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ABSTRACT. The purpose of this paper is to obtain some coincidence and pe-
riodic points results for generalized F-type contractions in a metric space en-
dowed with a graph. Some examples are given to illustrate the new theory.
Then, we apply our results to establishing the existence of solution for a cer-
tain type of nonlinear integral equation.

1. INTRODUCTION AND PRELIMINARIES

The literature on fixed point theorems presents various cornerstone results, but
certainly we can affirm that the Banach contraction mapping principle [2] plays
a crucial role. In fact, this principle is one of the pivotal results of mathematical
analysis and is widely considered as the source of metric fixed point theory. We
say that its significance lies in its vast applicability in a number of branches of
mathematics. On the other hand, this fact is a strong motivation for establishing
fixed point results of mappings which satisfy certain contractive conditions and
generalize the above principle; see, for instance, [4, 9, 13, 14, 16]. Recently, Ran
and Reurings [12] introduced a new concept of a metric space endowed with
a partial ordering and proved a fixed point theorem which generalizes Banach
contraction principle. They applied this result to solve some linear and nonlinear
matrix equations. In 2007, Jachymski [6] using the language of graph theory
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(which subsumes the partial ordering) introduced the concept of G-contraction
on a metric space endowed with a graph and proved a fixed point theorem which
extends the results of Ran and Reurings [12].

In 2012, Wardowski [15] introduced the concept of F-contraction and proved
a fixed point theorem which generalizes Banach contraction principle in many
ways. Further, Abbas et al. [1] extended the results of Wardowski [15] for a pair
of mappings. Most recently, Batra and Vashistha [3] combining the ideas from
Jachymski [6] and Wardowski [15] introduced the concept of F-G-contraction
and proved some interesting fixed point theorems. Following this direction of
research, in this paper, we will present some coincidence and periodic points re-
sults for generalized F-type contractions in a metric space endowed with a graph.
Consequently, several well known results are generalized and extended; also, some
examples are given to support the theory. Finally, we apply our results to estab-
lishing the existence of solution for a certain type of nonlinear integral equations.

Throughout the article N,R™ and R will denote the set of natural numbers,
positive real numbers and real numbers, respectively.

1.1. Graph theory. We briefly recall basic notions and notation from the liter-
ature; in particular, we refer to [0].

Let (X,d) be a metric space and A = {(x,z) : * € X}. Consider a graph G
with the set V(G) of its vertices equal to X and the set E(G) of its edges as a
superset of A. Assume that G has no parallel edges, that is (z,v), (y,z) € E(G)
implies z = y. Also, G is directed if the edges have a direction associated with
them. Now we can identify the graph G with the pair (V(G), E(G)).

Let G~! denote conversion of the graph G obtained from the graph G by
reversing the direction of edges. Thus we have V(G™') = V(G) and E(G™!) =
{(z,y) € X x X : (y,2) € E(G)}.

By a subgraph of G we mean a graph H satisfying V(H) C V(G) and E(H) C
E(G) such that V(H) contains the vertices of all edges of F(H). If x and y are
vertices in a graph G then a path in G from z to y of length [ (I € N U {0})
is a finite sequence {w,},_, of | + 1 vertices such that zy = x, x; = y and
(xi—1,2;) € E(G) for all i = 1,2,...,1l. A graph G is connected if there is a path
between any two vertices.

1.2. Fixed point theory. We recall some fundamental notions according to the
language of graph theory.

Let F be the collection of all mappings F' : RT™ — R that satisfy the following
conditions:

(F1) F is strictly increasing, that is o < 3 = F(«) < F(f) for all a, 8 € RT,
(F'2) for every sequence {«,} in R* we have lim a,, = 0 iff lim F(a,) = —o0,

n—oo n—oo

(F'3) there exists a number k € (0, 1) such that lirgl+ o F(a) =0.

Definition 1.1 ([15]). Let (X,d) be a metric space. A mapping f: X — X is
said to be an F-contraction on X if there exists 7 > 0 such that

d(fz, fy) >0 =7+ F(d(fz, fy)) < F(d(z,y))
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for all z,y € X and F' € F.

