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ABSTRACT. Let A; (7 =1,2,...,n) be strict contractions on a Hilbert space.
We study an n x n operator-matrix:

Hn(A17A27 s 7An) = [(I - A;Ai)il]n

i,j=1-
For the case n = 2, Hua [Inequalities involving determinants, Acta Math.
Sinica, 5 (1955), 463-470 (in Chinese)] proved positivity, i.e., positive semi-
definiteness of Ha(A1, As). This is, however, not always true for n = 3. First
we generalize a known condition which guarantees positivity of H,,. Our main
result is that positivity of H,, is preserved under the operator M&bius map of
the open unit disc D of strict contractions.

1. INTRODUCTION AND PRELIMINARIES

Let A; (j = 1,2,...,n) be strict contractions, that is, ||A;|| < 1, on a Hilbert
space ‘H. Since all I — A;A,- and [ — AiA;f are invertible, let us consider an n x n
operator-matrix

H, (A1, As, ..., A,) = [(I - A;*»Ai)_l]”

ij=1>
and its cousin

Gn(A, Ay, AY) = [T - AZ-A;)‘l]"

ij=1-
Here X = [X;;]}';—; means that X, ; is the (i, j)-operator entry of X. (Notice
that Xu et al. [7] used H,(Ay, As, ..., A,) for our G, (A5, A5, ... A%).)
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In this paper our interest is in positivity, i.e., positive semi-definiteness, of the
operator-matrix H,, (and also that of G,,). We will use the notation X > Y to
mean that both X,Y are selfadjoint and X — Y is positive. In particular X > 0
means that X is positive. Here let us use X > 0 to denote its positive definiteness,
that is, X is positive and invertible.

For an operator-matrix X = [X; ;]7,_; with invertible X, ,, the Schur comple-
ment of the (n,n)-operator entry X, ,, in X, denoted by X/(n) in this paper, is
the (n — 1) x (n — 1) operator-matrix defined by

X/(n) = [Xij; = Xin X X721 (1.1)

In this case, X is invertible if and only if X/(n) is invertible. Further the
following relation holds (see [2, Section 7.7])

(X/(n))™" = the top (n — 1) x (n — 1) operator-submatrix of X' (1.2)

For our purpose the following Schur criteria are quite useful. For selfadjoint
X with invertible X, ,, the positivity of X is equivalent to that X, , > 0 and
X/(n) > 0. Further X > 0 if and only if X,,,, > 0 and X/(n) > 0.

Let us return to H, (A1, As, ..., A,) and G, (A1, As, ..., A,). Inthe casen = 2,
for simplicity, let us write A = A; and Ay = B. Hua [4] showed Hy(A, B) >
0. Since (I — B*B)~! > 0, by the Schur criteria the Hua’s positivity result is
equivalent to the following inequality:

(I —A*A) (I -B*A) (I -B*B)(I-AB)™">0. (1.3)

With help of the identity ([1.2]), Xu et al. [7] gave a simple proof for the following
identity due to Hua [4] which guarantees the positivity (1.3)):

(I-AA - (I-BA'I-BB)({I—-AB)!
=(I—-B*A) Y (A-B)*(I - AA*)"Y(A— B)(I — A*B)™ ",
In [I] we proved also
(I — AA*)™' — (I — AB*)'(I — BB*)(I — BA*)™' >0, (1.4)

consequently Go(A, B) > 0. In this connection, let us point out that the following
relation exists behind the inequality (1.4):

(I — AA) ' — (I — AB*)'(I — BB*)(I — BA*)™!

= (I —AB*) " HAA - B)*(I - AA*) (A - B)A*

+(A— B)(A— B)*}(I — BA*)™".

What happens when n > 3 7 In [I] we showed that H3(A;, As, A3) > 0 is
not always true, while Xu et al. [7] has shown that the situation is the same

for G3(A1, Ay, A3). Let us start with a relation between H,, (A, Ao, ..., A,) and
Go(A1, A, ... Ay).

Go(Ay, As, . AN =11, I)[1,1,...,1] + diag(A4,, Az, ..., Ay)
XHn(Al,AQ, R ,An) . diag(Al,AQ, R ,An)*. (15)

In fact, since A(I — BA)™! = (I — AB)~'A for any strict contractions A, B,
* —1 g% *\—1 * *)—1
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n

Since [,I, I,... ,[‘]*[?, I,... ,ﬂ > 0, we can conclude from ([1.5)) the following.
Theorem 1.1. H,(Ay, Ay, ..., A,) > 0 implies G,(Aq, Ag,..., A,) > 0.

Remark 1.2. The idea of the proof of Theorem [1.1]is implicit in Xu et al. [7].
However, G,,(A1, As, ..., A,) > 0 does not imply H,,(A;, As, ..., A,) > 0.

