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ABSTRACT. In several works, the theory of strongly continuous groups is used
to build a framework for solving random homogenization problems. Following
this idea, we present a detailed and comprehensive framework enabling one
to solve homogenization problems in algebras with mean value, regardless of
whether they are ergodic or not. We also state and prove a compactness result
for Young measures in these algebras. As an important achievement we study
the homogenization problem associated with a stochastic Ladyzhenskaya model
for incompressible viscous flow, and we present and solve a few examples of
homogenization problems related to nonergodic algebras.

1. INTRODUCTION

The theory of strongly continuous N-parameter groups of operators is a very
important tool in solving partial differential equations (PDEs). In [15] (see also
[10]), it is used to solve PDEs in spaces of almost periodic functions. In the
random homogenization theory, one constructs through a dynamical system, a
strongly continuous N-parameters group. One then uses its infinitesimal genera-
tors to build up a framework for solving random homogenization problems. We
refer, e.g., to the works [13, 25, 50] (see also [30]) for an exposition of this idea.

Given an algebra with mean value, the uniform continuity property of its ele-
ments allows the construction [on the generalized Besicovitch spaces associated
to this algebra] of a strongly continuous N-parameters group. We therefore rely
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on the properties of this group to construct as in the random case, a comprehen-
sive and detailed framework for solving deterministic homogenization problems as
well as homogenization problems related to stochastic partial differential equa-
tions (SPDEs). The results obtained generalize the already existing ones, and
provide more clarity and conciseness to the latter. It is very important to precise
that some of these results have already been presented in some of our earlier works
without clear justification. One very important achievement will be to work out
the homogenization problems related to a stochastic Ladyzhenskaya model for
incompressible non-Newtonian fluid, without help of any ergodicity assumption.

For the sake of clarity, let us state two of our main results. The first one deals
with Young measures in algebras with mean value. It reads as.

Theorem 1.1. Let Q be an open bounded subset of RY. Let 1 < p < oo, and
let A be an algebra with mean value on Rév. Finally let (u:)ecp be a bounded

sequence in LP(Q;R™). There exist a subsequence E' from E and a family v =
(Va,s)zeqsena) € L2(Q x A(A); P(R™)) such that, as E' > ¢ — 0,

/Qcp( )dm—>// /m (2, 5, Ndvs s(N)dB(s)da

for all ® € E,, where E, stands for the space of continuous functions ® : Q x

RN x R™ — R belonging to C(Q x R™; A) and for which the limit limy oo 1(+i§@)

exists uniformly in (z,y) € Q x RV,

The approach used to prove the previous result is based on a result by Valadier
[13] regarding the disintegration of measures.

The next one is an application to homogenization of the so-called sigma-
convergence for stochastic processes’ concept.

Theorem 1.2. Assume p > 3. For each € > 0 let u. be the unique solution of
the following stochastic PDE:

du, + (Pfu. + A°u. + B(u.))dt = fdt + ¢°(u.)dW, 0 <t <T
u.(0) = u’.

Under assumption (6.26) (see Section 6), the sequence (u.).~o converges in prob-
ability to ug in L*(Qr) where ug is the unique strong probabilistic solution of the
following problem:

{ dug + [~ div (mVug — M (Vuy)) + B(ug)|dt = fdt + g(ug)dW
uy(0) = u’.

In view of the above result, one might be tempted to believe that the homog-
enization process for SPDEs is summarized in the homogenization of its deter-
ministic part, added to the average of its stochastic part. This is far to be true
in general. Indeed, one can obtain after passing to the limit, a homogenized
equation of a type completely different from that of the initial problem; see e.g.,
[47].

The paper is organized as follows. In Section 2 we give the key tools which
will be used in the following sections, namely we apply the semigroup theory
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to the generalized Besicovitch spaces. Section 3 is devoted to the concept of X-
convergence. In Section 4 we prove Theorem 1.1 and we give some of its important
corollaries. Finally, Sections 5 and 6 are devoted to the applications of the results
of the earlier sections to homogenization theory.

In the sequel, unless otherwise specified, the field of scalars acting on vector
spaces is the set of complex numbers and scalar functions are complex-valued.

Finally, let us precise that the present work is a clean version of a more
detailed version which has been posted in ArXiv under the reference ”arXiv:
1207.5397v1".

2. THE SEMIGROUP THEORY APPLIED TO THE GENERALIZED BESICOVITCH
SPACES

2.1. Preliminaries. Let A be an algebra with mean value (algebra wmv, in
short) on RY [25, 14, 35, 52], that is, A is a closed subalgebra of the C*-algebra of
bounded uniformly continuous functions BUC(RY) which contains the constants,
is closed under complex conjugation (@ € A whenever u € A), is translation
invariant (u(- + a) € A for any u € A and each a € R") and is such that each
element possesses a mean value in the following sense:

(MV) For each u € A, the sequence (uf).~q (where u®(z) = u(z/e;), v € RY)
weakly *-converges in L=(RY) to some constant function M (u) € C (the
complex field) as ¢ — 0, €1 = £1(¢) being a positive function of € tending
to zero with €.

It is known that A (endowed with the sup norm topology) is a commutative
C*-algebra with identity. We denote by A(A) the spectrum of A and by G the
Gelfand transformation on A. We recall that A(A) (a subset of the topological
dual A’ of A) is the set of all nonzero multiplicative linear functionals on A, and G
is the mapping of A into C(A(A)) such that G(u)(s) = (s,u) (s € A(A)), where
(,) denotes the duality pairing between A" and A. We endow A(A) with the
relative weak* topology on A’. Then using the well-known theorem of Stone (see
e.g., either [20] or more precisely [19, Theorem IV.6.18, p. 274]) one can easily
show that the spectrum A(A) is a compact topological space, and the Gelfand
transformation G is an isometric x-isomorphism identifying A with C(A(A)) (the
continuous functions on A(A)) as C*-algebras. Next, since each element of A
possesses a mean value, this yields an application v +— M (u) (denoted by M
and called the mean value) which is a nonnegative continuous linear functional
on A with M (1) = 1, and so provides us with a linear nonnegative functional
P — Mi(¢) = M(G7()) defined on C(A(A)) = G(A), which is clearly bounded.
Therefore, by the Riesz—Markov theorem, M; (1)) is representable by integration
with respect to some Radon measure [ (of total mass 1) in A(A), called the
M -measure for A [28]. Tt is evident that we have

M(u) = G(u)dp for u € A.
A(A)

Next, to any algebra with mean value A are associated the following subspaces:
A" = {¢ € C™RYN) : Dy € A for every a = (aq,--- ,ay) € NV with |a] <



HOMOGENIZATION THEORY 145

m} (where Do = 9l /0yt - - - 0y3Y). Endowed with the norm |[[[ull|,, =
SUDP|a|<m “D5¢“m7 A™ is a Banach space. We also define the space A> as the
space of ¥ € C*(R)Y) such that D¢ € A for every o = (v, ,ay) € NV,
Endowed with a suitable locally convex topology defined by the family of norms
I-[1l,,,, A% is a Fréchet space.

Let B (1 < p < o0) denote the Besicovitch space associated to A, that is the
closure of A with respect to the Besicovitch seminorm

1 » 1/p
ul| = ( limsup / U d) .
ful, = (smsoprz [ Juto)pay

It is known that B’ is a complete seminormed vector space verifying BY C B
for 1 < p < g < co. From this last property one may naturally define the space
BY as follows:

BY ={f € MgpeeBy: sup |[f]l, < 00}

<p<oo

We endow B with the seminorm [f]oo = SUDPj<p<co || f]l,, Which makes it a
complete seminormed space. We recall that the spaces BY (1 < p < o0) are not
in general Fréchet spaces since they are not separated in general. The following
properties are worth noticing (see e.g. [31, Section 2] or [35, Section 2]):

(1) The Gelfand transformation G : A — C(A(A)) extends by continuity
to a unique continuous linear mapping, still denoted by G, of BY into
LP(A(A)), which in turn induces an isometric isomorphism Gy, of B4 /N =
BY onto LP(A(A)) (where N = {u € BY : G(u) = 0}). Furthermore if u €
B} N L*(RY) then G(u) € L¥(A(A)) and [|G(u)l| pe(aay) < lull g @)

(2) The mean value M viewed as defined on A, extends by continuity to
a positive continuous linear form (still denoted by M) on BY satisfying

= Jan 9(W)dB (u € BY). Furthermore, M(r,u) = M(u) for each
u € B and all a € RY where 7,u(z) = u(z + a) for almost all z € RV,

Moreover for u € Bf) we have |[ul|, = (M (Ju])] 7.

2.2. The semigroup theory. Let 1 < p < oo. We consider the N-parameter
group of isometries {T'(y) : y € RV} defined by

T(y): B — B, T(y)(u+N)=r1u+ N forue BY.

Since the elements of A are uniformly continuous, {T'(y) : y € R} is a strongly
continuous group of operators in L(B%, BY) (the Banach space of continuous linear
functionals of BY into BY) in the sense of semigroups: T(y)(u + N) — v+ N
in B as |y] — 0. To{T'(y) :y € RM} is associated the following N-parameter
group {T'(y) : y € RV} defined as

T(y) : LP(A(A)) — LP(A(A))
T(y)Gi(u+N) =G (T(y)(u+N))=Gi(r,u+ N) for u € BY.

): L
)9
The group {T'(y) : y € R} is also strongly continuous. The infinitesimal gen-
erator of T(y) (resp. T(y)) along the ith coordinate direction, denoted by D;,
(resp. 0ip), is defined as D;u = limy_ot ! (T'(te;)u — u) in BY (resp. 0ipv =
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limy_o t~* (T'(te;)v — v) in LP(A(A))), where here we have used the same letter
u to denote the equivalence class of an element u € BY in BY, e; = (0;5)1<j<n (0i;
being the Kronecker §). The domain of D; , (resp. 0;,) in B (resp. LP(A(A))) is
denoted by D; , (resp. W, ,). By using the general theory of semigroups [19, Chap.
VIII, Section 1], we easily see that the set D, ,, (resp. W, ) is a vector subspace of
BY (resp. LP(A(A))). Moreover D;,, : D;,, — BY (resp. 0, : Wi, — LP(A(A)))
is a linear operator, D;, (resp. W;,) is dense in B (resp. LP(A(A))), and the
graph of D;, (resp. 0;,) is closed in BY x BY (resp. LP(A(A)) x LP(A(A))).

In the sequel we denote by o the canonical mapping of BY onto B, that is,
o(u) = u+ N for u € BY. This being so, it is a fact that, for any 1 <1i < N if
u € Al then o(u) € D;, and

Dipat) = o (). (2.)