Definition 1.2 ([1]). Let (X,d) be a metric space and f,g : X — X. The
mapping f is said to be an F-contraction with respect to g on X if there exists
7 > 0 such that

min{d(fz, fy),d(gz,gy)} > 0= 7+ F(d(fz, fy)) < F(d(gz, gy))
forall z;y € X and F € F.

Remark 1.3. If F is defined by F(a) = Ina for all & > 0, then the above con-
traction reduces to Jungck contraction given in [8].

Let (X, d) be a metric space and denote
G :={G : G is a directed graph with V(G) = X and A C E(G)}.
Definition 1.4 ([3]). Let F' € F, G € G be given and (X, d) be a metric space.
A mapping f: X — X is said to be an F-G-contraction if
(cl) (z,y) € E(G) = (fx, fy) € E(G) for all z,y € X,
(¢2) there exists a number 7 > 0 such that
d(fz, fy) >0 =7+ F(d(fz, fy)) < F(d(z,y))
for all z,y € X with (z,y) € E(G).

Remark 1.5. Let G € G be arbitrary and F' be given by F(«) = In« for all a > 0.
Then F-G-contraction reduces to G-contraction given in [0].

Definition 1.6 ([6]). A graph G is said to satisfy the property (A) if for any
sequence {z,} in V(G) with z,, — x as n — oo and (zp,z,11) € E(G) for all
n € N implies that (z,,z) € G.

Finally, let C(f,g) :== {x € X : fx = gz} denote the set of all coincidence
points of two self-mappings f and g, defined on X.

2. COINCIDENCE POINT RESULTS

Throughout this section we assume that (X, d) is a metric space and G = {G :
G is a directed graph with V(G) = X and A C E(G)}.
Definition 2.1. Let FF € F and G € G. A mapping f : X — X is said to be an
F-G-contraction with respect to g : X — X if

(e1) (9z,9y) € E(G) = (fx, fy) € E(G) for all z,y € X, i.e. f preserves
edges w.r.t. g,
(e2) there exists a number 7 > 0 such that

d(fz, fy) > 0= 7+ F(d(fz, fy)) < F(d(9z, 9y)) (2.1)
for all z,y € X with (gz, gy) € E(G).

Remark 2.2. If ¢ = Ix (identity map on X), then the above definition reduces
to Definition 1.4 given in [3]. Further, if F' is given by F(«) = In« for all a > 0,
then condition (2.1) will become Jungck G-contraction

d(fx, fy) < e "d(gz, gy)
for all z,y € X with (gz, gy) € E(G).
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Example 2.3. Let F' € F be arbitrary. Then every F-contraction w.r.t. ¢ is an
F-G-contraction w.r.t. g for the graph G given by V(G) = X and E(G) = X x X.

Example 2.4. Let < be a partial order on X. Define the graph G by E(G) =
{(z,y) € X x X : x < y}. Then G € G. Also consider F' € F and g = Ix, a
self-mapping f : X — X is an F-G-contraction w.r.t. g : X — X if

(e1) f is non-decreasing w.r.t. <,
(e2) there exists a number 7 > 0 such that

d(fz, fy) > 0= 71+ F(d(fx, fy)) < F(d(g, gy))

for all x,y € X with gz < gy.

We say that f is an order F-contraction w.r.t. ¢ if f and g satisfy condition (e3)
above.

Remark 2.5. Conditions (e;) and (e2) in Definition 2.1 are independent. For
example, consider f = g = [y, then the identity map always preserves edges
but condition (2.1) is not satisfied for any a > 0. Further, consider f : R — R
given by fr = 5,2z € R and g = Ir (identity map on R), then f is an order
In(-)-contraction w.r.t. g for 7 = In(2) but f is not non-decreasing.

Now, we give an example of an F-G-contraction w.r.t. g that is not Jungck
G-contraction and hence not G-contraction.

Example 2.6. Let S, = @,n € Nand X = {S, : n € N}. Let d(x,y) =
|z —y| for all z,y € X. Define f,g: X — X as follows:

Sp_1 ifn>1, Spr1 ifn>1,

£(S,) = and  g(S,) =
Sl 1fn:1, Sl if n=1.