Example 1.3. When H is of 2-dimension, every operator is represented by a
2 x 2 matrix. Take 0 < A < 1 and let

10
0 0

Then Gg(Al, AQ, Ag) Z 0 but Hg(Al,AQ, Ag) ;\é 0.
In fact, simple computation will show that, with o = \2,

Ale{ },AQ:A{O 1}andA3:O.

«

1

0
G3(A1, As, A3)/(3) = T—alo
0

h
0
0
0
0

hence G3(A;, Aa, As) > 0 by the Schur criteria. On the other hand

1 0 0 0

« 0 0 l1—a 0

HS(A17A27A3)/(3) = 1_04 0 1—Oé 0 0
0 0 0 1

(e

0 )
which is not positive semi-definite. Therefore H3( A1, As, A3) 7 0 by the Schur
criteria.

is not positive semi-definite, because it has a 2 x 2 principal submatrix

In [I] we showed that if A; (j = 1,2,...,n) are commuting normal operators,
then H, (A1, As,...,A,) > 0 and also G, (A1, As,...,A,) > 0. In the next
section we give a generalization of this result.

Our main result of this paper is that positivity of H,, is preserved under an
operator Mobius map of the open unit disc D of strict contractions.

2. MAIN RESULTS

Theorem 2.1. Let A; (j = 1,2,...,n) be strict contractions. If the products
AtA; (1,5 = 1,2,...,n) are commuting normal operators, H,(Ay, A, ..., A,) >
0.

*
J

Proof. Our idea of the proof is parallel to that of Xu et al. [7]. The assumption
means that there is a commutative unital *-subalgebra C C B(H) such that
A3A; € C (i,j =1,2,...,n). Then by the Gelfand theorem (see [6, Theorem 4.4])

there is a *-isomorphism 7 of C to the commutative C*-algebra C'(€2) of continuus
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functions on a compact set 2. Here the adjoint f* of a function f € C(Q) is
determined by

[rw)=flw) (wef). (2.1)
Therefore we can write f* = f. Notice further that positivity of a C(Q)-matrix
[fijlij=1 is equivalent to saying that for every w €  the numerical matrix
[fij(w)]i ;=1 is positive semi-definite in the usual sense.

Now let

Then by (2.1))

Then since

fig=m(ATA) (1,7 =1,2,....n)
fia=m(ATA)) = m(ASA) = [

[AT A" = [Ar, Ay, A [Ar, As, oy Ay > 0

,7=1
it follows that [f;;]._; > 0. Therefore for any w € Q

[fi,j( )]z] 1 — [fjl( )]?j:l ZO

Recall the positivity theorem for Schur product (or Hadamard product) (see
[3, Theorem 5.2.1]) that for two numerical n X n matrices

ij=1

il iz 20 and [8;;]10, 2 0 = [ai;8i,]7 21 = 0. (2.2)

Then since
[([ A* N n Z ’L z] 1
k=0
and
[ ((AFA)]E =0 = L=
it follows from the Schur product theorem (2.2) that
[(AjAl)k]?]:l Z 0 (k = ]-7 27 < ')7

consequently [(I — AfA;)~']7—; > 0. O

In a similar way we can prove

Theorem 2.2. Let A; (j = 1,2,...,n) be strict contractions. If the products
A A5 (i, j = 1,...,n) are commuting normal operators, Gyn(Ay, As, ..., An) > 0.

Remark 2.3. Positivity of G3(A;, A, A3) in Example follows from Theorem

22
In the linear systems theory (see [8, Chapter 10]), for a time-invariant linear
system with a state-space realization matrix g“ g” it is common to consider
2,1 2,2

the operator-valued function, called the transfer function, defined as

(+—— Boo+ Bo1(CI — B171)_131,2
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for complex numbers ¢ for which (I — B;; are invertible. In operator theory,
however, it is more convenient to consider a linear-fractional transformation ©(()

defined as

O(C¢) = Bas + (Bo1(I — CBl,1)_lBl,2.

(See [B, Chapter 6])
Extending the variable from a number ( to an operator Z, let us define a map
O(Z) as

O(Z) = Byy + By1 Z(I — B11Z) ' By ». (2.3)
For a contraction B, define its defect operator Dp as
Dp = (I — B*B)Y2 (2.4)

The following relations are immediate from definition (2.4)

BDg = Dg.B, and B*Dg. = DB", (2.5)

and for any strict contraction Z the operators I — B*Z and [ — Z B* are invertible
and the following relation holds

Z(I -B*Z) ' =(1-ZB")'Z (2.6)
Lemma 2.4. When B is a strict contraction, the operator-matrix { _g;* DBB }

1s unitary, and the map

O(Z) =B~ Dp-Z(I = B*Z)'Dp =B — Dp-(I = ZB*)"' ZDp

satisfies the following relations that for any strict contractios Z, W

I-0(2)*0(W) = Dg(I — Z*B) ™Y1 — Z*W)(I — B*W) ' Dg.
Proof. The proof of unitarity is immediate from ([2.5) and omitted. Now since

