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PRODUCT OF M-MATRICES AND INVERSE M-MATRICES
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Abstract. In this paper, we generalize some determinantal inequalities for
Hadamard product of M -matrices and inverse M -matrices obtained by Chen
[Linear Algebra Appl. 426 (2007), no. 2-3, 610–618.].

1. Introduction

Let Cm×n (Rm×n) be the set of all complex (real) matrices. A real matrix is
nonnegative if every entry is nonnegative. For two m×n matrices A = (aij), B =
(bij) ∈ Rm×n, we write A ≥ B if A− B is nonnegative. The Hadamard product
of A = (aij), B = (bij) ∈ Cm×n is A ◦B = (aijbij) ∈ Cm×n.

Suppose that N = {1, 2, . . . , n} and the index set α = {i1, i2, . . . , is} ⊆ N . The
principal submatrix of an n×n matrix A including rows and columns i1, i2, . . . , is
is denoted by A[i1, i2, . . . , is] or A[α]. In particular, the k × k leading principal
submatrix of A is denoted by Ak = A[1, 2, . . . , k] (k ∈ N) and we set A(k) =
A[N\{k}].

Let Zn×n = {A = (aij) ∈ Rn×n : aij ≤ 0, i 6= j, i, j ∈ N}. A ∈ Zn×n is called an
M -matrix if it is nonsingular and its inverse is a nonnegative matrix. We denote
by Mn the class of all n×n M -matrices. If A−1 ∈ Mn, then we say A is an inverse
M -matrix. The class of n× n inverse M -matrices is denoted by M−1

n . Clearly, if
A ∈ M−1

n , then A is necessarily nonnegative.
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Chen [1, Theorem 3.3] proved the following determinantal inequalities for the
Hadamard product of an M -matrix and an inverse M -matrix: if A = (aij) ∈ Mn,
B = (bij) ∈ M−1

n , then A ◦ B ∈ Mn, and for any permutation i1, i2, . . . , in of N ,
the following inequalities hold:

det(A ◦B) ≥ det(AB)×
n∏

s=2

(
aisis det A[i1, . . . , is−1]

det A[i1, . . . , is−1, is]
+

bisis det B[i1, . . . , is−1]

det B[i1, . . . , is−1, is]
− 1

)
,

(1.1)

and

det(A ◦B) ≤

(
n∏

i=1

aiibii

)
×

n∏
s=2

(
1−

|ai1i2 · · · ais−1isaisi1|
ai1i1ai2i2 · · · aisis

·
bi1i2 · · · bis−1isbisi1

bi1i1bi2i2 · · · bisis

)
.

(1.2)

Very recently, Lin [3] proved that for the block positive definite matrices, a
similar result to (1.1) holds for a block Hadamard product.

In this paper, we will present two determinantal inequalities for the Hadamard
product of an M -matrix and some inverse M -matrices which are generalizations
of (1.1) and (1.2).

2. Main results

We give some lemmas before we give the main theorem of this paper.

Lemma 2.1. [2, p. 117 and p. 127 Problem 9] If A = (aij) ∈ Mn ∪ M−1
n , then

for any i

aii det A(i)

det A
≥ 1.

Remark 2.2. Chen [1, Theorem 3.1] proved a stronger result as follows:
If A = (aij) ∈ Mn∪M−1

n , then for any α = {i1, i2, . . . , is} ⊆ N , where i1, i2, . . . , is
are mutually distinct,

0 <
det A

aisis det A(is)
≤ 1−

|ai1i2 · · · ais−1isaisi1|
ai1i1ai2i2 · · · aisis

.

Lemma 2.3. [1, Theorem 3.3] If A = (aij) ∈ Mn, B = (bij) ∈ M−1
n , then

A ◦B ∈ Mn.

Now we present our main result:

Theorem 2.4. If A1 = (a
(1)
ij ) ∈ Mn and Ai = (a

(i)
ij ) (i = 2, . . . ,m) ∈ M−1

n ,
then the Hadamard product A1 ◦ A2 ◦ · · · ◦ Am ∈ Mn, and for any permutation
i1, i2, · · · , in of N , the following determinantal inequalities hold:

det(A1 ◦ A2 ◦ · · · ◦ Am) ≥ det(A1 · A2 · · · ·Am)×
n∏

s=2

(
m∑

j=1

a
(j)
isis

det Aj[i1, . . . , is−1]

det Aj[i1, . . . , is−1, is]
− (m− 1)

)
,

(2.1)
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and

det(A1 ◦ A2 ◦ · · · ◦ Am) ≤

(
n∏

i=1

a
(1)
ii a

(2)
ii · · · a(m)

ii

)
×

n∏
s=2

(
1−

|a(1)
i1i2

· · · a(1)
is−1is

a
(1)
isi1

|

a
(1)
i1i1

a
(1)
i2i2

· · · a(1)
isis

·
m∏

j=2

a
(j)
i1i2

· · · a(j)
is−1is

a
(j)
isi1

a
(j)
i1i1

a
(j)
i2i2

· · · a(j)
isis

)
.