Also, let G be a graph given by V(G) = X and F(G) = {(Sn,Sn) : m,n €
N with m > n}. Then, f preserves edges w.r.t. g.
Then, we have

n—oo d(gSn7 gSl) n—oo n+l — Sl
Thus f is not Jungck G-contraction and hence not G-contraction. However, if we

take F'(a) = Ina + « for all @ > 0, then F € F and f is F-G-contraction w.r.t.
g, putting 7 = 2. Indeed,

d(me fSl) e FSn.fS1)=d(gSn.g51)  _ Sn-1 = 91 eon—1=51=5n+1+51
d(9Sn, 951) Sny1 — 51
ont-n—=2 4,
 n2+3n
< e
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for all n > 1. Also, for all m,n € N with m > n > 1, we have

d(me, fSn) ed(fsmyfsn)_d(gsmygsn) Smil _ Snil 6Sm—1_sn—1_5m+l+sn+1
d(gsm: gSn) Serl - Sn+1

m?>4+m-—-—n?—n —2(m—-n)
m?2+3m —n? — 3n

< e 2.

Now we state and prove our first theorem.
Theorem 2.7. Let (X,d) be a metric space, G = (V(G), E(G)) € G be a graph
and f,qg: X — X be two mappings satisfying the following conditions:

(i) there exists xg € X such that (gxo, fxo) € E(G),
(ii) X has the property (A),
(iii) f is an F-G-contraction w.r.t. g,
1

(iv) f(X) € g(X),
(v) g(X) is complete.

Then C(f,g) # 0.

Proof. Let xy € X be asin (7). Since f(X) C g(X), then there exists a point z; €
X such that gx; = fxo. From (i), we have (gxg, fzo) € E(G), i.e., (gzo, gx1) €
E(G) and, since f preserves edges w.r.t. g, we get (fxo, fx1) € E(G).

Continuing this process, having chosen x,, in X, we obtain x,,1; in X such that

(92n, gTni1) = (fan_1, fr,) € E(G) for every n € N.
For sake of simplicity take
Yo = d(gxp, gTny1) for all n € NU{0}.
If there exists ng € NU{0} such that gz, = gzn,+1, then fz,, = gx,,+1 implies

that fr,,11 = gTny41 that is z,,41 € C(f,g). Now we assume gz, # g, for
any n € NU{0}. Since f is an F-G-contraction w.r.t. g on E(G), then we write
F(fyn) = F<d(g$nag'rn+1)) = F<d(fxn—17 fxn)) S F(d(gl’n_l,gl‘n)) -7
= F(d(frp—2, frn_1)) — 7 < F(d(92n—2, gTn_1)) — 27 < - -
< F(d(g9z1,972)) — (n—1)7=F(n) — (n—1)7.
From
F(y) < F(y) = (n— 1),
on taking limit as n — oo, we obtain lim F(y,) = —oco. Hence lim 7, = 0 by
(F2). Now by (F3), there exists k € (0,1) such that lim ~*F(v,) = 0.
Note that
ME () = F(m) < (F(n) = (n = 1)7) = 35 F(m) (2.2)
= —"n—-1)7<0.
),

Therefore, taking limit as n — oo in (2.2), we have lim (n — 1)y = 0.

n—o0o
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Consequently, hm ny® = 0. Thus there exists n; in N such that ny* < 1 for

all n > nq, that is ~, < 1/n1/k for all n > n;. Now for integers m > n > 1, we
obtain

d<g$n; gl’m) < d(gxm gxn—&-l) + d(gxn—&-la gxn—i-Q) +eeet d(gxm—la gxm)
o0 o0 1
< P < — < 0oQ.

This shows that {gz,} is a Cauchy sequence in g(X). Since g(X) is complete,
then there exists z € ¢(X) such that lim gz, = z. Let w € X be such that
gw = z. By assumption (i7), we have (gx,,z = gw) € E(G). Hence by (iii), we
get
T+ F(d(fl'n—la fw)) < F(d(gxn—la gw))
or
F(d(g2n, fw)) = F(d(fzp-1, fw)) < F(d(gzn-1, gw)) — 7.