O(2)*0(W) = B*B—Dg(I — Z*B)"'Z*Dp-B — B*D-W(I — B'W) "' Dg
+Dp(I — Z*B)™2*(I — BB YW(I — B*W) ' Dp,

by (2.5) and (2.6 we can see

I-0Z)yeW) = Dg{I+(I—-2Z*B)"'Z*B+ B*"W(I — B*W) ™!
—~(I—-Z*B)*(I - BBYW(I — B*W) '} Dp
= Dp(I-Z*B)Y{(I - Z*B)(I — B*'W) + Z*B(I — B*W)
+(I — Z*B)B*W — Z*(I — BB*)W}(I — B*W) ' Djp
= Dg(I—Z*B)*(I - Z*W)(I — B*W) ' Dj.
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Given a complex number [ with |3] < 1, the Mdbius transformation at (3

M) = 22

1 -3¢
is a conformal map of the open unit disc of the complex plane, which maps 0 to
B and (3 to 0, and is involutive, that is, Mg (Mz(¢)) = C.

The following is an analogy for the case of the open unit disc D of strict
contractions.

Proposition 2.5. For a strict contraction B, the Mdbius map O () at B, defined
by
Op(Z) =Dz (B~ Z)(I — B*Z)"'Dp,

s an involutive map of the open unit disc D, that is,
05(05(2)) = Z (Z € D).

It is clear from the definition that © (%) is holomorphic with respect to the
operator variable Z. Since O(-) is involutive, its inverse is also holomorphic.
Therefore ©p(-) becomes a biholomorphic map of the open unit disc D of strict
contractions, and is considered as a natural generalization of the Mobius trans-
formation on the open unit disc of the complex plane.

Proof. First let us show the map ©p(+) is nothing but the linear-fractinal transfor-

B Ds } In fact, by definition

mation O(:) of the unitary operator-matrix { _Du B

and
O(Z) = B-DpZ(I—-B*Z)'Dg
= D' {Dp-BD3;'(I - B*Z)— (I - BB*)Z} (I — B*Z) 'Dg
= DY (B-2)I—-B2Z)'Dp=053(2).
Next Opg(-) maps the open unit disc D to itself. In fact, by Lemma
I -05(2)0p(Z2)=Dp(I - 2Z*B)*(I-2"Z)I - B*Z)'Dp >0 (Z € D).
Finally the involutivity follows from the following two relations:
B—-0(Z)=Dg-Z(I — B*Z) ' Dy
and
[-BO(Z) = I-B'B+B'Dp-Z(I -B*Z)'Dp
= D3+ DpB*Z(I — B*Z) 'Dp
= Dp{l+B*Z(I - B*Z)""}Dp = Dg(I — B*Z) ' Dp.
O

Corollary 2.6. If an operator-matriz [B; ;|7

i j=1 with || Byl < 1 is unitary, then
the map

@(Z) = BQ,Q + BQJZ(I — 81’12)713172

1s a biholomorphic map of the open unit disc D of strict contractions.
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Proof. Let B = By 5. Then it is easy to see from unitarity that there are unitary

U,V such that

By, =UB"V, Bi, =UDpg and By; = —D3V.
Then we have
0(Z) =05(VZU) (Z € D),
where Op(+) is the Mébius map at B. Finally since Z —— V ZU is a biholomor-
phic map of D, the assertion follows from Proposition [2.5 U

The following is the main result of this paper.

Theorem 2.7. Let B be a strict contraction, and ©p(-) the Mdbius map at B on
the open unit disc D of strict contractions. Then for any A; € D (i =1,2,...,n)

H, (A, Ay, ..., Ay) >0 implies H, (Op(A1),05(As),...,05(A,)) > 0.
Proof. Since by Lemma
(I = ©5(4))0p(A) " = Dp'(I = B*A)(I — A;A4) (I = A;B)Dy!,

we have

H, (©5(4,),05(A2),...,05(A,)) =D -H,(A;, As,..., A,) - D*
where

D = diag (Dgl(l — B*Ay), D5 (I — B*Ay), ..., D' (I — B*An)) .
This identity proves the assertion. O

Remark 2.8. It is not clear whether or not
G.(A1, Ay, ... AL) >0 implies G, (Op(A;),05(As),...,05(4,)) > 0.

Remark 2.9. In Introduction we stated that Hy(A, B) > 0 is valid for any strict
contraction A, B. Let us show that this result is included in the combination of
Theorem and Theorem In fact, consider the Mobius map ©p(-) at B.
Then by Proposition [2.5| A = ©(A) where A = ©5(A) and B = ©5(0) and by
Theorem H,(A,0) > 0. Then apply Theorem to see Hy(A, B) > 0.
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