Banach J. Math. Anal. 2 (2008), no. 2, 16-22

Banacn Journar or MaraemaTicar ANarysis
ISSN: 1735-8787 (electronic)
http://www.math-analysis.org

GENERALIZATION OF SALAGEAN OPERATOR FOR
CERTAIN ANALYTIC FUNCTIONS

ALAWIAH IBRAHIM!, SHIGEYOSHI OWA?2*, MASLINA DARUS?
AND YAYOI NAKAMURA*

This paper is dedicated to Professor Josip E. Pecari¢

Submitted by M. Joita

ABSTRACT. For analytic functions f in the open unit disc U, a generaliza-
tion operator D f(z) of Saldgean operator is introduced. Some properties for
D* f(z) are discussed in the present paper.

1. INTRODUCTION AND PRELIMINARIES

Let A be the class of functions f of the form
f(z)=z+ Zakzk
k=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. For f € A,
Salagean[] has defined the following operator D" f(z) by

(i) D°f(z) = f(2)
(i) D'f(2) = Df(2) = 2f'(2) = = + 232, kay2",
(i4i) D f(z) = D(D" ' f(2)) =2+ > ro, k"ar2®, (n=1,2,3...).
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In view of the Salagean operator, we introduce
DMf(2) =z + Zk)‘akzk, (AeR)
k=2
for f € A. Then for any real A € R we see that

D)‘Hf(z) — 4 i M a2k = Z(D)‘f<2))/
k=2

and
> = DM(t
DM 1f(z) =2+ Z P lagh = / —{< >dt.
k=2 0

It is easy to see that

DV () = DD f(2)) = D™ (D™ £(2)

for any real A\; and \s.

To discuss our new problem, we have to recall here the following lemma by Jack
[1] (also by Miller and Mocanu [3]).

Lemma 1.1.  Let w(z) be non-constant and analytic in U with w(0) = 0. If
|w(z)| attains its mazimum value on the circle |z| = r at the point zy € U, then
we have zow(zo) = kw(zo) where k > 1 is real.

2. PROPERTIES OF THE OPERATOR D*f(z)

Our first result for the operator D*f(z) is contained in the following theorem.

Theorem 2.1. If f € A satisfies

B

D’\Hf(z) @ D)‘Hf(z) ! 1\7?
i Y (B )| <(6) e 2
for some real o, B with o+ 208 > 0 and for any real X\, then
DM f(2)

Proof. Let us define w(z) by

DMUf(z)  14w(z)
D f(z)  1—w(z)
Then w(z) is analytic in U and w(z) = 0.

(w(z) # 1.

Since
z(_D”1f<z>)’: 2:0(2)
D) )~ = w()P
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we obtain that
‘ D M1f(2) 2zw(z2)

ALy P
DY/ () (DDT{%)) (1 w(z)? < G)ﬂ

for all z € U. If there exists a point 2y € U such that max.|<|.,||w(2)| = |w(z0)| =

1, then Lemma 1.1 gives us that w(zy) = € and zqw'(2) = ke (k > 1).

This implies that
DH_If(Zo) D>\+1f(zo) /
‘ ? ( D> f () )

DA f(z0)

« «

—1

B ' 2u(2)
1—w(z)

o B

B

[0}

2ket?
(1 _ 6i0)2

90+0 L E\" 1\"
S — S (i T
e = (3) 2 (3)

for all z € U, which contradicts the condition of the theorem. This show that

2€i0
‘ 1— et

there is no zg € U such that |w(z)| = 1. Therefore |w(z)| < 1 for all z € U which

implies that
DM f(2)
This completes the proof of the theorem.

Noting that if f € A is starlike in U which is equivalent to

R (?é?) >0 (zel),

then
lag| <k (k=2,3,4,...)

and equality holds true for Koebe function f given by f(z) = which is

z
(1—2)?
the extremal function for the class of starlike functions in U.

Thus we have

Corollary 2.2. If f € A satisfies the inequality (2.1) for some real o, 3 with
a+ 206 >0 and for any real \, then

lag| <K (k=2,3,4,...).
Equality holds true for Koebe function.

By the Marx-Strohhécker theorem ([2], [6]), we know that if f € A satisfies

R (1 + Zf”(z)> >0 (z€0),

f'(2)
then (2) .
§R< 8 > > 5 (z € U).

