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ABSTRACT. The main purposes of this paper are to establish some new Brunn—
Minkowski inequalities for width-integrals of mixed projection bodies and affine
surface area of mixed bodies, together with their inverse forms.

1. INTRODUCTION

In recent years some authors including Ball [I], Bourgain [2], Gardner [3], Schnei-
der [4] and Lutwak [5]-[10] et al have given considerable attention to Brunn—
Minkowski theory, Brunn—Minkowski-Firey theory, and their various generaliza-
tions. In particular, Lutwak [7] generalized the Brunn—Minkowski inequality
to mixed projection bodies and obtain inequality :

The Brunn—Minkowski inequality If K, L € K", then
V(K +L)Y" > V(K)Y" + V(L)'",

with equality if and only if K and L are homothetic.
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The Brunn—Minkowski inequality for mixed projection bodies If K, L €
K", then

V(H(K + L))l/n(nfl) > V(HK)l/n(nfl) + ‘/(I—IL)l/n(nfl)7

with equality if and only if K and L are homothetic.

On the other hand, width-integrals of convex bodies and affine surface areas
play an important role in Brunn-Minkowski theory. Width-integrals were first
considered by Blaschke [II] and later by Hadwiger [12]. In addition, Lutwak
established the following results for the width-integrals of convex bodies and
affine surface areas.

The Brunn—Minkowski inequality for width-integrals of convex bodies
[10]
IfK,Le K", 1 <n—1,

Bi(K 4 L)Y~ < B;(K)Y"=9 4 By(L)Y (=9, (1.1)
with equality if and only if K and L have similar width.

The Brunn—Minkowski inequality for affine surface area [9]
If K, L € K", and i € R, then for: < —1,

with equality if and only if K and L are homothetic, while for 1 > —1,

with equality if and only if K and L are homothetic.
The purpose of this paper is two-fold. First, to generalize inequality (1.1]) to
the context of to mixed projection bodies and also establish its inverse version.

Second, to obtain analogs of inequalities (|1.2]) and (1.3)) for affine surface area of
mixed bodies.

2. NOTATIONS AND PRELIMINARY WORKS

The setting for this paper is the n-dimensional Euclidean space R™(n > 2). Let
¢" denote the set of non-empty convex figures(compact, convex subsets) and K"
denote the subset of €" consisting of all convex bodies (compact, convex subsets
with non-empty interiors) in R”". For p € K", let K denote the subset of K" that
contains the centered (centrally symmetric with respect to p) bodies. We reserve
the letter u for unit vectors, and the letter B is reserved for the unit ball centered
at the origin. The boundary surface of B is S !. For u € S !, let E, denote
the hyperplane, through the origin, that is orthogonal to u. We will use K to
denote the image of K under an orthogonal projection onto the hyperplane FE,,.

2.1. Mixed volumes. Let K € K". We denote by V(K) the n-dimensional
volume of K. Let h(K, ) : S" ! — R denote the support function of K, i.e.,

h(K,u) = Maz{u-z:z€ K}, ueS"

where u - z denotes the usual inner product of v and x in R™.
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Let ¢ denote the Hausdorff metric on K", i.e., for K, L € K",
5(K, L) = |hK — hL|ooa

where | - | denotes the sup-norm on the space of continuous functions C'(S"!).
For any nonnegative scalar A\, we write AK := {Az : z € K}. For K; € K", \; >
0,(: =1,2,...,r), the Minkowski linear combination >, \;K; € K" is defined
by
MK+ -+ MK, = {)\lxl+"'+>\r$r < Kni.Ti GKl}
It is trivial to verify that
ROMKL+ -+ MKy ) = MWK ) 4+ -+ A ). (2.1)

If K; € K" and \;(i = 1,2,...,r) are nonnegative real numbers, then of fun-
damental importance is the fact that the volume of 7', A\;K; is a homogeneous
polynomial in \; given by [4]

VMK 4+ M K) = > Ay A Vi (2.2)

where the sum is taken over all n-tuples (i1, ...,4,) of positive integers not ex-
ceeding r. The coefficient V;, ; depends only on the bodies K;,,..., K; , and is
uniquely determined by (2.2)). It is called the mixed volume of Kj,, ..., K, , and
is also written as V(K;,,..., K; ). I K; =-- =K, ;= Kand K,, ;41 =--+ =
K, = L, then the mixed volume V(K ...K,) is usually written as V;(K,L).
If L = B, then V;(K, B) is the ith projection measure(Quermassintegral) of K
and is written as W;(K). With this notation, Wy = V(K), while nW;(K) is the
surface area S(K) of K.

2.2. Width-integrals of convex bodies. For u € S !, b(K,u) is defined to
be half the width of K in the direction u. Two convex bodies K and L are said to
have similar width if there exists a constant A > 0 such that b(K,u) = \bo(L, u)
for all u € S™'. For K € K" and p € intK, we use K to denote the polar

reciprocal of K with respect to the unit sphere centered at p. The width-integral
of index i is defined by Lutwak [10]: For K € K™ and i € R,

Bi(K) := - /S . b(K,u)""'dS (u), (2.3)

where dS is the (n — 1)-dimensional volume element on S™~!.
The width-integral of index ¢ is hence a map

B K" —R
which is positive, continuous, homogeneous of degree n — ¢ and invariant under
rigid motions. In addition, for ¢ < n, it is also bounded and monotone under set

inclusion.
The following results (cf. [10]) will be used later:

b(K + L,u) = b(K, u) + b(L, ), (2.4)
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with equality if and only if K is symmetric with respect to p.