Since lim d(gx,_1,gw) = 0, then by (F2), we have lim F(d(g9x,_1,gw)) = —oc.
Hence lim F(d(gx,, fw)) = —oo, which implies that lim d(gz,, fw) = 0, i.e

lim gz, = fw. Uniqueness of limit implies z = fw = gw, that is, w € C(f, g).
Il

The following example illustrates Theorem 2.7.

Example 2.8. Let X = [0,1] be endowed with the usual metric. Consider a
graph given by V(G) = X and E(G) = AU {(3,-25):neN}U{(5,3)} U

{(%,0) 'n e N}. Define f,g : X — X as follows
1 ifo<z <1,

fr = and gz = for all z € X.

ife=1,

Nellog

We note that

rer (0 (5))) =rer (5) £ () = (0o )

for any 7 > 0 and any £’ € F. This means that f is not an F-contraction w.r.t.
g on X. We will show that f is an F-G-contraction w.r.t. g on F(G). Clearly,
(z,y) = (g2, gy) € E(G) and d(fz, fy) > 0iff =1 and y € {0,1}.
Now

1 1

Fagwson = (|5-3) = (3) <rm-rao

and

() -+ ()<r()-+ (1)

Choose any real number 7 € (0, F(d(1,3)) — F(d(f(1) . Then, f is an
F-G-contraction w.r.t. g. Also, it is easy to observe that
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(70 = {5 1 € o) =X =[0.1)
(i) g(X ) =[0,1] is closed and hence complete,
(i11) f preserves edges w.r.t. identity map g = Ix,
)

o

y the definition of f and g, we get

372

Also, it is easy to see that X has the property (A). Therefore, all the conditions
of Theorem 2.7 are satisfied and hence {3} C C(f, ).

(g0, fro) € E(G) for zo € {1 1}

3. PERIODIC POINT RESULTS

It is an obvious fact that, if f is a mapping which has a fixed point x, then z is
also a fixed point of f" for every n € N. However, the converse is false. Indeed,
consider X =[0,1] and f: X — X defined by fz =1—x for all z € X. Then f
has a unique fixed point at x = 2, but " = Iy, for each even n > 1, has every
point of [0, 1] as a fixed point. On the other hand, if X = [0, 7] and fx = cosuz,
then f is nonexpansive and every iterate of f has the same fixed point as f.

In this section we prove some periodic points results for self-mappings on a
metric space (X,d) endowed with a graph G € G. In the sequel, we need the
following definition.

Definition 3.1. Let (X, d) be a metric space and f : X — X be a mapping.
Then f is said to have the property (P) if Fiz(f") = Fiz(f) for every n € N.

For further details on these properties, we refer to [7].
Again, let (X, d) be a metric space and f : X — X be a mapping. The set
O(z) = {x, fx, f°x,..., frz,...} is called the orbit of z.

Definition 3.2. Let G € G. A mapping f : X — X is called strongly orbitally
G-continuous at x if

lim f"z = p and (f"z, f""'2) € E(G) = lim f""'z = fp.

A mapping f is called strongly orbitally G-continuous on X if f is strongly
orbitally G-continuous for all x € X.
We denote X/ :={x € X : (z, fx) € E(G) or (fz,z) € E(G)}.

Definition 3.3. Let G € G. A mapping f : X — X is called an F-G-graphic
contraction if

(i) f preserves edges, i.e. (z,y) € E(G) = (fx, fy) € E(G),
(ii) there exists a number 7 > 0 such that
d(fz, f?z) > 0= 7+ F(d(fz, f>z)) < F(d(z, fr)) (3.1)
for all z € X/ and some F € F.
Remark 3.4. If we consider F'(a) = Ina for all « > 0, then Definition 3.3 reduces
to G-graphic contraction given in [5].

Before stating the theorem of this section, we give the following lemma without
proof.
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Lemma 3.5 ([5]). Let (X, d) be a metric space endowed with a graph G € G. Let
f: X — X be a G-graphic contraction. Then f is a G~t-graphic contraction too.

Theorem 3.6. Let (X, d) be a complete metric space and G = (V(G), E(G)) € G
be a graph. Suppose that f : X — X is an F-G-graphic contraction satisfying the
following condition:

(%) (z, fx) € E(G) or (fz,z) € E(GQ) for allz € X.
Then f has the property (P), provided that f is strongly orbitally G-continuous
on X.