From (2.1) we deduce that D;, o p = p o J/0y;, which means that D,, is a
generalization of the usual partial derivative.
One can naturally define higher order derivatives by setting D)} = D‘lf;o-noDj‘\%

(resp. O = Of},0---00yY) for a = (a,--+ ,an) € NV with D% = Dipo---0D;y,
o,-times. Now, let

Bi"=nN.D;,={ueB):Due B, Vl<i<N}

and
DA(RY) = {u € BY : D%u € BY Ya € NV}

It can be shown that D4 (RY) is dense in B;, 1 < p < co. We also have that B
is a Banach space under the norm

N 1/p
Il = (HuHZ +2 HDz-,puHii> (u € BY);

i=1
this comes from the fact that the graph of D, is closed.
The counter-part of the above properties also holds with

WP(A(A)) = N, W, in place of BY”
and
D(A(A)) = {u € L=(A(A)) : 0%u € L®(A(A)) Yo € NV} in that of D4 (RY).
We have the following relation between D, ,, and 0, .
Lemma 2.1. Let u € D;,,. Then Gi(u) € W;,, and G1(D; pu) = 0;,G1(u).
Proof. We have
|t (T (te)u — u) — Diypqu = ||Gi(t (T (ter)u —u)) — gl(DLpu)HLp(A(A))
Gl

(
= ||t (T(te;)Gi(u) — Gi(u)) — gl(Dwu)Hm(A(A)) :
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Since u € D;;, we have [[t'(T'(te;)u — u) — Djpul|, — 0 as t — 0. Therefore
Ht_l(T(tei)gl(u) —Gi(u)) — QI(DWU)HLP(A(A)) —0ast—0,
so that Gy (u) € Wi, with 9;,G1(u) = G1(D; pu). O

Let w € D;, (p > 1,1 < ¢ < N). Then we easily see that D; u = D, pu,
so that D;,, is the restriction to B4 p(RY) of D;;. Therefore, for all u € D; o
we have u € D;, (p > 1) and D;ou = D;,u V1 < i < N. We also have that
Dap(RYN) = o(AP®(RY)) (see [32, Lemma 2]). The following properties also
hold true:

(i) S 9%tdB =0 for all u € Da(RY) and a € N¥;

(ii) fA(A) O;pudf =0 for all u € D;, and 1 < i < N;

(iii) D;p(up) = uD; oo+ ¢D;pu for all (¢, u) € DA(RY)xD;,and 1 <i < N.
It emerges from (iii) above that

50,78 = — / 10,0 0dB V(u,d) € Dy x Da(RY).

A(A) A(A)

This suggests us to define the concept weak derivatives of continuous linear func-
tionals defined on A. Before we can do that, let us endow D4(RY) = o(A>) with
its natural topology defined by the family of norms

N,(u) = sup sup |D3u(y)|, neN.

la|<n yeRN

In this topology, D4(RY) is a Fréchet space. We denote by D’ (RY) the topo-
logical dual of D4(RY). We endow it with the strong dual topology. One can
now define the weak derivative of f € D/,(RY) as follows: for any o € NV Dof
stands for the generalized derivative of order « of f defined by the formula

(D*f, ¢y = (—1)*1(f, D% o) for all ¢ € Da(RY).

Since D4 (RY) is dense in BY (1 < p < o), it is immediate that By C D’y (RY)
with continuous embedding, so that one may define the weak derivative of any
[ € BY, and it verifies the following functional equation:

(Df, ) = (1)l [ Fo%pdp for all ¢ € Da(RY).
A(A)

In particular, for f € D;, we have

- / 701,843 / 90,,7dB Vo € DARY),
A(A) A(A)

so that we may identify D;,f with D% f, o; = (;j)1<j<n, 0;; the Kronecker
delta. CEEversely, if f € BY is such that there exists f; € BY with (D% f, ¢) =
- fA(A) fi0dp for all ¢ € Ds(RY), then f € D;,, and D;,,f = f;.
Now, in order to deal with the homogenization theory, we need to define the
space of correctors. Before we can do this, however, we need some further notions.
A function f € Bl is said to be invariant if for any y € RY, T(y)f = f. It is
immediate that the above notion of invariance is the well-known one relative to
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dynamical systems. An algebra with mean value will therefore said to be ergodic
if every invariant function f is constant in BY. As in [13, Lemma 2.3 (a)] one
can show that f € Bl is invariant if and only if D;;f =0 forall 1 <i < N. We
denote by I the set of f € BY that are invariant. The set I%] is a closed vector
subspace of B satisfying the following property:

feljifand only if D;,,f =0forall 1 <i<N. (2.2)

The above property is due to the fact that D, is the restriction to B of D; .

So the mapping
1/p
U= |u||#p (ZHDWUHP)

considered as defined on D4(RY), is a norm on the subspace D4(RY)/I4 of
D4(RY) consisting of functions u € Da(RY) that agree on I%. Unfortunately,
under this norm, D4(RY)/I% is a normed vector space which is in general not
complete. We denote by B#ﬁ its completion with respect to [-||, ,. Moreover, as
D4(RY) is dense in BY” and further Jully, = 0 if and only if u € I}, we have
that B;ﬁ is also the completion of By /I% with respect to ||-|| 4, We denote by
J, the canonical embedding of BY?/I% into its completion B;;ﬁ (which allows us

to viewed BY?/I% as a subspace of B;ﬁ‘). The following properties are due to the
theory of completion of uniform spaces (see [12, Chap. IIJ):

(P1) The gradient operator D, = (D1, +,Dn,) : Da(RY)/I — (BY)Y
extends by continuity to a unique mapping D, : B;’Z — (BY)N with the
properties

D,, = 5@ oJ,
and

1/p
Hu||#p <ZHDWUH ) foruEB;’i

(P3) The space D4(RYN)/I% (and hence BY?/I%) is dense in B#Z in fact by
the embedding J,, D4(RY)/I% is viewed as a subspace of B ", (as said
above), and by the theory of completion, J,(D4(RY)/I%) = DA(]RN)/[f1
is dense in B;ﬁ.

Moreover the mapping D, is an isometric embedding of B;;i onto a closed sub-
space of (BY)", so that B 4 1s a reflexive Banach space. By duality we define
the divergence operator div, : (B5)N — (B:ﬁ‘)’ (p =p/(p—1)) by

(divy u, v) <u Dpv> for v € BLA and u = (u;) € (BZ)N, (2.3)

where <u, Dpv> = z':l i) A(A) u;0; ,vdf. The operator div, just defined extends
the natural divergence operator defined in D4(RY) since D;,f = D;,(J,f) for
all f € D4(RY) where here, we write f under the form f = (f — f) + f with
f € I%, and we know that in that case, D;,f = D;,(f — f), so that D, ,(J,f) =

Dip(Jp(f = F)).
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Now if in (2.3) we take u = Dyw with w € B, being such that Dyw € (B%)N
then this allows us to define the Laplacian operator on BZ/, denoted here by A,
as follows:

(Apw,v) = (divy (Dyw),v) = — (Dyw, Dyv) for all v € B;;i.
If in addition v = J,(¢) with ¢ € Da(RY) /I then (Ayw, J,(¢)) = — (Dyw, D,¢),
so that, for p = 2, we get

(Agw, Jo(¢)) = (w, Agg) for all w € B and ¢ € DA(RY)/I5.  (2.4)

Remark 2.2. If the algebra A is ergodic, then the space B#Z is just the one defined
in [31, 35] as the completion of By”/C = {u € BY” : M(u) = 0} with respect to
[[|4,- Indeed in that case the elements of I} are constant functions.

We end this subsection with some notations. Let f € BY. We know that D% f
exists (in the weak sense) and that D f = D, f if f € D;,. So we can drop
the subscript p and therefore denote D;, (resp. d;,) by 9/9y; (resp. 9;). Thus,
D, will stand for the gradient operator (9/0y;)1<i<n and div, for the divergence
operator div,. We will also denote the operator Ei,p by 5/ 0y;, and the canonical
mapping J, will be merely denote by J, so that in property (P;), we will have

3 D
8%_8%

This will lead to the notation D, = (0/ 0yi)1<i<n. Finally, we will denote the
Laplacian operator on B by Zy.

oJ (in the above notations). (2.5)

3. THE >X-CONVERGENCE

This section deals with two concepts of X-convergence: the usual one [258] which
is revisited, and its generalization to stochastic processes.

3.1. The Y¥-convergence revisited. In all that follows () is an open subset of
RY (integer N > 1) and A is an algebra wmv on R}’. The notations are the one
of the preceding section.
Definition 3.1. A sequence (u.).>0 C LP(Q) (1 < p < 00) is said to:

(1) weakly 3-converge in LP(Q) to some uy € LP(Q; BY) if as e — 0, we have

/Q (@) f (a: :_1) dz — / /Q . oz, 5) f(w, s)dzdf (3.1)

for every f € LP(Q;A) (1/p' = 1—1/p), where Gy = Gy o ug and f =

Gio(po f) =Go f. We express this by writing u. — ug in LP(Q)-weak X;

(2) strongly X-converge in LP(Q) to some uy € LP(Q;BY) if it is weakly X-
convergent towards uy and further satisfies the following condition:

||Ue||Lp(Q) - ||a0||LP(Q><A(A))‘ (3.2)

We denote this by u. — ug in LP(Q)-strong X.
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Throughout the paper the letter £ will denote any ordinary sequence E = (g,)
(integers n > 0) with 0 < ¢, < 1 and ¢, — 0 as n — oco. Such a sequence will
be termed a fundamental sequence. The following result is proved exactly as its
homologue in [31, Theorem 3.1].

Theorem 3.2. Any bounded sequence (u.)ecp in LP(Q) (where E is a fundamen-
tal sequence and 1 < p < oo) admits a subsequence which is weakly Y-convergent

in LP(Q).
The next result can be proven as in [14, Theorem 4.10].

Theorem 3.3. Any uniformly integrable sequence (u.).cp in LY(Q) admits a
subsequence which is weakly Y-convergent in L'(Q).

We recall that a sequence (u.).~o in L'(Q) is said to be uniformly integrable
if (uc)s>0 is bounded in L'(Q) and further sup..q [y [ue|dz — 0 as | X]| — 0 (X
being an integrable set in () with | X | denoting the Lebesgue measure of X).

Remark 3.4. (1) By the above definition, the uniqueness of the limit of such a
sequence is ensured. (2) By [28] it is immediate that for any u € LP(Q; A), the
sequence (uf).~ is strongly Y-convergent to o(u).

The next result will be of capital interest in the homogenization process.

Theorem 3.5 ([37, Theorem 6]). Let 1 < p,q < oo and r > 1 be such that
I/r=1/p+1/q < 1. Assume (u.).ep C LYQ) is weakly X-convergent in LI((Q))
to some up € LUQ;BY), and (v:)ecp C LP(Q) is strongly X-convergent in LP(Q)
to some vy € LP(Q;BY). Then the sequence (u-v:)ecp is weakly X-convergent in
L™(Q) to ugv.

The following result will be of great interest in practise. It is a mere consequence
of the preceding theorem.

Corollary 3.6. Let (u.)cep C LP(Q) and (v.)eer C LY (Q)NL™(Q) (1 < p < o0
and p' =p/(p— 1)) be two sequences such that:
(i) ue — up in LP(Q)-weak 3;
(ii) v. — vy in LP (Q)-strong ¥;
(iii) (ve)eer is bounded in L>=(Q).

Then u.v. — ugvy in LP(Q)-weak 3.

The next result gives the characterization of the X-limit of sequences involving
gradients.

Theorem 3.7 ([18, Theorem 3.3]). Let 1 < p < co. Let (ue)ecp be a bounded
sequence in WIP(Q). Then there exist a subsequence E' of E, and a couple
(ug,uy) € WHP(Q; 1) x LP(L; B;’i) such that, as E' 5 ¢ — 0,

(i) ue — ug in LP(Q)-weak 3;
(i) Qu./0x; — Oug/O0x; + Ouy /Oy; in LP(Q)-weak ¥, 1 <i < N.
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3.2. The ¥-convergence for stochastic processes. In order to deal with ho-
mogenization problems related to stochastic PDEs we need to give a suitable
notion of Y-convergence adapted to stochastic processes. In all that follows, )
and T are as above.