2.3. The radial function and the Blaschke linear combination. The radial
function of the convex body K is the function p(K,-) : S"! — R defined for
u € S" ! by
p(K,-) = Mazx{\>0:  \p € K}.
If p(K,-) is positive and continuous, K will be called a star body. Let ¢™ denote
the set of star bodies in R".
A convex body K is said to have a positive continuous curvature function [5]

f(K,-): 5" —[0,00),
if for each L € ¢", the mixed volume V(K L) has the integral representation

1
Vi(K,L) = — FE, u)h(L,uw)dS(u).
n Sn—1
The subset of K™ consisting of convex bodies which have a positive continuous
curvature function will be denoted by ™. Let s! denote the set of centrally
symmetric members of ™.

For K € k™, it is shown in [0] that

/S uf(K,w)dS(u) =0,

Suppose K, L € ™ and A\, > 0 be not both zero. From above it follows that
the function Af(K,-) + puf(L,-) satisfies the hypothesis of Minkowski’s existence
theorem (see [13]). The solution of the Minkowski problem for this function is
denoted by \ - K+ - L, that is,

FO-KEp- L) = MK, ) + uf (L, ). (2.6)

where the linear combination X - K+ - L is called a Blaschke linear combination.
The relationship between Blaschke and Minkowski scalar multiplication is given
by
A K =\

2.4. Mixed affine area and mixed bodies. The affine surface area Q(K) of
K € k" is defined by

QAUK) = FE,u)Y " a8 (u).
Snfl
It is well known that this functional is invariant under unimodular affine trans-
formations. For K, L € k" and ¢ € R, the ith mixed affine surface area Q;(K, L)
of K and L was defined in [5] by

QK. L) = [ FOK )0 f(L, /40 dS (),
Sn—1
Now, we define the ith affine area Q;(K) of K € £™ to be Q;(K, B). Since
f(B,-) =1, one has

(MK%:SAﬂKmW%WMMMMJGR. (2.7)
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Lutwak [8] defined mixed bodies of convex bodies K7, ..., K,, 1 as [Ky,..., K, 1].
The following property will be used later:

[Ki + Ky, K3, ..., K,| =K, K3, ..., K,|+[Ks, K3, ..., K,]. (2.8)

2.5. Mixed projection bodies and their polars. If K is a convex body that
contains the origin in its interior, we define the polar body K* of K by

K ={zxeR"z-y<1lye K}.

If K;(1: =1,2,...,n—1) € K", then the mixed projection body of K;(i =
1,2,...,n — 1) is denoted by II(Kj,..., K, 1), and whose support function is
given, for u € S, by [7]

h (H<K17 s 7Kn—1>au) = U(K?v tee 7K71LL—1)‘

It is easy to see that II(K7, ..., K,_1) is centered.

We use IT*(K;,...,K,_1) to denote the polar body of II(Ky,...,K,_1). It
is also called the polar of mixed projection body of K;(i = 1,2,...,n —1). If
K1 == n_l_i:Kand Kn—z:: n_lzL, then H(Kl,...,Kn_l) will
be written as IT;(K, L). If L = B, then II;( K, B) is called the ith projection body
of K and is denoted by II; K. We write [IpK as [1K. We will simply write II} K
and IT* K rather than (II;K)* and (ILK)*, respectively.

The following property will be used:

(K3, ..., Kp, K1 + Ky) =I(Ks, ..., K, Ky) + (K3, ..., K,, K>). (2.9)

3. MAIN RESULTS

Our main results are the following Theorems.

Theorem 3.1. Let K1, K,,..., K, € K" and C = (K3,...,K,).
(i) Fori<n—1,

B;(II(C, Ky + K3))Y"=9 < By(II(C, Ky,))Y "9 + By(II(C, K,)Y ™D, (3.1)

with equality if and only if 11(C, K1) and I1(C, K3) are homothetic.
(ii) Fori > n,

Bi(II(C, Ky + K,))V ") > B,(I(C, K4))V ") + Bi(IL(C, K»)V "™, (3.2)
with equality if and only if TI(C, Ky) and 11(C, K3) are homothetic.