Proof. Let xy be an arbitrary point in X. Define a sequence {x,} in X such that
ZTpt1 = fax, for all n € NU{0} and denote v,, = d(x,, x,41) for all n € NU {0}.
If there exists ng € NU{0} for which z,,,11 = x,,, then fz,, = x,, and the proof
is finished. Therefore, we suppose that x,.1 # x,, for all n € NU {0}.

Since (zo, fro) € E(G) (or (fxg,x0) € E(G)) and f preserves edges, then we
get

(fzo, f(fx0)) = (21, 72) = (21, f21) € E(G) = (fa1, f(f21)) = (32, 73) € E(G).

Continuing this process, we get that (f"xq, f"xg) = (2, Tny1) € E(G) for all
n € NU{0}. Now using (3.1), we obtain

F(y) = F(d(2n, tn41)) = F(A(frn—1, fPan-1)) < F(d(xn-1, fEn-1)) — T
= F(d(fn_2, fP2n_2)) — 7 < Fld(zp_2, fTn_2)) — 27 < -+~
= F(d(fxo, f*11)) — (n — 1) < F(d(xg,21)) —nT = F(y) — nT

for every n € NU {0}. Therefore, proceeding as in the proof of Theorem 2.7, we
get that {f"xzo} is a Cauchy sequence.

Since {f"zo : n € N} C O(zo) € X and X is complete, then there exists x*
in X such that lim f"xq = z*. Since f is strongly orbitally G-continuous on

X, then z* = lim f"zg = f(lim f"'xy) = fz*. Hence f has a fixed point
and Fiz(f") = Fiz(f) is true for n = 1. Now assume that n > 1 and suppose
that v € Fiz(f") but v ¢ Fiz(f), then d(u, fu) = a > 0. By (%), we have
(u, fu) € E(G) or (fu,u) € E(G). If we assume (u, fu) € E(G), by (3.1), we
obtain

=
2
I
=
U

u. fu)
P ) )
1t ) = 7
£t ) — 2

~—~~ o~
QU & X
—~~ —~ —~

I
o T

VAN VAN VAN VAN

F(d(u, fu)) — nr.
Thus F(«) < lim [F(d(u, fu)) — nT] = —o0 and hence F(a) = —oo, which is a

u)
contradiction. Thus u € F(f).
0J
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4. EXISTENCE OF SOLUTION FOR NONLINEAR INTEGRAL EQUATION

Let X = C([0,T],R) denote the space of all continuous functions on [0, 7]
and, for u € X, define the supremum norm ||u|| = sup |u(t)|. Clearly, (X, ||-||)
te[0,T
endowed with the metric d defined by
d(u,v) = sup {[u(t) —v(t)|}, (4.1)

te[0,7)

for all u,v € X, is a complete metric space.
Now, following the idea in [1 1], we discuss the application of fixed point techniques
to the solution of the nonlinear integral equation:

x(t) = hy(t) — ho(t) + ,u/o ma(t, s)ki(s,x(s)) ds + p/o ma(t, $)ka(s, z(s))ds,

(4.2)
where t € [0,7T], p, p are real numbers, hy, hy € C([0,T],R) with hy(t) > ha(t),
and my(t,s), ma(t, s), k1(s,z(s)), ka(s, z(s)) are continuous real valued functions
in [0,7] x R.

Next, consider the graph G with V(G) = X and

E(G) ={(u,v) € X x X : u(t) <wv(t), for all t € [0,T]}.

Clearly, E(G) is a partial order. In particular, in [10], the authors showed that
(X, E(Q)) is regular, that is property (A) holds true.
We will prove the following theorem.