Let (2, F,P) be a probability space. The expectation on (2, F,P) will through-
out be denoted by E. Let us first recall the definition of the Banach space of
bounded F-measurable functions. Denoting by F'(€2) the Banach space of all
bounded functions f : Q@ — R (with the sup norm), we define B({2) as the closure
in F(€) of the vector space H(2) consisting of all finite linear combinations of
the characteristic functions 1y of sets X € F. Since F is an o-algebra, B(Q) is
the Banach space of all bounded F-measurable functions. Likewise we define the
space B(§2; Z) of all bounded (F, Bz)-measurable functions f : Q@ — Z, where
Z is a Banach space endowed with the o-algebra of Borelians By;. The tensor
product B(f2) ® Z is a dense subspace of B(€2; Z): this follows from the obvi-
ous fact that B(2) can be viewed as a space of continuous functions over the
gamma-compactification [51] of the measurable space (€2, F), which is a compact
topological space. Next, for X a Banach space, we denote by LP(Q, F,P; X) the
space of X-valued random variables u such that ||ul| is LP(Q, F,P)-integrable.

This being so, we still recall some preliminary as in the preceding subsection.
Let A, and A, be two algebras wmv on Rév and R, respectively, and let A = A,©
A; be their product [28, 31, 19]. We know that A is the closure in BUC(R}1!)
of the tensor product A, ® A,. We denote by A(A,) (resp. A(A;), A(A))
the spectrum of A, (resp. A;, A). The same letter G will denote the Gelfand
transformation on A,, A, and A, as well. Points in A(A,) (resp. A(A,)) are
denoted by s (resp. sg). The M-measure on the compact space A(A4,) (resp.
A(A;)) is denoted by 3, (resp. 3;). We know that A(A) = A(A,) x A(A;) and
the M-measure on A(A) is the product measure § = (3, ® (3,. Points in 2 are
as usual denoted by w. Unless otherwise stated, random variables will always
be considered on the probability space (€2, F,P). We keep using the previous
notations.

Definition 3.8. A sequence of random variables (u¢).~o C LP(Q, F,P; LP(Q7))
(1 < p < ) issaid to weakly 3-converge in LP(Q7 x §2) to some random variable
ug € LP(Q, F,P; LP(Qr; BY)) if as ¢ — 0, we have

fQTXQ u(z, t,w) f (z,t, %, L, w) dedtdP (33)
— foTXQXA(A) uo(z,t, s, s0,w) f(x,t,s,s0,w)drdtdPds ’
for every f € L¥ (Q, F,P; L” (Qr; A)) (1/p/ = 1 —1/p), where 1y = Gy o uy and
f=Gio(oof)=Go f. We express this by writing u. — ug in LP(Qr x Q)-weak
X

In order to simplify the notation, we will henceforth denote LP(Q, F,P; X)
merely by LP(€2; X) if it is understood from the context and there is no fear of
confusion.

The proofs of the following results are copied on that of their counterparts in
[33] (see especially Theorems 2 and 3 therein).
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Theorem 3.9. Let 1 < p < co. Let (us)eer C LP(Q; LP(Qr)) be a sequence of
random variables verifying the following boundedness condition:

p
ilelgEHusHLp(QT) < oo.

Then there exists a subsequence E' from E such that the sequence (ug)ecp: is
weakly X-convergent in LP(Qr x §2).

Theorem 3.10. Let 1 < p < co. Let (uc)eep C LP(Q; LP(0,T; W2(Q))) be a
sequence of random variables which satisfies the following estimate:

Sup E [[uel[ 70 0 7wy < 0©-
eck

Then there exist a subsequence E' of E' and a couple of random variables (ug, uy)
with wy € LP(Q; L(0, T; W(Q; %)) and wy € LP(Q; LP(Qr; By (Ry3 B )
such that, as E' 5 ¢ — 0,
ue — ug in LP(Qr x Q)-weak %
and B
ou, Oouy  Ouy

Oox; - Ox; * yi in LP(Qr x Q)-weak ¥, 1 <i < N.

Theorem 3.10 will be very useful in the last section of this work.

4. YOUNG MEASURES GENERATED BY AN ALGEBRA WITH MEAN VALUE

In this section we assume that the algebra A is separable. This assumption is
not fundamental, but it is made just to simplify the presentation of the foregoing
section.

Let E, (1 < p < 00) denote the space of continuous functions ® : Q@ x RY x
R™ — R satisfying the following conditions:

(C1) @ € C(Q x R™; A)

(C2) limy—oo % exists uniformly in (z,y) € Q x RV,

Let K = R™ be the Alexandroff one point compactification of R™: Rm —
R™U {oo}. Each element ® of E, extends to a unique element ¥ of C(Q x K; A)
as follows:

St if (5, \) € Q x RN x R

U(z,y,\) = { LHMP

1 (I)(xvyv)‘) 1 —
hm|>\|_>oo W if A = 0.

Besides U verifies the property that there exists ¢ > 0 (depending on ®) such
that

Uz, y, )] < c(1+N") Y(,y,2) € Q xRY x K.
On the other hand, the Gelfand transformation G being an isometric isomorphism
of A onto C(A(A)), we construct an isometric isomorphism of C(€) x K; A) onto
C(Q x K;C(A(A))) = C(Q x A(A) x K) (which is separable), so that E, is
separable.
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Equipped with the norm
S(x,y, A
ol = sp 22N
z€Q,yeRN AcR™ +’ |

E, is a Banach space. We denote by P(R™) the space of probability measures on
R™. This being so, we have the following result.

Theorem 4.1. Let Q be an open bounded subset of RNV, Let 1 < p < oo, and let
A be an algebra wmwv on Rév. Finally let (u.).cg (E being a fundamental sequence)

be a bounded sequence in LP(Q; R™). There exist a subsequence E' from E and a
family v = (Vys)scqseaca) € L(Q x A(A); P(R™)) such that, as E' 3 ¢ — 0,

/Qcp( )dm—>// /m (2,5, Vs s(NdB(s)dz  (4.1)

forall® € E,.
Proof. For fixed ¥y € C(Q x K; A), let us define y. (¢ € E) as follows:

(e B) = /pro (x%u(ac)) da.

(e 0)| < [ sup|¥a (o, V] da
Q

y7
G being an isometric isomorphism of A onto C(A(A)) and as Vg (z,-,\) € A, we

We have

have sup,epn [Wo (2,9, A)| = supeaa) ‘\Tfo (z,s, )\)’, hence

‘<,ua,(1\/0>‘ S/sup \Tfo(x,s,)\ ‘dx— H\If ‘
Q s\

Thus . (continuous functional on the subspace {tUy : t € R} of L'(Q; C(A(A) x
K))) extends (in a non unique way) to a continuous linear form on L' (Q; C(A(A) x
K)), denoted by pi., and satisfying

LY QC(A(A)xK))

1Bl oo @ macayxiy <1 (€ € E)
where M(A(A) x K) (the dual space of C(A(A) x K)) is the space of Radon
measures defined on the compact space A(A)x K. Because of the Banach-Alaoglu
theorem, there exist a subsequence E'(¥) of £ and some p € L>®(Q; M(A(A) x
K)) such that, as E'(Vy) 2 ¢ — 0,
fie — pin L2(Q; M(A(A) x K))-weak * .

In particular we have, as E'(Vy) > & — 0,

/pro< )dxﬁ//A)XK (2,8, Ndyo (s, Ndz.  (4.2)

E, being separable, let {U;, : £ € N} be a countable dense subset of E,. For
simplification we put £ = (&,)nen. We have in hand a family {E'(Uy) : k €
N} of subsequences of E obtained by repeating the argument used to get (4.2)
and satisfying the following relation: E'(¥y.,) C E'(¥y) for each k& € N. By
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the well-known diagonal process we construct a subsequence E’ from the family
{E'(Vy) : k € N} satisfying, as E' 3¢ — 0,

/ Uy, (x, i,ua(x)> dx — / / \T/k(x,s, ANdpz (s, \)dx Yk € N.  (4.3)
Q €1 Q JA(A)xK

By a mere routine we get (4.3) by replacing ¥, with any ¥ in E,. It is evident
that, for a.e. = € Q, p, is a probability measure: in fact, taking in (4.3) ¥ = 1,
we are led (by the uniqueness of the limit) to fA(A)XK dpg(s,\) = 1.

Next, using the same argument as the one used in the proof of [12, Theorem
7] we see that the boundedness of (u.).cp in LP(Q;R™) implies that p (thus
constructed) is supported by @ x A(A) x R™, so that

// U(z, 5, \)dpy (s, \)dz = // U(z, s, \)dpg (s, \)dz
A)xK A)xRm™

for all ¥ € C(Q;C(K;A)). Thus, by [12, Theorem 3], p is the weak *limit of
(fie)eer in L®°(Q; M(A(A) x R™)) and thereby, defines a family of probability
measures (f;)zeq With pu, € M(A(A) x R™). Let v, denote the projection of i,
onto A(A). Let us show that v, = (. For that, let p; denote the projection of
A(A) x R™ onto A(A): pi(s,A) = s, (s,A) € A(A) x R™. We have the obvious
equality

/ (gopl)(&k)dux(sak)Z/ g(s)dvi(s) (9 € C(A(A))).  (4.4)
A(A)xR™ A(A)

This being so, let h € A, and let ¢ € K(Q) (the space continuous functions on
RY with compact support contained in Q). Set

O(z,y,\) = p(2)h(y) (v €Q.y eRY, N eR™).
Then ® € C(Q;C(K; A)) and so, as E' 3 ¢ — 0,

fron (o= [ i

On the other hand, we have, as £/ 5 ¢ — 0,

/ p(x)h (51)da:—>//A(A (z)h(s)dB(s)dz.

We deduce that
/ /E(s)d,ux(s, A) :/ ﬁ(s)dﬁ(s) a.e. T € Q,
A(A)xR™ A(A)
or, taking into account (4.4),

[, Hn(s) = [ Bspasts)

Since the above equality holds for every h € A, we deduce that v, = f a.e. x € Q)
(hence v, is homogeneous, i.e. is independent of x). Thus, using the Valadier’s
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result on disintegration of measures [13, Theorem 2|, there exists a probability
measure v, s (s € A(A)) on R™ such that

He = Vg s & ﬁ
We are therefore led to (4.1) for all & € E,. This completes the proof of the
theorem. O

Theorem 4.1 yields the following

Definition 4.2. The family of probability measures {v; s }zcqsca(a) is called the
Young measure associated with (u.).cg at length scale &;.

The concept of Young measures is weaker than the one of weak X-limit as
shown by the following result.

Corollary 4.3. Let 1 < p < oo. The function ug € LP(Q; (BY)™) defined by

Gi(uo)(x,s) = / Mv,s(A)  ((z,s) € Q x A(A))

m

is the weak X-limit of (uz)eep .
Proof. Let g € K(Q; A). Set
' (z,y,A) = g(z, YA ((z,9,A) € Q x RY x R™) (1 <i <m),

where A = ()\;)1<i<m. Then & is continuous on Q@ xRY xR™ (so is of Carathéodory’s
type on Q x RY x R™). Besides, as |\;| < 1+ AP for all A € R™, we have

‘(I)i ( _u<>)] < (1 + [u()]?)

where ¢ = sup,cq ,ern |9(2,y)| < 0o. The sequence (®°(-,-/e1,u.))cep is there-
fore uniformly integrable since p > 1. We deduce from [/, Theorem 17] that, as
E'>e—0,

| ( —) itas = [ [ . [ 5t v, i)

where ug is the ith component of u., 1 <17 < m. But by the definition of the weak
Y-limit, if uf) € LP(Q; BY) is the weak X-limit of (ul).epr, then, as B/ 3 ¢ — 0,

X (2 )ity — [, oo (s

hence, comparing the above convergence results, we deduce that

%(x,s):/ Xidvy s(N),

which completes the proof. [

Remark 4.4. Due to the preceding corollary, it is now clear that Theorem 3.9
generalizes Theorem 3.2 of the preceding section.