If we define the function F(z) by F(z) = D 1 f(z), then 2F'(2) = D*f(z) and
2F'(2) + 22F"(2) = D 1 f(2). Therefore, we have
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Corollary 2.3. If f € A satisfies the inequality (2.1]) for some real oo, 5 with
a+ 23 >0 and for any real X\, then

%(%>>% (z € U).

The result is sharp for the function f given by
fz)=z+ Z kA
k=2

which 1s equivalent to

D*f(z) =

(1-2)*

Next we prove the following theorem.

Theorem 2.4. If f € A satisfies

B
D)‘Jrlf(z) @ D)‘Jrlf(z) ! 1\7? .
S () | <(3) -0 eew e
for some real o, B, v with a +28 >0 and 0 < vy < 1, then
D>\+1f

Proof.  Defining the function w(z) by

DMIf(z) 14 (1= 2y)u(z)

we see that w(z) is analytic in U and w(0) = 0. Note that

: (D”lf(z))' _ 2(1—9)=(2)
D () L—wi)?

Thus we have that

‘D“lf(z) - (_D“lﬂz))’ ’ (KL=l 201 = ety ’
D f(z) D f(z) 1 —w(z) (1 —w(z))?
B
< (%) (1—7)*" (z€U).
If there exists a point zy € U such that max,<|.,||w(2)| = |w(z)| = 1, then w(z)

satisfies w(zp) = € and zow'(20) = ke® (k > 1) by Lemma 1.1.
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This gives us that

o B e .
DMUo) [T (2N 20 = e? T 20 = )ke?|
DA f () °\ D f(z) T 1—eif (1 —e)?
2a+ﬁkﬂ<1 _ ,y)oz—i-ﬂ
|1 _ ei9|a+2ﬁ

> (g)ﬁ(l—’y)“”
> (%)ﬁu—wa*ﬁ (z € U)

which contradicts the condition of the theorem. This show that there is no zy € U
such that |w(z)| = 1. Therefore |w(z)| < 1 for all z € U.

Thus we conclude that

D)\-i-lf(Z)
(B )27 e
Noting that if f € A satisfies
2f'(z
") 70 e
then .
I1; .0 —2v)
|ax| < J(/jfw (k=2,3,4,..)
and equality holds true for the functions f given by
z
f(Z) = (1 _ 2)2(1_7)

which is the extremal function for the class of starlike of order v in U (cf.
Robertson[4]).

In view of the above, we give direct corollary as follows:

Corollary 2.5. If f € A satisfies the inequality (2.2) for some real o, (3,
with a4+ 23 >0 and 0 <~ < 1, then

[T .0 — 27)

<
R Y1

(k=2,3,4,..).

Equality holds true for the function f given by

- Hf:z(] —27)
f(z) =2+ ; ST

which is equivalent to
z

D) = gy
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Finally, we derive the following:

Theorem 2.6. If f € A satisfies

/|8
DMUf(z) 7] (DMf(2) 7\?
S (o) | <) eev
for some real o, B, and v = %ﬁ’ then
1
D/\+1 ~ -
%(W‘g))>7 >0 (z€l).

Proof. Defining the function w(z) by

D)‘“f(z)_ 1+w(z)\’ ol
DV () (1—w<z>) (wiz) #1)

with v = oyt we see that w(z) is analytic in U and w(0) = 0. Noting that
o

(o) -t (58

we have that

’DHlf(z) _ “ s (D/\Hf(z))/ ’ B ‘1 + w(z) B +HA0=1) 2vzw(z) |”
D f(z) D f(2) - [1-w(z) (1 —w(z))?
_ ‘ 2vzw(z) |
(1 —w(z))?
< (%)ﬁ (z € U)
: _ B
since v =

el Now, suppose that there exists a point zy € U such that
a

Max|,|<|s||w(z)| = |w(z)| = 1. Then, by Lemma 1.1, we have that w(z) = e*
and zow'(z9) = ke (k> 1).
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This gives us that

D) ML ()| | 2k |

‘Dwm - ( DAf(z@) N ‘(1—@9)2
28B~P

N |<1—ew> E

(%)

> (5) (z € U)

which contradicts the condition of the theorem. This show that there isno z5 € U
such that |w(z)| = 1. Therefore, we conclude that |w(z)| < 1 for all z € U, that
is, that
1
D f(2)\ ~
R(—21"217 >0 e U).
(Btr) >0 ev
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