Theorem 4.1. For each x € X, define the operators:

Bx(t) = —ho(t) + M/o ma(t, s)ki(s, x(s))ds
and

5M0=x®—%dﬂ—plvm@$b@wﬁnw,

where t € [0,T], p,p are real numbers, hy, he € C([0,T],R) with hy(t) > ha(t),
and my(t,s), mo(t, s), ki(s,x(s)), ka(s, x(s)) are continuous real valued functions
in [0,T] x R.
Suppose that the following hypotheses are satisfied:
(i) Jy subieom Imit, s)lds = M; < oo, i € {1,2},
(ii) for each s € [0,T] and for all x,y € X with (Sx,Sy) € E(G), there is
L; > 0 such that

[Fils, x(s)) = ki(s,y(s))| < Lilx(s) —y(s)l, i€ {12},

(iii) pfOT ma(t, s)ks (s, 1 [y ma(s, k(X £(X)dA + hi(s) — ha(s)) ds = 0,
(iv) (Sz,Sy) € E(G) implies (Bx, By) € E(G) for all z,y € X,
(v) there exists xy € X such that

xo < hy(t) — ho(t) + M/o ma(t, s)ki(s, xo(s)) ds + p/o ma(t, )k (s, xo(s))ds.
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Then the integral equation (4.2) has a solution, provided that % < 1.

Proof. Note that the integral equation (4.2) has a solution if and only if the
operators B and S have a coincidence point. Clearly, B and S are self-operators
on X. Now, for all z,y € X with (Sz,Sy) € E(G), by assumptions (i) and (i),
we have

|Bz(t) — By(t)| < \M|/O [ma(t, s)|[k1(s, 2(s)) — k(s y(s))|ds

< ul [ sup [ma(t, 9)[|ki(s, 2(s)) — ka(s, y(s))|ds
0 t€[0,T]

t

< ful [ sup |ma(t, s)[Lifx(s) — y(s)|ds
0 t€[0,T]

t
<l =yl [ sup (e 5)lds
0 t€[0,T]
< |plLiMylz =y,

This implies that

|Bx — Byl| = sup |Bx(t) — By(t)| < |p|LiMilz -y, (4.3)
telo,

By a similar reasoning we get

‘p/OT ma(t, s)ks(s,x(s)) ds — p/OT mo(t, s)ka(s,y(s)) ds

fﬂMAIMﬂﬁmbww@D—b@w@M%

T
< |p| sup |ma(t, s)|[ka(s, 2(s)) — ka(s, y(s))|ds
0 te[0,T]
T
< [p] sup |ma(t, s)|La|z(s) — y(s)|ds
0 te0,T]

< [p| Lo Mol|z -y,

which implies

sup < |plLaMs|[z—y]|

te[0,7

pé7m@$b@w®hﬁ—pé7m@$b®w@ﬂﬁ

Consequently, we note that

ISz — Sy|
T T
2”$-W-SM>p/?@@$b@@@ﬁﬁ—p/7@@@@@&@»%
t€[0,T) 0 0

> (1= |plLaMa)|lz =y,
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which implies

1
|z =yl < m“sz Syl (4.4)

Finally, by merging (4.3) and (4.4), we obtain

|| L My
Bx — B ———||Sx — Sy||.
182 — Byl < A5, — sy
and, since % < 1, we can choose 7 > 0 such that e™” = % and

hence, in view of (4.1), we deduce that
d(Bzx, By) < e 7d(Sz, Sy).
By passing to logarithms, we can write this as
In(d(Bx, By)) < In(e”"d(Sx, Sy)),
and, after routine calculations, we get
7 + In(d(Bz, By)) < In(d(Sz, Sy)),

for all x,y € X such that (Sz,Sy) € E(G). Thus, condition (2.1) is trivially
satisfied. Next, adopting the same reasoning in [11], we can show that B(X) C
S(X). Indeed, by (ii7), for z(t) € X we have

S(Bz(t) + hi(t))

~ Balt / ma(t, 5) (s M/ (5, Ak O, () A + b (s) — hg(s)) ds
= Bux(t

Clearly, hypothesis (iv) means that B preserves edges w.r.t. S. Next, by hypoth-
esis (v) we get

xo — hy(t / ma(t, $)ka(s, xo(s))ds < ha(t +[L/ ma(t, s)ki(s, xzo(s)) ds,

that is (Szo, Bzg) € E(G). Thus all the conditions of Theorem 2.7 are satisfied
and hence its conclusion holds true, that is B and S have at least a coincidence
point. Consequently, the integral equation (4.2) has a solution in X. O
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