The next result is very useful in practice.
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Theorem 4.5. Let (u:).cp be a bounded sequence in LP(Q;R™) (1 < p < o0)
with associated Young measure (Vg s)zco,sea(a)- The following properties hold:

(i) Let ® : Q x RY x R™ — [0,+00) be a Carathéodory integrand, i.e.,
(-, y,-) is continuous for all y € RN and ®(x,-,\) is measurable for all
(x,\) € Q x R™. Assume further that

®(z,-,A\) € By V(z,)\) €QxR™,
Then

// / (x, 5, \)dv, s(N\)dB(s)dx < liminf [ & <x,£,u€(x)) dx.
A(A) m E3e—0 Q €1

(ii) If in addition to (i), the sequence (®(-,-/e1,u:))cer i uniformly integrable,
then <I>(:B S,-) 1S vy s-integrable for a.e. (x,s) € Q x A(A). Besides there
exists x € LI(Q; BY) such that

G (x)(x, 5) = / Bz, 5, \dvas(V) ace (z,5) € Qx AA)  (45)
and
(-, fe1,us) — x in L'(Q)-weak X. (4.6)
(iii) The barycenter (z,s) — [gm Ay s(X) belongs to LP(Q x A(A); R™).

Proof. Thanks to the density of A in BY, (i) is a direct consequence of [,

Theorem 16]. As for (ii), the integrability of ®(z,s,-) is a consequence of [11,
Theorem 17] (see also [12, 1, 3]). Let us check (4.5) and (4.6). Let g € K(Q; A);
define U : Q x RY x R™ — R by U(x,y,\) = g(z,y)®(z,y,\). Then ¥ is of
Carathéodory’s type on Q x RY x R™ and ¥(-, /ey, u.) is uniformly integrable.
In view of [14, Theorem 17] we have, as £ 2> ¢ — 0,

/Q\If(a:,i,ua(x)) dr — /Q/A(A)/m(I\J(:E’S’A)dya%s()\)dﬁ(s)dl'
o o L 0 e 1

But, (®(-,-/e1,u:))-cr is uniformly integrable, so because of the Theorem 3.3,
there exist a subsequence E’ from E and a function x € L'(Q;BY) such that

) (-, ;,ua) — x in LYQ)- weak Y as E' 5> ¢ — 0.
€1
Thus, for g, we have, when E' 5 ¢ — 0,

[ (2 2) e (o Lt o~ [ttt sty

hence, comparing the above convergence results yields

Rz, s) = / B, (V).
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form Which (4.5) and (4.6). Finally, let us check (iii). If in (ii) we choose
®(z,y,\) = |A\|” then by using Jensen’s inequality we are led to

// / M) dBds < /Q/A(A)/m’)\‘pde,s()\)dﬂ(s)dx

< liminf/ \ue(z)|” dz < 400,
hence (iii). O

E>e—0

The following result characterizes the strong convergence.

Proposition 4.6. Let (u:).cr be a bounded sequence in LP(Q; R™) (1 < p < 00),
and let (Vys)zeqsena) be the associated Young measure. Assume that either
v e LP(Q; (A)™) orv € C(Q; (BY)™). Then

Vgs = 5ﬁ(z,s) Zf and OTlly Zf EIBIEIEK] ||U5 - U€||L1(Q)m - 0)
where v*(z) = v(z,x/e1), v € Q.

Proof. Assume that v, s = 55y Where v is either in LP(Q; (4)™) or in C(Q; (BY)™).
Set ®(z,y,\) = |A—wv(z,y)|; then & is a Carathéodory function and further,
® > 0. Moreover the sequence (®(-, /e, u.))ecp is uniformly integrable since by
setting ¢(t) = t* (t > 0), ¢ is inf-compact and

/Qgp(‘cp(-,;,ug))dx - /ua(:v)—”cJ(:B Sﬁ) dr p
S (/ jus(@) P dz + (x —) dx)

where M is a positive constant independent of . Applying [part (ii) of] Theorem
4.5, we get, as £ 2 ¢ — 0,

/Qcp <x ;l,us(x)) iz — /Q/A(A) (o B(a.5.)) dB(s)d

(Voo Bl,5,)) = (G, B, 5,7) ) = Bl 5,0(x, 5))
= |v(z,s) —v(z,s)| =0ae. (z,5) € Q x A(A).
On the other hand

[0 (nZno)os= [ = (n2)

Now assume that [[u. — v, — 0 as E > e — 0. Let g € K(Q; A); Applying
once more [part (ii) of] Theorem 4.5 with ®(z,y, \) = g(z,y) |A — v(z, y)| we get,
when £ 5¢ — 0

o (%l o L] . [ 80252 = 0,9) o (N 5(5) s

p

IA

But

dr = [lue = v%|| 1 (g -
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ooz

Thus

< HgH HuE - UEHLI(Q) — 0 when £ 3¢ — 0.

/ / 9(x,8) (Vas, [N —V(z,s)|) dBdx = 0 Vg € K(Q; A),
A(A)

hence (v, |A —0(z,s)]) = 0 ae. (x,s) € Q x A(A), which leads to v, =
5v(:p,s) O

5. HOMOGENIZATION OF A CONVEX INTEGRAL FUNCTIONAL REVISITED
All function spaces and scalar functions are real-valued in this section.

5.1. Setting of the problem. Our main concern here is the study of the as-
ymptotic behavior (as ¢ — 0) of the sequence of solutions of the problems

min { F.(v) 1 v € Wol’p(Q;R”)}
where the functional F. is defined on LP(Q;R™) by
1p n
FL() { fQ f (%, %, Du(z)) dz, ve WyP(Q;R") (5.1)

+00 elsewhere
@ being a bounded open set in RY and f : @ x RY x R"™V — [0, +0c0) a

Carathéodory function (i.e., f(x,-, A) is measurable and f(-,y,-) is continuous)
satisfying the following conditions:

(Hy) f(x,y,) is strictly convex for almost all y € RY and for all z € Q,
(Hg) There exist three constants p > 1 and ¢, ¢o > 0 such that
cr[AP < f(z,y,A) < eo(1 4 [A) (5.2)
for all (z,\) € RN x R™ and for almost all y € RV,

From the above hypotheses, for any fixed ¢ > 0 and for v € LP(Q;R™), the
function = — f (x,z/e,v(x)) of @ into R, (denoted by f(-,-,v)), is well defined
and lies in L'(Q), with

e [0l gy < G0l < & (14 0lEgyon )

where ¢, = comax(1,|Q|) with |Q| = fQ dx. Hence (5.1) makes sense and, by

classical arguments, there exists [15, 21] (for each fixed € > 0) a unique u. €
Wol’p(Q;Rn) that realizes the infimum of F. on LP(Q;R™), i.e.,
Fg(ua‘) = min Fg(v)‘ <53)

vEW&’p(Q;R”)
Our objective here amounts to find, under the assumption that
f(z,-,\) € BY for all z € Q,\ € R™Y, (5.4)

(where A is an algebra wmv) a homogenized functional F such that the sequence

of minimizers u. converges to a limit u, which is precisely the minimizer of F.
This issue has already been addressed in many papers (see in particular [2, 5,
, 29]). In [29] the general deterministic homogenization of (5.1) is addressed,
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but in separable ergodic algebras wmv using the »-convergence method. Here no
ergodicity assumption is made on the algebra A and moreover, we use the Young
measures theory to solve the problem. This reduces considerably the length of
this section in contrast to what has been done so far; see e.g. [29]. So we mean
here to provide by means of Young measures generated by an algebra wmv, a full
study of the functional F. in the general framework of algebras wmv.

5.2. Homogenization result. Let A be an algebra wmv. Using (5.4) and
some well-known results (see e.g. [29, Proposition 2.3], [18, Proposition 3.1])
one can easily define the function f(-,-,w) : (z,y) — f(z,y,w(x,y)) (for w €
LP(Q; (BY)™)), as an element of L'(Q; BY) with
P, 5, 5(2,5) = GUF (@, Wiz, )))(5) ac. in (z,5) € Q x A(A).
Now, let
Fo” = Wy (Q:R") x LP(Q: (B)").

1 .
Fyo* is a Banach space under the norm

p
lallzze = { uollfy1m gy + luallfy o (u = (uo,u1) € Fy?),
0 (K (@:(BL)™)

n N
5 P
(Where HulHLP(Q;(B;’Z)") = (Z:Z:lj; ||auLi/8yjHL”(Q;BZ))UP for U, = (ul,i)lgign) ad-
mitting F5° = D(Q)" x [D(Q) ® (0(A))"] as a dense subspace.

We can now state and prove the main result of this subsection.

Theorem 5.1. Let A be a separable algebra wmuv such that (5.4) holds. For each
e >0, let u. be the unique solution of (5.3). Then, as e — 0 we have

ue — ug in Wy P(Q)"-weak (5.5)

Ou, 0 0

al . 82‘;’ + (;;j in LP(Q)"-weak $ (1 <i < N) (5.6)
where u = (ug,uy) € ]F(l)’p is the unique solution of the variational minimization
problem

F(u) = inf F(v) (5.7)

VE]F(I)’p

with the functional F' defined on LP(Q;R™) x LP(Q; (B;’Z)”) by

F(v) = Jo Jaga f(@, s, Dvg + 001)dBdx for v € Fy?
+o00 elsewhere

and Ov, = Eyvl.

Proof. First of all we see that Eq. (5.7) possesses a unique solution since the func-
tion f : Qx A(A)xR™ — [0,00), f(x,5,A) = G(f(z,-,A\))(s) is a Carathéodory’s

type function which is strictly convex in \.
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Now, in view of the growth condition (5.2), the sequence (u.).~o is bounded
in WyP(Q)" and so the sequence f¢(-,-, Du.) is bounded in L'(Q). Thus given
an arbitrary fundamental sequence F, there exist a subsequence E’ from E and
a couple u = (ug,u;) € Fy® such that (5.5)-(5.6) hold whenever E' 3 ¢ — 0.
If we show that u solves (5.7) then thanks to the uniqueness of the solution to
(5.7), the convergence results (5.5)-(5.6) will hold for ¢ — 0. Thus our only
concern here is to check that u solves (5.7). To this end, let (V4)scqsca(a) be
the Young measure associated with (Du.).cp at length scale . Thanks to [part
(i) of] Theorem 4.5 we have

//A) Ran 2,5, \)dva s(N)dB(s)dz < glnalaiilg/Qf<x,§,Dug> dz.