Proof. Here, we only give a proof of (ii).
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From (2.1, (2.3)), (2.4), (2.9) and applying the Minkowski inequality for inte-
grals [14], p. 147], we obtain

B;(TI(C, K + K))Y/ =

= (5 [ e szn_ids(u))l/w

_ (% /S b(II(C, Ky) + T1(C, Ky), “)n_idS(u)) 1/(n—i)

_ (% /Snl(b(n(c, K1), u) + b(II(C, Ky),u))" ds(u>> /(=)
(% /S b(II(C, K1), w)""dS (u))l/("”

- (l /Snl b(T1(C, Kl)v“)”_ids(u))l/("")

n
= B,(II(C, K1) 4 B(IL(C, Ka))Y/ ",

with equality if and only if II(C, K;) and II(C, K3) have similar width. In view of
II(C, K7) and II(C, K5) are centered (centrally symmetric with respect to origin),
we conclude that the equality holds if and only if II(C, K;) and II(C, K) are
homothetic. O
Taking ¢ = 0, inequality (3.1]) reduces to the following result:

Corollary 3.2. If K1, K>, ..., K, € K", and C = (K3, ..., K,), then

B(II(C, K, + Ky))'/™ < BII(C, K,))"™ 4+ B(II(C, Ky)'/™,
with equality if and only if 11(C, K1) and I1(C, K3) are homothetic.

Taking ¢ = 2n, inequality reduces to the following result:
Corollary 3.3. If K1, K>, ..., K, € K", and C = (K3, ..., K,), then
By, (TI(C, K + K3)) ™™ > B, (TI(C, K1) ™™ 4 Ba,, (II(C, K) ™™, (3.3)
with equality if and only if 11(C, K1) and I1(C, K3) are homothetic.

From , , and noting that the projection body is centered(centrally
symmetric with respect to origin), we obtain the following Brunn—Minkowski
inequality of polars of mixed projection bodies.

Corollary 3.4. If K1, Ks,..., K, € K" and C = (K3, ..., K,), then
VIO, Ky + Ky)) ™" > V(ITH(C, Ky) ™™ + V(IT* (C, Kq)) 4™,
with equality if and only if TI(C, K) and 11(C, K3) are homothetic.
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Theorem 3.5. Suppose K1, K, ..., K, € K" and all mized bodies of K1, ..., K,
have positive continuous curvature functions.
(i) Fori < —1,

(K + Ko, K, ..., K,]) ™D/ (=0
< (K, Ky, Ky oo IG) " 070 4 QK K, . K] D0

with equality if and only if (K1, K3, Ky, ..., K,] and [K», K3 .., K,] are homo-
thetic.
(i) Fori > —1,
O([K + Ka, K, . ..., K,]) D/ (0=0)
> Q([K1, Ky, Ky, JG) 070 4 (K, K, K] 0PD/ 07,

with equality if and only if [Ky, K3, Ky, ..., K,] and [Ky, K3 .., K,] are homo-
thetic.

Proof. (i) From (2.6), (2.7), (2.8) and in view of the Minkowski inequality for
integrals [I4] p. 147], we obtain

(K + Ko, K3, Ky, ..., K,)) 0/ (=0

(n+1)/(n—1)
= ( FK, + Ko, K3, K, . .., Kn],u)m—i)/(nmds(u))
Snfl

(n+1)/(n—1)
- ( f(Ky, Ks, ..., K, ¥[Ky, Ks, ..., K,], u)("_i)/(”“)dS(u))
Snfl

A (n+1)/(n—1)
_ ( [ G B+ (R u>><"-’>/<"+1>ds<u>)
STL*l

IN

(n+1)/(n—i)
( (K., K3, Ky, ..., K], u)("_’)/("+1)d5’(u))
Snfl

A (n+1)/(n—1)
4+ ( Ky, K, ... Kn],u)("_’)/("+1)d5(u))
Snfl
= Q([Ky, K3, Ky, ..., K,) "/ 070 L 04([Ky, K, ..., K,]) D/ (070,

with equality if and only if [K;, K3, Ky, ..., K,| and [K, K3, ..., K,] are homo-
thetic.
(ii) Similarly, from (2.6)), (2.7)), (2.8)) and in view of inverse Minkowski inequality

[14, p. 147], we can obtain ({3.5]). O
Taking ¢ = 0 in (3.5)), we have

Corollary 3.6. If K1, K,,..., K, € K" and all mixed bodies of K1, K,, ..., K,
have positive continuous curvature functions, then

QK + Ky, Ky, ..., K,)) D/
> QK Ka, Kay oo K) " 4 Q([Ka, K, KR,

with equality if and only if [Ky, K3, Ky, ..., K,] and [K3, K3 ..., K,] are homo-
thetic.
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Taking ¢ = 2n in (3.5)), we have

Corollary 3.7. If K1, K,,..., K, € K" and all mixzed bodies of K1, K,, ..., K,
have positive continuous curvature functions, then

Qon([K1 + Ko, K3, . .. ,Kn])_(”“)/"
= QQH([Kl’ K3’ K4 o 7Kn])*(n+l)/n + QQH([K27 K37 s 7Kn])7(n+1)/n7

with equality if and only if [Ky, K3, Ky, ..., K,] and [K3, K53 .., K,] are homo-
thetic.

Taking ¢ = —n in (3.5)), we have

Corollary 3.8. If K1, K,,..., K, € K" and all mized bodies of K1, K, ..., K,
have positive continuous curvature functions, then

QW ([K + Ky, K, ..., K,)) D/
< QL (K, Ky, Koo G OTPQ ((K, K, K]

with equality if and only if [Ky, K3, Ky, ..., K,] and [K3, K3 ..., K,] are homo-
thetic.
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