(2.2)

Proof. By Lemma 2.3, it is straightforward to observe that the Hadamard product
A1 ◦A2 ◦ · · · ◦Am is an M -matrix. Use induction on m. When m = 2, the result
is (1.1). Suppose that (2.1) holds when m = k − 1:

det(A1 ◦ · · · ◦ Ak−1) ≥ det(A1 · · ·Ak−1)×
n∏

s=2

(
a

(1)
isis

det A1[i1, . . . , is−1]

det A1[i1, . . . , is−1, is]
+ · · ·+

a
(k−1)
isis

det Ak−1[i1, . . . , is−1]

det Ak−1[i1, . . . , is−1, is]
− (k − 2)

)
.

When m = k, we need to prove the following inequality:

det(A1 ◦ A2 ◦ · · · ◦ Ak) ≥ det(A1 · A2 · · · ·Ak)×
n∏

s=2

(
a

(1)
isis

det A1[i1, . . . , is−1]

det A1[i1, . . . , is−1, is]
+ · · ·+

a
(k)
isis

det Ak[i1, . . . , is−1]

det Ak[i1, . . . , is−1, is]
− (k − 1)

)
.

By (1.1), we have

det((A1 ◦ · · · ◦ Ak−1) ◦ Ak) ≥ det((A1 ◦ · · · ◦ Ak−1)Ak)×
n∏

s=2

(
a

(1)
isis

· · · a(k−1)
isis

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1]

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1, is]

+
a

(k)
isis

det Ak[i1, . . . , is−1]

det Ak[i1, . . . , is−1, is]
− 1

)
.

By the induction hypothesis, it follows

det((A1 ◦ · · · ◦ Ak−1)Ak)×
n∏

s=2

(
a

(1)
isis

· · · a(k−1)
isis

det(A1 ◦ · · ·Ak−1)[i1, . . . , is−1]

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1, is]
+

a
(k)
isis

det Ak[i1, . . . , is−1]

det Ak[i1, . . . , is−1, is]
− 1

)
≥ det(A1 · · ·Ak−1) det Ak× (2.3)

n∏
s=2

(
a

(1)
isis

det A1[i1, . . . , is−1]

det A1[i1, . . . , is−1, is]
+ · · ·+

a
(k−1)
isis

det Ak−1[i1, . . . , is−1]

det Ak−1[i1, . . . , is−1, is]
− (k − 2)

)
×

n∏
s=2

(
a

(1)
isis

· · · a(k−1)
isis

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1]

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1, is]
+

a
(k)
isis

det Ak[i1, . . . , is−1]

det Ak[i1, . . . , is−1, is]
− 1

)
.

Let

as =
a

(1)
isis

det A1[i1, . . . , is−1]

det A1[i1, . . . , is−1, is]
+ · · ·+

a
(k−1)
isis

det Ak−1[i1, . . . , is−1]

det Ak−1[i1, . . . , is−1, is]
− (k − 2),
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bs =
a

(1)
isis

· · · a(k−1)
isis

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1]

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1, is]

+
a

(k)
isis

det Ak[i1, . . . , is−1]

det Ak[i1, . . . , is−1, is]
− 1.

By Lemma 2.1, we have

a
(l)
isis

det Al[i1, . . . , is−1]

det Al[i1, . . . , is−1, is]
≥ 1, l = 1, . . . , k,

a
(1)
isis

· · · a(k−1)
isis

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1]

det(A1 ◦ · · · ◦ Ak−1)[i1, . . . , is−1, is]
≥ 1, (2.4)

and so

as ≥ (k − 1)− (k − 2) = 1, bs ≥ 1.