But due to Jensen’s inequality one has

/Q/A(A) e ]?(:C,s,)\)dux,s()\)dﬁ(s)de/Q/A(A)J?Gc,s,/RnN )\dym,s()\)> dB(s)dz

and by Corollary 4.3,
/ f x, s, Dug + Dyul)dﬁdx < hmmf/ f (x,z,Du5> dx
A(A E/3€4>0 Q 8

since oy Advys(A) = Dug(x) + Dyuy(2)(s) = Gi(Dug(z) + Dyui(x))(s) where
ui(x) = uy(z,+). So, let E} be a subsequence from E’ such that

liminf/Qf (x, g,Dug> dr = lim Qf (x, g,Du5> dx.

E'3e—0 Ei 5e—0

We then have
/ / f(:v, s, Dug + Dyuy)dfdr < lim f <a:, z, Dus) dx. (5.8)
Q Jaa o e

E13e—0

Let us establish an upper bound for limg 5. .o fQ f(z,z/e, Du.)dz. To do that,

let & = (vo,0"(¢1)) € Fg° with ¢g € D(Q)", 1 = (Yri)i<i<n € [D(Q) ®
(o (AOO))"] 0" (Y1) = (0(¥1,4))1<i<n- We define ®. as follows: @, = 1)y + 95, that

is, ®.(z) = to(z) + ey (z, 2 /€) for z € Q. Then &, € W, P(Q)", and, since wu, is

the minimizer, one has

/Qf(x,g,Dua) dxg/Qf(x,g,Dcpa(x)) du.

Set ve(z) = f(z,v/e,Du.) (v € Q), ¢ € E}. Then (v.).cp is uniformly inte-
grable; indeed let (t) = t* (t > 0); then ¢ is inf-compact, p(t)/t — +oo as
t — 400, and further

v.(z))dr < D ") dx
/Qsou)) < /Q<1+| ")

< S1QII+ [Dvoll + D1l + 1Dyt ]l 0)*

(0. 9]

A\
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where |Q| denote the Lebesgue measure of Q. The sequence (D®.).cp; being
bounded in LP(Q; R™) let (is,s)ze,sen(a) be the Young measure associated with
(D®.)cep; at length scale €. Since f is Carathéodory and v. = f(-,-/e, Du.) is
uniformly integrable, we deduce by [part (ii) of] Theorem 4.5 that, as E] 3 ¢ — 0,

/Qf <x, g,D(I)g(x)) dr — /Q/A(A) . f(x,s,)\)duz,s()\)dﬁ(s)dx.

But D®. — (Do + (Dyy1)®) = e(D1)1)° and so
1D®: — (Do + (Dyt1)*) 1) — 0 as B} 5 — 0.

This yields by Proposition 4.6 that p, s =9 in such a way that

Dipo+Dyt,?

lim g f (x, g, Dq)g(x)> do = /Q h ]?(x, s, Dby + ml)dﬁdx.

E{3e—0
Thus
lim f (:c, f, Due(:r;)) dr < / / ]/”\(3:, s, Dpg + lj;;ﬁl)dﬁdx
E{23e—0 Q 15 Q JA(A)

for any ® = (1o, 0"(¢1)) € Fg°, and by a density argument, for all & € F?.
Whence

lim f(x,z,Due(x)) dr < inf // ]?(x,s,Dv0+5yv1)dﬁdx. (5.9)
< QJA4)

E{3e—0 Q VEFé’p

The inequalities (5.8) and (5.9) yield (5.7). This completes the proof. O]

5.3. Some applications of Theorem 5.1. We can consider the homogenization
problem for (5.3) under a variety of assumptions as in the following examples.

Example 5.2 (Homogenization in ergodic algebras). We assume that the algebra
A is ergodic. This allows us to solve the following deterministic homogenization
problems:

(P); The function f is periodic in y;
(P)2 The function f is almost periodic in y [9, 11];
(P)s
flz,- A) € LL, 4p(RY) for all z € Q and all A € R™Y

where Ll ,p(RY) denotes the closure with respect to the seminorm |||,
(defined in Section 2) of the space of finite sums

Z Yil; with %2J} € BOO(RN), U; € AP(RN),

finite
AP(RY) being the space of all continuous real-valued almost periodic

functions on RY and B, (RY) the space of continuous real-valued functions
on RY that converge at infinity.
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Example 5.3 (Homogenization in non ergodic algebra). We assume here that
N = 1. Let A be the algebra generated by the function f(z) = cos/z (z € R)
and all its translates f(- + a), a € R. It is known that A is an algebra with
mean value which is not ergodic; see [25, p. 243] for details. Since A satisfies all
the requirements of Theorem 4.1, the conclusion of Theorem 5.1 holds under the
hypothesis

(H) f(x,-,)\) € BY for all (z,)) € Q x R™.
The homogenization problem solved here is new. One can also consider other
homogenization problems in the present setting of non-ergodic algebras.

6. HOMOGENIZATION OF A STOCHASTIC LADYZHENSKAYA MODEL FOR
INCOMPRESSIBLE VISCOUS FLOW

We assume in this section that all vector spaces are real vector spaces, and all
scalar functions are real-valued. Let A, and A; be two algebras wmv on Rév and
R~, respectively. We set A = A, ©® A, the product algebra wmv defined as in
(28, 31, 49]. Obviously, no ergodicity assumption is required neither on A,, nor
on A,.

Yo

6.1. Statement of the problem and a priori estimates. Let (2, F,P) be a
probability space. On (£, F,P) we define a prescribed m-dimensional standard
Wiener process W. We equip (2, F,P) with the natural filtration (F*) of W. We
therefore aim at studying the asymptotics of the following stochastic generalized
Navier-Stokes type equations

du. + (—div [a (£,1) Va. + b (£, 1) [Vu.[" > Vu.] + (u. - V)u. + Vg.) dt
=fdt+ g (%, L u)dW in Qr

divu, =0 in Qr

u. =0 on 0Q x (0,7)

u.(z,0) =u’(z) in Q.

(6.1)

In order that (6.1) becomes meaningful, we need to precise the data. Let ) be
a smooth bounded open set in RY (N = 2 or 3), and let T be a positive real
number. In Qr = @ x (0,7)) we consider the partial differential operator (where
V and div denote respectively the gradient operator and divergence operator in

Q)
. _ x t o ;) x t\ 0
P [a (?5) V} =2 (a” (5’5) 8_%)

ij=1
where the function a = (aj)i<ij<n € LP(R]) x R )NV satisfies the following
assumptions:
CLij = (ljz' (62)
and there exists a constant vy > 0 such that
N
Zaij(y,r))\i)\j > v [A]? for all A= (\;) € RV and ae. (y,7) € RY. (6.3)

2,j=1
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The operator P¢ above defined is assumed to act on vector functions as follows:
for u = (u)1<i<y € (WP(Q))Y we have Pu = (P°u')j<j<n. The function
b € LRI ) and verifies ¢; < b(y,7) < ¢! ae. (y,7) € RY x R where
¢1 is a positive constant. So, putting b(y,7,\) = by, T) |/\|p_2 A, the function
b:(y,7,\) — b(y, 7, A\), from RY x R x RV*Y into RN*V satisfies:

For each fixed A € RY, b(-,-, \) is measurable; (6.4)

b(y,7,0) =0 ae. (y,7) € RY x R; (6.5)

There are two positive constants 1y and 15 such that
(1) Oy, 7, A) = bly, 7, 1) - (A=) =21 [A— pff

(it) [b(y, 7, A) = by, 7, )] < va (IA] + )P A =
for all A\, u € RV*Y and for a.e. (y,7) € RY x R,

where p > 3 is a real number, the dot denotes the usual Euclidean inner product
in RY*¥ and |-| the associated norm. Next, the mapping (y,7,u) — g(y,T,u)
from RY x R x RY into R™ (integer m > 1) satisfies the assumption that there
exist positive constants ¢y and ¢; such that

(6.6)

(i) g(-,-,u) is measurable for any u € RY;
(i) lg(, 7,0 < co(1 -+ Ju]);
(iii) !g(y, T, ul) - g(yv 7 UQ)‘ < ’ul - UQ‘
for all u,uy,us € RN and for a.e. (y,7) € RY x R.
(6.7)
The first issue to be discussed is related to the existence and uniqueness of the
solution of (6.1). Prior to that, we introduce the following spaces [27, 11]

V={pe (@) :dive =0}
V = closure of V in WH(Q)N = {u € W,*(Q)" : divu = 0};
H = closure of V in L*(Q)".

We endow V' with the W, (Q)"-norm (the gradient norm), which gives a reflexive
Banach space. The space H is equipped with the L?(Q)"-norm which makes it
a Hilbert space. For u € L?(0,7; V') the question for the existence of the trace
function (z,t) — b(x/e,t/e, Vu(z,t)) can be discussed in the same way as in [30].
Also the function (x,t) — a(z/e,t/e) is well defined. With this in mind, let

and

b (-, V) (1) = b (f t vu(x,t)) — b (g é) Vu(e, O] Vu(z, £)

g &

for (x,t) € Qr. We introduce the functionals

ar(u,v) = /Q (a*Vu) - Vvdr + /Qba(-, - Vu) - Vvdz (u,v € Wol’p(Q)N);
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(u,v,w) Z / o whde (u= (u'),v,w € WyP(Q)).

Then the following estlmates hold:
-1
Jar(u, V)| < [lallo [IVull o) VY2 gy + v2 VUl VYo s (68)

2
(v, v) 2 0 [V Faigy + 1 (V¥ g (6.9)

for all u,v € W,?(Q)". From the above estimate (6.8) we infer by the Riesz
representation theorem the existence of an operator A® : V' — V' such that

ar(u,v) = (Pu,v) + (A°u,v) for allu,veV.

It is worth noting that since p > 3 (hence p > 2) we have Pu € V' foru € V.
Moreover the operator A° (for fixed ¢ > 0) is maximal monotone, surjective
and hemicontinuous [27, Chap. 2, Section 2|. As far as the trilinear form by is
concerned, we have that [27, 11]

br(u,v,v) =0 for allu € V and v € W, *(Q)";

br(u,u,v) = by(u,v,u) foru € Vand v € W, ?(Q)".

Furthermore, since Wh?(Q) C L"(Q) [!] for any > 1 (indeed for N = 2,3
and p > 3 we have % — % < 0, so that, by the Sobolev embedding, the above

embedding holds true). So choosing r > 1 in such a way that % + % = 1, we have
by Holder’s inequality that

by (u,v,u)| <ec ||u||iT(Q) IV 1oq forallu,ve WP (Q)N. (6.10)
We therefore infer the existence of an element B(u) € V' such that
(B(u),v) =bs(u,u,v) for allu,v e V. (6.11)

Equation (6.11) defines a bounded operator B : V' — V’ with the further property
that if u € LP(0,7;V) then B(u) € L¥(0,T;V"). In fact, from (6.10)-(6.11) we
have by Holder’s inequality (for u € L?(0,7;V)),

T 1/p
2 /
1Bz < ([ 11 )

But W(Q) C L"(Q) (with continuous embedding), hence there is a positive
constant ¢ independent of u, such that

T
HBmwm«quSc(A|m@w?dQ

Also, as p > 3, we have 2p’ < p, so that using once again Holder’s inequality with
exponent p/2p’ > 1, we get

(/ ) ) L ( [ o dt)2 .

