, I is
not a prime ideal. So there are two bilateral ideals J and K of A, not contained
in I, such that I contains JK. As I + J and I + K contain strictly I , each
one of them contains a finite product of prime ideals. The same for I, since
(I + J)(I + K) C I. But this should not be the case. O
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Theorem 5.2. Let A be a bilateral Q-F-algebra. Then A is a v.N-r-algebra if
and only if it is algebraically and topologically isomorphic to a finite product of
F'-algebras which are also fields.

Proof. Sufficiency is clear. For necessity, we first show that A is noetherian. Let
(I,)n be an increasing sequence of ideals of A and put I = UI, which is also an
ideal of A. By (v) of Proposition 3.1, I is closed. But the I,,’s are closed in A,
hence also in /. Then by the Baire theorem, there is an ny such that I,,, is of
non void interior. Whence I = I,,, for I,, is a subspace of I . It follows that
I, = I,,, for n > nyg. Now A being noetherian, there are by Lemme 5.1 prime
ideals P, ..., P, which are pairwise distinct and integers aq, ..., a,. such that

PP = {0}

But P = P,. Indeed if x € P, there is y € A such that z = zyz € P?. Hence
P? = P,. Whence the claim. Thus, we actually have

On the other hand A/P; is without zero divisors. Indeed, let =, y € A such that
xy € P. As A is bilateral, one has tAy = ryA. Hence xAy C P. Sox € P or
y € P. Thus A/P,; being also a v.N-r-algebra, it is a division algebra. So the P;’s
are maximal and P, N...N P, = {0}. Now, for every i, denote by s; the canonical
surjection of A onto A/P;. The map

p:A— A/P x ... x A/P,

defined by
p(x) = (s1(2), ..., sr(x))

is an algebraic and a topological isomorphism. O

As a consequence, we have the following result, where H is the field of quater-
nions.

Corollary 5.3. Let A be a bilateral QQ-By-algebra. Then A is a v.N-r-algebra if
and only if it is isomorphic to R” x C* x H, with r, s,t are positive integers.

As an outcome we have the following characterizations of the standard algebras
CN and O™,
Proposition 5.4. CY is, up to an algebraic and topological isomorphism, the

unique complex bilateral Fréchet l.m.c.a. A which is a v.N-r-algebra of infinite
dimension.

Proof. By Theorem 4.6, A is a projective limit of finite dimensional algebras A,
The latter are bilateral and v.N-r-algebras. By Corollary 5.3, A, is isomorphic
to some C**. Whence the result OJ

Proposition 5.5. C" is, up to an algebraic and topological isomorphism, the
unique complex bilateral Fréchet l.m.c.a. A which is a v.N-r -algebra of finite
dimension.
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