Using a simple scalar inequality ab ≥ a+b−1 for a, b ≥ 1, we obtain the following
inequality:

det(A1 ◦ · · · ◦ Ak)

≥ det(A1 · · ·Ak−1) det Ak ×
n∏

s=2

asbs (by (2.3))

≥ det(A1 · · ·Ak)×
n∏

s=2

(as + bs − 1)

≥ det(A1 · · ·Ak)×
n∏

s=2

(
a

(1)
isis

det A1[i1, . . . , is−1]

det A1[i1, . . . , is−1, is]
+ · · ·+

a
(k)
isis

det Ak[i1, . . . , is−1]

det Ak[i1, . . . , is−1, is]
− (k − 1)

)
.(by (2.4))

This completes the proof of (2.1).
Next we verify that the inequality (2.2) holds by induction on m.
When m = 2, the inequality (2.2) is (1.2). We assume that it is true when

m = k − 1; namely,

det(A1 ◦ A2 ◦ · · · ◦ Ak−1) ≤

(
n∏

i=1

a
(1)
ii a

(2)
ii · · · a(k−1)

ii

)
×

n∏
s=2

(
1−

|a(1)
i1i2

· · · a(1)
is−1is

a
(1)
isi1

|

a
(1)
i1i1

a
(1)
i2i2

· · · a(1)
isis

·
a

(2)
i1i2

· · · a(2)
is−1is

a
(2)
isi1

a
(2)
i1i1

a
(2)
i2i2

· · · a(2)
isis

· · ·
a

(k−1)
i1i2

· · · a(k−1)
is−1is

a
(k−1)
isi1

a
(k−1)
i1i1

a
(k−1)
i2i2

· · · a(k−1)
isis

)
.
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When m = k, we need to show that

det(A1 ◦ A2 ◦ · · · ◦ Ak) ≤

(
n∏

i=1

a
(1)
ii a

(2)
ii · · · a(k)

ii

)
×

n∏
s=2

(
1−

|a(1)
i1i2

· · · a(1)
is−1is

a
(1)
isi1

|

a
(1)
i1i1

a
(1)
i2i2

· · · a(1)
isis

·
a

(2)
i1i2

· · · a(2)
is−1is

a
(2)
isi1

a
(2)
i1i1

a
(2)
i2i2

· · · a(2)
isis

· · ·
a

(k)
i1i2

· · · a(k)
is−1is

a
(k)
isi1

a
(k)
i1i1

a
(k)
i2i2

· · · a(k)
isis

)
.

By (1.2) and the induction hypothesis, we have

det(A1 ◦ A2 ◦ · · · ◦ Ak−1 ◦ Ak) = det((A1 ◦ A2 ◦ · · · ◦ Ak−1) ◦ Ak)

≤

(
n∏

i=1

(A1 ◦ A2 ◦ · · · ◦ Ak−1)ii · a(k)
ii

)
×

nY
s=2

0
@1 −

|(a(1)
i1i2

a
(2)
i1i2

· · · a(k−1)
i1i2

)(a
(1)
i2i3

a
(2)
i2i3

· · · a(k−1)
i2i3

) · · · (a(1)
isi1

a
(2)
isi1

· · · a(k−1)
isi1

)|

(a
(1)
i1i1

a
(2)
i1i1

· · · a(k−1)
i1i1

)(a
(1)
i2i2

a
(2)
i2i2

· · · a(k−1)
i2i2

) · · · (a(1)
isis

a
(2)
isis

· · · a(k−1)
isis

)
·

a
(k)
i1i2

· · · a(k)
is−1is

a
(k)
isi1

a
(k)
i1i1

a
(k)
i2i2

· · · a(k)
isis

1
A

=

(
n∏

i=1

a
(1)
ii a

(2)
ii · · · a(k)

ii

)
×

n∏
s=2

(
1−

|a(1)
i1i2

· · · a(1)
is−1is

a
(1)
isi1

|

a
(1)
i1i1

a
(1)
i2i2

· · · a(1)
isis

·
a

(2)
i1i2

· · · a(2)
is−1is

a
(2)
isi1

a
(2)
i1i1

a
(2)
i2i2

· · · a(2)
isis

· · ·
a

(k)
i1i2

· · · a(k)
is−1is

a
(k)
isi1

a
(k)
i1i1

a
(k)
i2i2

· · · a(k)
isis

)
.

This completes the proof of (2.2). �

Remark 2.5. The inequalities (2.1) and (2.2) in Theorem 2.4 are generalizations
of the inequalities (1.1) and (1.2), respectively.
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