1/p
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We therefore deduce

T 2/p
B < ([ ) (6.12)

The above inequality will be useful in the sequel. Finally, for the sake of com-
pleteness, we choose f € LP(0,T; V") and u’ € H. We are now in a position to
state the existence and uniqueness result for (6.1). Before we can do that, how-
ever, we need to take the projection of (6.1) on V’; we get the following abstract
form in V’:

{ du. + (Pfu. + Au. + B(u.))dt = fdt + g°(u.)dW, 0 <t < T

i) = b (6.13)

With all the properties of the operator A® (among which the strict monotonicity,
the maximality and the hemicontinuity) the existence and uniqueness of a mar-
tingale solution (and hence from the uniqueness, the strong) solution to (6.13)
follows exactly the way of proceeding as in [10], and we can formulate the follow-
ing result without proof.

Theorem 6.1. Let the hypotheses be as above. Let € > 0 be freely fized and
let 1 < r < oo. There exists an F'-progressively measurable process u. €

L™(Q, F,P; LP(0,T; V)N L*(0,T; H)) such that
(uc(t), —l—fo (Peu.( )+A€ua( )—I—B(ua( )) v)ds = (u’, v)
+ [ (£(5),v) ds + [y (°(uc(s),v) dW (s)
for all v € V and for almost all (w, t) e Qx[0,7T].

Moreover u. € L"(Q; F,P;C([0,T]; H)) and is unique in the sense that if u. and
. satisfy (6.14) then P(w : u.(t) = 0.(t) in V' for allt € [0,T]) = 1.

(6.14)

Remark 6.2. (1) For the existence result in the above theorem, we only need
to have p > 1+ N +2, and for the uniqueness, the more restricted assumption
p > 1+ 5 is required; see [27]. We have taken p > 3 only for the sake of
simplicity. We might take p > 1 + % for both the existence and uniqueness. (2)
Since f € LP'(0,T; V') the existence of the pressure ¢. is out of reach; see e.g., [38,
Proposition 3] (see also [39]). That is why, in the sequel we are mainly concern
with the asymptotics of the velocity field u. defined in Theorem 6.1. Accordingly,

throughout the remainder of this section, we will only refer to problem (6.13)
instead of (6.1).

It is very important to note that very few results are available as regards the ho-
mogenization of SPDEs. We may cite [0, 23, 24, 34, 16, 47] in that framework. In
the just mentioned work, the homogenization of SPDESs is studied under the pe-
riodicity assumption on the coefficients of the equations considered. In addition,
the convergence method used is either the G-convergence method [6, 23, 2] or
the two-scale convergence method [16, 47]. In view of the study of the qualitative
properties of the solutions of SPDEs, it is more convenient to use an appropriate
method taking into account both the random and deterministic behaviours of
these solutions; see Subsection 3.2. As for the homogenization of SPDEs beyond
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the periodic setting, to the best of our knowledge, the only results available so
far in the literature are [32, 33].

Before we can proceed with the a priori estimates, let us set a convention.
The letter C' will throughout denote a positive constant whose value may change
from line to line. The dependence of constants on the parameters will be written
explicitly only when necessary. With this in mind, the following a priori estimates
hold.

Proposition 6.3. For each fized € > 0, let u. be the unique solution of (6.13).
Then for any 1 < r < co we have

E sup [[u.(t)]/}2q) < C; (6.15)
0<t<T
T 2
B [ 0lfyqudt < C (6.16)
0
and
T
IE/ ()| dt < C (6.17)
0

for any € > 0, where C' is a positive constant independent of ¢.

Proof. Applying It6’s formula to HuE(t)Hiz(Q) gives

(1) 22, +2 / (Pru(s) + A7u.(s) + Blu.(s)), we(s)) ds
Wl 2 [ € uo)ds+ [ luio)ias

2 / (6 (0a(5)), s(s)) AWV (s).
By using (6.3), [part (i) of] (6.6) and (6.7) we get

(Dl + 200 fy [0:(8) g g s+ 200 fy (D) s
< [ +2fouf My Iy ds + O Jf uel)Bagyds (619
02 1 (g (), uels) IV (s),

By Young’s inequality applied to the first integral on the right-hand side of (6.18),

2 / 1) ()l ds < C(m) / IE(s)IZ ds + / uc(s) 1 ds

t
< Cu [ u)lds
0

Taking into account the above inequality in (6.18) we are led to

t t
2 2
a0 +200 [ s s+ [ o) s
0

HuOHiQ(Q)—i—C—i—C/O HU‘E(S)Hi?(Q) d3+2/0 (9°(u=(s)),uc(s)) dW(s).
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Taking first the supremum over 0 < s < ¢t (for all 0 < ¢ < T) and next the
mathematical expectation in the above inequality,

E sup. - ()72 + 2B Jy e ()73 ds +1E fy [u(0)][F, ds
0<

< Tl +0+0Ef0uug )2 g ds (6.19)
+2E sup 7 (6 (), uelr)) ().

Making use of the Burkholder—Davis—Gundy’s inequality applied to the last term
in the right-hand side of (6.19),
2E sup

s | [ (). ) W (o)

CE (/t |(g€(ua(s)),ua(s))|2ds) 1/2
2 e (/ lg° ()22 g ) ]

and by Cauchy—Schwartz’s inequality,
2 sup | [7 (6°(w.(r)), (7)) AW (7)] < 4B sup [u(s) 2o
+CE Jo I0e(8)[172g) ds.
Putting this in (6.19) we derive

IN

< CE

iE Sup. lu(s )HLQ(Q + 20 [ [luc(s HH1 Nds+1/1Ef0 lu(s)]7 ds

(6.20)
< C—l—C’E INRE HL2 ds.
It therefore follows from Gronwall’s inequality that
E sup [luc(t)]72q) < C (6.21)
0<t<T

where C'is independent of . It also follows from (6.20) and (6.21) that
T

T
IE/ Ju-(¢)||}, dt < C and E/ ||ug(t)||fq&(Q)N dt <C
0 0

where C' is also independent of ¢, hence (6.16) and (6.17).
Now, as far as (6.15) is concerned, we start again from the It6’s formula which
reads in this case as: if

t
Xt = X() + / gb(S)dS + Nt
0

where X, = [1(8)[}2(q): Xo = [0€l[F2(g) Ni =2 fy (97 (u-(s), u.(s)) dIV (s) and
O(s) = —2 (Pu(s) + Au(5), we(5)) + 2 (£(5), 1e(5)) + [lg° (0c(5) [y then

t t 1 t
X! :Xé+l/ X§1¢(s)ds+1/ Xglst+§Z(Z—1)/ X!72d (N)
0 0 0
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for any 1 <[ < co. We apply the above formula with [ = r/2 (r > 2) and we get
Oy + 7 [ o)y o o) + 24 (o s
gy el ol s
b (5= 1) [ Il o () g s
/wkup@<<<»mme@.

We can therefore follow the same way of reasoning as before (see also [10]) to get
(6.15). The proof is completed. O

The estimate (6.15) (for > 2) is concerned with the higher integrability of the
sequence (u.). so that we can make use of it together with the Vitali’s theorem.
However this will become precise in the next subsection. Now, in order to prove
the tightness property of the sequence of probability laws of (u.)., we will also
need the

Proposition 6.4. Assuming that the function t — u.(t) is extended by zero
outside the interval [0, T, there exists a positive constant C' such that

T
E sup/ s (t + 0) — u(t)||7 dt < C71

lo|<é Jo
for each e >0 and 0 < 6 < 1.

Proof. Assume 6 > 0. The same way of reasoning will apply for § < 0. We have

u(t + 6) — u.(t) _/t du.(s)
t+0
:.Z [~ Pu(s) — A%u.(s) — B(u.(s)) +(s)lds

+l o (uc(5))dVV (5),

hence
/ t+0 P’ t+0 P
Jlu.(t +6) —u.(t)|}, < C / Pfu.(s)ds|| +C / A*u.(s)ds
¢ / t v
46 4 40 P’
e / Blu.(s))ds|| +C / £(s))ds
¢ v t v
t+6 P’
+C W (s)
V/

= h+L+Is+ 14+ Is.
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But
t+0 4
I, <C (/ | Peu(s)|y dS)
t
and
t+0 t+0
[ 1Pulds < € [ 1Pl g ds
t t
) t+0 , i
< Cov (/ 120 ()1 gy~ ds) ’
t
hence

I

IA

o t+60 ,
- £ p
Co% [ 1P g s

IN

.t
Cor / (1 + \\Psus(s)\%_l(Q)N) ds since p’ < 2
¢
NG ,
< 0% [ 1P ds
t

[t 9
< ot / [e(3) 32 v s
t

We infer from (6.16) that

T o T t+0 o
E sup / Lt < C(SPIE/ (/ e ()12 0 ds) dt < Co'.
0 0 t

0<6<68

As for I, we have, as above,

o t+6 ,
L < cep/ 1AL ()|, ds,
t

T )
E sup / Ldt < C(SP]E/ (/ IVue ()l 7o) ds) dt
0<6<s Jo o \Jt

< C6% by (6.17).

hence

Now, dealing with I35 we have
t+6 L ptto /
/ | B(us(s))l]y ds < 07 / | B(u:(s))|y ds,
t t
and proceeding as above (taking into account (6.12) and (6.17)) we get

T /
E sup / I3dt < o5’
0

0<6<6

169
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We also have Esupyys fOT Idt < C§%. For the last integral, by using the
Burkholder—Davis—Gundy’s inequality we have

/

T T t+6 ) el
Esup/ Isdt < C/ E(/ HgE(llE(S))HLz(Q)dS) dt
0<6<5 Jo 0 t
T

/

<o (" ||u5<s>||12<@ds)%dt (by (6.7)

, T /
< 05%/ E sup [lu-(s)||72(q) dt
0

0<s<T
< €67 by (6.15).
Combining all the above estimates leads at once at

T /
E sup / |lus(t +0) — ua(t)||p/, dt < Cs'%
0

0<6<6

since 6%/ < 57 (recall that p > 3 and 0 < 0 < 1). As the same inequality
obviously holds for 6 < 0, the proof is completed. O

6.2. Tightness property of the probability laws of (u.). . We are now able
to prove the tightness of the law of (u., W). We shall for this aim, follow the
lead of Bensoussan [7, Proposition 3.1] and Debussche et al. [10]. Before we can
proceed any further, we need the following important result.

Lemma 6.5 ([7, Proposition 3.1)). Let (u,)n and (vy,), be two ordinary sequences
of positive real numbers such that p,,v, — 0 as n — oco. For the three positive
constants K, L and M, the set

Z="{u:[f HTqu; dt < L, lu(®)]f < K ae. t,
SUD|g| <0 fo |la(t + 0) —u(t)||¥, dt <v,M for all n € N}
is a compact subset of L*(0,T; H).

This being so, set & = L?(0,T; H) x C(0, T; R™), a metric space equipped with
its Borel o-algebra B(G). For 0 < ¢ < 1, let . be the measurable &-valued
mapping defined on (2, F,P) as

\Ijé(w> - (ué('aw>aW('7w)) (w S Q)
We introduce the image of P under W, defined by

=(S) = P(¥.'(S)) (S € B(S)),

€

which defines a sequence of probability measures on &. The following result
holds.

Theorem 6.6. The sequence (7. )o<e<1 S tight in (S, B(S)).
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Proof. Let 6 > 0 and let Ls, K5, Ms be positive constants depending only on ¢
(to be fixed later). We have by Lemma 6.5 that

T T
Zs — {u : / Il de < Ls, [[a(®)]% < K5 ace. t, sup / lu(t +6) — u(@)|7, < ynMg}
0 ‘Glgltn 0
is a compact subset of LP(0,T; H) for any § > 0. Here we choose the sequence
1

(tn)n and (vy,), so that > i(un)ﬁ < 00. Then we have

T
Mm¢zwsp(/nw%ﬁZLQ+P<wpmum@2KQ
0 te[0,7]

10]<pin,

T
+1P><sup/ ||u5(t+0)—ua(t)||p/,dt2unM5).
0

In view of Tchebychev’s inequality we have

1 T 1
P(u. ¢ Zs) < —E/ [uc (8|} dt + —E sup [u(t)||;
Ls )y Ks o

1 T ,
+ZV7LM5E sup/o |lu.(t + 60) —u.(t)||% dt.

|0‘§Hn
From Propositions 6.3 and 6.4 it follows that
C C C 1 1

Plu.eZs) < —+ —+— > —(u,)r 1.
(0 € 20 < 7 g4 4 30

So if we choose

6C 6C (L, 35 (n)77)
K(;:Lg:TandM(;: R

then we have are led to

)
P(u. ¢ Z5) < 5 (6.22)
Next, considering the sequence of probability measures 75(A) = P(W € A)
(A € B(C(0,T;R™))), it consists of only one element, hence it is weakly compact.
As C(0,T;R™) is a Polish space, any weakly compact sequence of probability
measure is tight, so that, given ¢ > 0 there is a compact subset Cs of C(0,T;R™)

such that P(W € Cs) > 1 — §/2. We infer from this together with (6.21) that
P((UE,W) € Zs X C(;) >1-9.
So we have just checked that for any 6 > 0 there is a compact Zs x Cs C & such
that
7T€(Z5 X C(g) >1- 5,

by this proving the tightness of the family 7. in & = L?(0,T; H)xC(0,T;R™). O

It follows from Theorem 6.6 and Prokhorov’s theorem that there is a sub-
sequence (7, )n of (7.)o<c<1 converging weakly (in the sense of measure) to a

probability measure II. It emerges from Skorokhod’s theorem that we can find a
new probability space (2, F,P) and random variables (u., , W), (ug, W) defined
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on this new probability space and taking values in & = L*(0,T; H) x C(0, T;R™)
such that:
(i) The probability law of (u.,, W) is 7.,
(ii) The probability law of (ug, W) is II;
(ili) As n — oo,
Wer — W in C(0, T; R™) P-a.s. (6.23)
and
(iv) As n — oo,

u., — ug in L*(0,T; H) P-a.s. (6.24)

We can see that {IWe} is a sequence of m-dimensional standard Brownian
motions. Let F! be the o-algebra generated by (W (s),ue(s)) (0 < s < t) and the
null sets of F. Arguing as in [7, Proof of Theorem 1.1] we can show that W is
an Ft-adapted standard R™-valued Wiener process. Also by the same argument
as in [3, pp. 281-283] we can show that, for all v € V and for almost every
(w,t) € Q x [0, T] the following holds true

(e, (6 ) i (PPu, (5) + At ) + Bl (5)),v) ds = (u’,v)
I (E(5),v) ds [ (71, (), v) AV ).

6.3. Homogenization results.

(6.25)

6.3.1. Abstract formulation of the problem and preliminary results.
We begin this subsection by stating some important preliminary results neces-
sary to the homogenization process. The notations are those of the preceding
sections. It is worth noting that property (3.3) in Definition 3.8 still valid for f €
B(Q:C(Qp; BY™)) where BL ™ = B% N L>(R)Y ) and as usual, p’ = p/(p — 1).
Bearing this in mind, the question of homogenization of (6.13) will naturally

arise from the following important assumption:
{ be BY and a;;, gi(, ) € B3,1<i,j < N,1<k<m

for any u € RY (6.26)

where g = (gk)lgkgm-

The above hypothesis, which depends on the algebra wmv A, is crucial in ho-
mogenization theory. It gives the structure of the coefficients of the operator
under consideration, and therefore allows one to pass to the limit. Without such
a hypothesis, one cannot perform the homogenization since the convergence pro-
cess relies heavily on the latter. The commonly assumption used is the periodicity
(obtained by taking the algebra to be the continuous periodic functions). Hy-
pothesis (6.26) includes a variety of behaviours, ranging from the periodicity to
the weak almost periodicity (as far as the ergodic algebras are concerned), and
also encompassing all the non ergodic algebras wmv.

Let ¥ € B(Q;C(Qr; (A)MN)). Suppose that (6.26) is satisfied. It can be
shown (as in [35, Proposition 4.5]) that the function

(‘/‘U? t? y’ T’ w) — b(y? T? qj(x’ t? y’ T7 w))
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denoted below by b(-, ¥), belongs to B(€%;C(Qyp; BY™))V*N: assumption (6.26)
is crucially used in order to obtain the above result. Likewise, the function

(ZE, t7 Y, T, C(J) = gk(y7 T, @Z)()_(ZL', t7 W)) (fOI‘ ¢0 S B(Q’ C(@T))N) denoted by gk('7 1/}0)7
is an element of B(2;C(Qr; Bi’oo)). We may then define their traces

t
(m,t,w)Hb(E,—,\P(x,t, ,w))

g €
T t
(I,t,W) = gk (g7 571/}0 (x,t,w))

from Qr x € into R, denoted respectively by b°(-, ¥¢) and g¢;(-, 1), as elements
of L*(Qr x ). The following result and its corollary can be proven exactly as
their homologues in [30] (see especially Proposition 3.1 therein).

o8
™ | =+

Y

and

Proposition 6.7. Let 3 < p < oo. Suppose that (6.26) holds. For ¥ €
B(2:C(Qr; (A)MN)) we have

b(-, U%) — b(-, W) in LY (Qr x QNN -weak ¥ as ¢ — 0.
The mapping ¥ +— b(-, ¥) of B(;C(Qp; (A)N*N)) into LP (Qr x €; BZ,)NXN ex-
tends by continuity to a unique mapping still denoted by b, of LP(QrxQ; (BY)N*N)
into LP (Qr x B’X)NXN such that

(b(-,v) =b(-, W) - (v—w) > v |[v—w[ ae inQr x QxRY xR,
Hb(,V) - b<"W)HLP'(_Q2T><Q;BZ,)N><N
< v V1 WIS oy IV = Wl et o)
b(-.0) =0 a.e. inR) xR,
for all v,w € LP(Qr x Q; (BY)V*N).

Corollary 6.8. Let 1)y € (B(Q)®C5(Qr))Y and ¢y € (B(Q)QCF(Qr) @ A®)N.
Fore >0, let

Do = o + ey, (6.27)
ie., O (x,t,w) = Yo(x,t,w) + ey (x,t,x /e, t/e,w) for (z,t,w) € Qr x Q. Let
(ve)ecr is a sequence in LP(Qr x Q)N*N such that v, — vy in LP(Qp x Q)N*N.-
weak ¥ as E > & — 0 where vy € LP(Qr x Q; BY)N*N then, as E > ¢ — 0,

/ b (-, VO,) - v.dxdtdP — // E(, Vo + 3121) - DodzdtdPdg.
Qr < QT xQxA(A)

Also we will need the following important result in order to pass to the limit
in the stochastic term.

Lemma 6.9. Let (u.). be a sequence in L*(Qr x Q)N such that u. — ug in
L2(Qr x Q)N as e — 0 where ug € L*(Qr x Q)N. Then for each 1 < k < m we
have,

gi(-u) — gr(-,ug) in L*(Qr x Q)-weak & as € — 0.
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Proof. First of all, let u € B(Q;C(Qr))Y; as seen above, the function (z,t,y, 7,w)
gy, T, u(z, t,w)) lies in B(Q; C(Qp; B5™)), so that we have ¢(-,u) — gi(-,u) in
L*(Qr x Q)-weak X as ¢ — 0. Next, since B(Q;C(Qr)) is dense in L*(Qr x Q),
it can be easily shown that

gi(-,ug) — gr(-,g) in L*(Qr x Q)-weak ¥ as e — 0. (6.28)
Now, let f € L?(Q; L*(Qr; A)); then

/ 9% (-, ue) fedzdtdP — / / G(, wo) fdwdtdPd
QrxQ QT xQxA(A)

= /Q Q(gi(»ue)—gi(-,uo))fgdxdthJr/ g5 (-, up) fedxdtdP
T X

Qr*xQ
- / / (-, uo) fdxdtdPdp.
QT XQAXA(A)

Using the inequality

/ (9e(-yue) — gi (-, up)) fodxdtdP
QT X

in conjunction with (6.28) leads at once to the result. O

< C ||115 - u0||L2(QT><Q)N ||f8||L2(QT><Q)

Remark 6.10. In view of the Lipschitz property on the function g, we may get
more information on the limit of the sequence ¢f(-,u.). Indeed, because of
lgi(,ue) — g5(-,u0)| < C'|ue — ugl|, we deduce the following convergence result:

gi(-,u.) — ge(-,ug) in L*(Qr x Q)-strong ¥ as & — 0.

We end this subsection by collecting here below some function spaces that we

will make use in the sequel. We begin by noting that the space B(Q)®Cg°(0,T)®@V
is dense in LP(Q); LP(0,7;V)). Next, let the space

Béi’vj ={ue (B;’iy)N : d'?yu =0}

where div,u = SV | 9u’/dy;, and its smooth counterpart
A%y, = {u e (Da, (RY)/T )Y+ Tv,u =0},
The following result holds.

Lemma 6.11. The space o) (A%y,) is dense in By where, for u = (u')1<i<n €

(AN we have o) (u) = (0,(u'))1<i<n, 0y being the canonical mapping of By,
into its separated completion Bﬁy.
Proof. This follows exactly in a same way as the proof of [50, Lemma 2.3]. 0
Now, let
Fo? = LP(Q x (0,T); V) x LP(Qr x Q; B, (R,; Bi))
and
F' =B e CP(0.T) @ V] x [B(Q) @ CF(Qr) @ (Da. (R-) @ 0 (A7) -
Thanks to Lemma 6.11 we have the density of Fg° in Fy”.
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6.3.2. Homogenized problem. Let (u.,), be the sequence determined in the
Subsection 6.2 and satisfying Eq. (6.25). Because of (6.25) the sequence (u., ),
also satisfies the a priori estimates (6.15), (6.16) and (6.17). Therefore, owing
to the estimate (6.15) (which yields the uniform integrability of the sequence
(u., ), with respect to w) and the Vitali’s theorem, we deduce from (6.24) that,
as n — oo,
u., — ug in L*(Q; L*(0,T; H))

and hence

u., — ug in L*(Qr x Q)Y as n — 0. (6.29)

In view of (6.17) and by the diagonal process, one can find a subsequence of (u., ),
(not relabeled) which weakly converges in LP(Q; LP(0,T;V)) to the function ug
(this means that uy € LP(Q; LP(0,7;V))). From Theorem 3.10, we infer the
existence of a function u; = (u)1<p<n € LP(Qr % ;B (R B;’j‘y)]\’) such that
the convergence result
8115n 8110 5111
—

in LP AN _ << |
om0z | ow in LP(Qr x Q)N-weak & (1 <i < N) (6.30)

(up = (ug)1<ken) and

k
holds when &, — 0. We recall that 3% = (g%)
i Ti ) 1<k<N

A I,k
Juy _ <6u1> . Now, let us consider the following functionals:
1<k<N

9y; 0y;
Z / / al] s, so)D;uFDyv* drdtdPd

ij k=1 QrxOxA(A
1 / / b(s, so, Du) - DvdzdtdPd3
QT xQOxA(A)

where Djuf = gixs + 0;uy (0;uf = Gy (aul_>, and the same definition for D;v*)
and Du = (]D)jll)1<j<N with ]D) iua = (]D u >1<k<N;

(u,v,w) Z //Q . ’gd:pdth
T

i,k=1

for u = (ug,uy),v = (vo,v1),w = (W, wy) € ]F(l)’p. The functionals a; and BI are
well-defined. Next, associated to these functionals is the variational problem
u = (ug,uy) € Fy?
— Jo,xq o w(’)dxdtd]?’—ka[(u D) + bI(u u, <I>)

= Jo Jo (£(8), o(t w)) dtdP + [, [T (G(up), o) AW dP
for all & = (wmwl) € F°

(6.31)

The following global homogenization result holds.

Theorem 6.12. The couple (ug,uy) determined by (6.29)-(6.30) solves problem
(6.31).
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Proof. In what follows, we drop the index n from the sequence g,. So we will
merely write € for €,. Now, from the equality divu. = 0 we easily obtain that
divuy = 0 and div,u; = 0, hence u = (ug,u;) € Fy”. It remains to show that u
solves (6.31). For that, let ® = (¢, 0™ (¢1)) € F§°; define ®, as in Corollary 6.8
(see (6.27) therein), that is, as follows:

i
9

™ | =+

’

D (z,t,w) = Yo(z,t,w) + ety (x,t, ,w) for (z,t,w) € Qr x Q.

Then we have ®. € (B(Q) ® C°(Qr))Y and, using ®. as a test function in the
variational formulation of (6.25) we get

(O3 _ _
- / u, - aat / @V, - V&, drdtdP (6.32)
QrxQ QrxQ

T
N / B(-, VL) - V. dadtdP + / / by (u., u, @, )dtdP
QrxQ O

// dtdIP’+// 2) dWEdP.

We pass to the limit in (6.32) by considering each term separately. First we have

3. _ by \ _
/ w . 2%, — / w2 b 1 / u, - (ﬂ) dzdtdP
QT xQ ot QrxQ ot Qrx0 ot

+ / u. - (%> dxdtdP.
Qrx$ or

In view of (6.29) coupling with the convergence result (9v/07)° — M(0v,/0T) =
0in L?(Qr x Q)N-weak, we obtain

D,
/ u, 9 up - 9% 1t dp.
Qrx ot Qrx ot

Next, it is an usual well known fact that, using the convergence result (6.29)
together with the weak Y-convergence of the sequence (V®.). to D®, we get

/ a*Vu, - V®_ dzdtdP — a;(u, ).
QTXQ
Considering the next term, we use the monotonicity property to have

/ (6 (-, V) — b (-, V.)) - (Ve — V. )dadtdP > 0. (6.33)
QrxQ

Owing to the estimate (6.17) (denoting by E the mathematical expectation on
(Q, F,P)) we infer that

™ IAE(. P’
S;igE ||b ( 7vu€)||Lp’(QT)N><N < 0,
so that, from Theorem 3.9, there exist a function y € L (Qp x ; BZ/)NXN and a

subsequence of € not relabeled, such that b°(-, Vu,) — x in L (Qp x Q)V*N-weak
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Y as ¢ — 0. We therefore pass to the limit in (6.33) (as € — 0) using Corollary
6.8 to get

/7 (R = B(~.DP)) - (Du — DB)dzdtdPdB > 0 (6.34)
QT xQOxA(A)

for any ® € F§° where, as above, Du = Vuy + 0u; (u = (up,uy)) and D® =
Vipy + 0% By the den51ty of F5° in Fy” and by a continuity argument, (6.34)
still holds for ® € Fj”. Hence by taking ® = u + \v for v = (vq,v;) € F” and
A > 0 arbitrarily ﬁxed, we get

A // (X = b(-,Du + ADV)) - DvdzdtdPd3 > 0 for all v € Fy*.
QrxQxA(A)

Therefore by a mere routine, we deduce that y = b(, Vuy + V,u;).

The next point to check is to compute the lim._o [5 fOT br(u.,u., ®.)dtdP. We
claim that, as ¢ — 0,

T
// br(u.,u., ®,)dtdP — br(u,u, ®).
QJo

Indeed, by the strong convergence result (6.29) in conjunction with the Theorem
3.5, our claim is justified.
We obviously have that

// (t,w)) dtdIP’—>// ), o (t,w)) dtdP.

The last point is concerned with the stochastic part fo Jo (¢ (-, u.), ®.) dWedP.
But thanks to Remark 6.10 we get at once

/ / L) dWedP — / / (o), o) AW dP

where Ek(uo)(:v,t,w = fA(A) Ik S,SO,LIO(iL',t,W))dﬁ and E(UO) = (§k<u0))1§k§m-
It emerges from the above study that u = (up, uy) satisfies (6.31). O

In order to derive the homogenized problem, we need to deal with an equivalent
expression of problem (6.31). As we can see, this problem is equivalent to the
following system (6.35)-(6.36) reading as

foTXQXA (4 aDu - O drdtdPdp + Jomxaxa A) b(-, Du) - O dadtdPdB = 0
for all ¢ € B( ) @ CP(Qr) ® [Da, (R,) @ 0} (A:Zodlv)].
(6.35)

— o, <0l wodmduﬂ@4—6j( (¢0,))—%Eﬁ(u u, (¢, 0))

= Jo Jy (E(t),0(t,w)) dtdP + [ [ (G(uo),vh0) AW dP (6.36)
for all 9y € B( )®C°O(0 T)®V.
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It is an easy matter to deal with (6.35). In fact, fix £ € R¥*Y and consider the
following cell problem:

m(€) € By (Rr; ByY) -
Jacay @€ +07(€)) - 0Wdp + [y 4 (-, & + OF(E)) - 0wdB = 0 (6.37)
for all w e B (R BLP).

Due to the properties of the functions a and b, Eq. (6.37) admits at least a

solution (see e.g., [27, Chap. 2]). But if m = m(§) and my = m(&) are two
solutions of (6.37) then, setting m = m; — 7o,

fA( aoT - 8wdﬁ+fA £+(97r1)—b( £+ 0my)) - 0wdp =0

for all w e BY (R Bihg)

Taking the particular test function w = 7w, we are led to

/ aa%-aﬁdm/ (B(-.€ + 07)) = B(-.& + 07)) - 0RdA = 0,
A(A)

A(A)

and using once again the properties of a and b (see in particular the Proposition

6.7), we get
yo/ 072 d3 + yl/ 07 di — 0,
A(A) A(A)

which gives 07 = 0, or equivalently, Eyw = 0. It then follows that 7 = 0 since it
belong to BY (R (B;;Zy)N).
Now, choosing 2/11 = ¢ ®p®w in (6.35) with ¢ € B(Q), ¢ € C(Qr) and

w € [Da, (R;) ® 0y (Ay,)], we obtain by disintegration the following equation:

S @Du - OB + [y, " b(-, Du) - 0wdf = 0 (6.38)
for all w € D, (R,) ® 0 (A;"dw)

Coming back to (6.37) we choose there £ = Vug(x,t,w) (for arbitrarily fixed
(z,t,w) € Qr x Q). Comparing the resulting equation with (6.38) and using
the density of Da_(R.) ® o) (A%y;,) in BY (R B.?) we get by the uniqueness of
the solution of (6.37) that u; = 7(Vug), where 7(Vuy) stands for the function
(z,t,w) — 7(Vug(z,t,w)) defined from Qr x Q into B, (R,; By?). This shows
the uniqueness of the solution of (6.35).

As for (6.36), let, for £ € RV*N,

M(E) = /A e om(eNa

and

m¢ = / a(& +om(£))dp.

Then substituting u; = 7(Vug) in (6.36) and choosing there the special test
function Yo (x,t,w) = ¢(w)x(t)e(x) with ¢ € B(Q), x € C5°(0,T) and ¢ € V, we
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quickly obtain by It6’s formula, the macroscopic homogenized problem (which
holds as an equality in V)

{ dug + [— div (mVug — M (Vuy)) + B(ug)|dt = fdt + g(ug)dW

uy(0) = u’. (6.39)

Since the above problem is of the same type as (6.13) the existence and the unique-
ness of its solution is ensured by the same arguments as (6.13). We therefore have
the following

Theorem 6.13. Assume that (6.2)-(6.7) hold. Moreover suppose that (6.26)
holds true. Let 3 < p < oo. For each ¢ > 0 let u. be the unique solution of (6.13)
on a given stochastic system (Q,F,P), F'. W defined as in Section 4. Then as
e — 0, the whole sequence u. converges in probability to uy in L*(Qr)N (i.e.,
[ue — || 2(q )~ converges to zero in probability) where ug is the unique strong
probabilistic solution of (6.39) with W replaced by W.

Proof. The proof of this Theorem is copied on that of [32, Theorem 8]. 0

Remark 6.14. The deterministic counterpart of the above result has been recently
obtained in [17] in the case of density-dependent Navier-Stokes equations.

6.4. Some concrete applications of the results of the previous subsec-
tion. A look at the previous subsection reveals that the homogenization process
has been made possible because of the assumption (6.26) which was fundamental
in the said subsection. This assumption is formulated in a general fashion encom-
passing a variety of concrete behaviours as regard the coefficients of the operator
involved in (6.1). We aim at providing in this subsection some natural situations
leading to the homogenization of (6.1).

Example 6.15. The homogenization of (6.1) can be achieved under the period-

icity assumption

(6.26); The functions b;(-,-, A), a;; and gg(-, -, ) are both periodic of period 1 in
each scalar coordinate.
This leads to (6.26) with A = Cper (Y X Z) = Cpexr (V) ©OCper(Z) (the product
algebra, with Y = (0,1)" and Z = (0,1)), and hence B} = L7 (Y x Z)
for 1 <r < oo.

Example 6.16. The above functions in (6.26); are both Besicovitch almost peri-
odic in (y, 7). This amounts to (6.26) with A = AP(R) ') = AP(R)) © AP(R,)
(AP(R]) the Bohr almost periodic functions on R)).

Example 6.17. The homogenization problem for (6.1) can be may be considered
under the assumption

(6.26) b;(+, -, A) is weakly almost periodic while the functions a;; and gx(-, -, 1)
are almost periodic in the Besicovitch sense. This yields (6.26) with A =
WAPR)) ® WAP(R,;) (WAP(R)), the algebra of continuous weakly

almost periodic functions on R; see e.g., [20]).
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Example 6.18. Let A, be the algebra of Example 5.3 (see Subsection 5.3).
It is known that A, is not ergodic [25, p. 243]. We may however study the
homogenization problem for (6.1) under the assumption that

(6.26)3 bi(y,-, \) € BZIT and b;(-, 7, \) is weakly almost periodic; a;; is periodic
and gg(-, -, 1) is almost periodic.

This assumption is more involved. In fact, let A; . be the algebra generated
by AP(R;) U A,. It is a fact that A, is an algebra wmv on R, which is not
ergodic. Next, let A = WAP(]R?JJV) ® A; ;. Then, also A is not ergodic, and it can
be easily shown that (6.26) is satisfied with the above A.

Many other examples can be considered. We may also consider an example
involving only non ergodic algebras by taking for example A to be N + 1 copies
of the A,’s above: A=A, ®...® A;, N + 1 times, which gives a non ergodic
algebra on RV*1,
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