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ON THE TWO-DIMENSIONAL MOMENT PROBLEM

SERGEY ZAGORODNYUK!

Communicated by C. P. Niculescu

ABSTRACT. In this paper we obtain an algorithm towards solving the two-
dimensional moment problem. This algorithm gives the necessary and sufficient
conditions for the solvability of the moment problem. It is shown that all
solutions of the moment problem can be constructed using this algorithm. In a
consequence, analogous results are obtained for the complex moment problem.

1. INTRODUCTION AND PRELIMINARIES

In this paper we analyze the two-dimensional moment problem. Recall that
this problem consists of finding a non-negative Borel measure x in R? such that

/ P whdp = S, m,n € Zy, (1.1)
R2

where {$,, 5 }mnez, is a prescribed sequence of complex numbers.

The two-dimensional moment problem and the (closely related to this subject)
complex moment problem have an extensive literature, see books [7], [1], [3], sur-
veys [0],[1] and [8]. Some conditions of solvability for this moment problem were
obtained by Kilpi and by Stochel and Szafraniec, see e.g. [I] and [¢]. However,
these conditions are hard to check. Putinar and Vasilescu derived conditions of
solvability and a description of all solutions by means of a dimensional exten-
sion [0] (even for the N-dimensional moment problem). The two-dimensional
moment problem is solvable if and only if the prescribed sequence of moments
can be extended to a sequence {Sp, nk}mnkez, , satisfying some easy conditions
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(including the positivity condition). This extended sequence is the moment se-
quence for an extended moment problem:

/ A 21 S = Smn m,n,k € Zy. (1.2)
R? (14 2% + x3)

The unique solution of the moment problem (1.2) provides a solution of the
two-dimensional moment problem. In this way all different extensions define all
different solutions of the two-dimensional moment problem. However, it is not
clear whether such extensions exist and what is a procedure for the construction
of extensions {S, n i }m.nkez, -

The method of our investigation uses an abstract operator approach, see [9].
Firstly, we obtain a solvability criterion for an auxiliary extended two-dimensional
moment problem. This moment problem is somewhat similar to the moment
problem (1.2) but we do not see any direct relationship. It is shown that the
extended two-dimensional moment problem is always determinate and its solution
can be constructed explicitly.

An idea of our algorithm is to extend the symmetric operators related to the
two-dimensional moment problem, not ”entirely”, but on a discrete set of points.
It is shown that all solutions of the moment problem (1.1) can be constructed on
this way. Roughly speaking, the final algorithm reduces to the solving of finite
and infinite linear systems of equations with parameters.

In a consequence, analogous results are obtained for the complex moment prob-
lem.

Notations. As usual, we denote by R, C,N,Z, Z, the sets of real numbers,
complex numbers, positive integers, integers and non-negative integers, respec-
tively. The real plane will be denoted by R2. For a subset S of R? we denote by
B(S5) the set of all Borel subsets of S. Everywhere in this paper, all Hilbert spaces
are assumed to be separable. By (-, )y and |||z we denote the scalar product and
the norm in a Hilbert space H, respectively. The indices may be omitted in obvi-
ous cases. For a set M in H, by M we mean the closure of M in the norm || - || .
For {@mn}mmnez,, Tmn € H, we write Lin{@p, » }mnez, for the set of linear combi-

nations of elements {Zp, n }m ez, and span{@m n}bmnez, = Lin{mntmmnez, . The
identity operator in H is denoted by Ey. For an arbitrary linear operator A in
H, the operators A* A,A~! mean its adjoint operator, its closure and its inverse
(if they exist). By D(A) and R(A) we mean the domain and the range of the op-
erator A. The norm of a bounded operator A is denoted by ||A|l. By P} = Py,
we mean the operator of orthogonal projection in H on a subspace H; in H. By
Lz we denote the usual space of square-integrable complex functions f(x1,xs),
71, T2 € R?, with respect to the Borel measure ;1 in R

2. THE SOLUTION OF AN EXTENDED TWO-DIMENSIONAL MOMENT PROBLEM.

Consider the following moment problem: to find a non-negative Borel measure
1 in R? such that

/ 2" (1 +0)" (@1 — 0) b (w2 + 1) (22 — 1) dp = U g tinrts
R2
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m,n € Zy, k,l,r,t € Z, (2.1)
where {Wm kit tmnez, kiriez 1S @ prescribed sequence of complex numbers.
This problem is said to be the extended two-dimensional moment problem.
We set

Q={(m,k,l;n,r,t): m,neZy, kl,r,t €7},
Qo ={(m,k,l;n,r,t): mneZ,, klrteZ, k=1=r=t=0},

Q= O\Q.
Let the moment problem (2.1) have a solution u. Choose an arbitrary function
P(x1,29) = Z Qi ra T (w1 +3) 5 (21 — 3) (2o 4 1) (02 — 1)1,

(m,k,l;n,rt)eQ

where all but finite number of complex coefficients cy, k i.n.r: are zeros. Then

0 S/ |P(x17x2)’2dﬂ = Z O ke Ly, t O/ ! 1sn/ 7 1
R2

(m,k,in,rt),(m! k' U;n/ ' t)eQ
[ A D G ) (= 0
R

— § O kL, t Om/ K 1 sm/ ! ¢ Umm! e+ I+k sn+n/ r+t! t+r! -
(m?k7l;n?r’t)?(m,?k/ 7l/ 7nl7rl7t/)€Q
Therefore

Z A ke Lin,r tOm? k1! v Umedm! k1 1+k n4n! w4t t4r/ Z 07
(m,k,lin,r,t),(m! k' n/ ' ') eQ
(2.2)
for arbitrary complex coefficients oy, i i.nr.t, Where all but finite number of v, i in e
are zeros. The latter condition on the coefficients oy, f 1.n»¢ in infinite sums will
be assumed in similar situations.
We shall use the following important fact (e.g. [2, pp.361-363]).

Theorem 2.1. Let a sequence of complex numbers {um,k,l;n,r,t}(m,k,l;n,r,t)eQ satisfy
condition (2.2). Then there exist a separable Hilbert space H with a scalar product
(-, )u and a sequence { T jimrt}mkinrneo in H, such that
(mm,k,l;n,r,ta xm’,k’,l’;n’,r’,t’)H = Um+m! k+U l+k' n4+n’ r+t! t4+77

(m, k,Linyrt), (m!, K U0/ o' 1) € Q, (2.3)
and Span{xm,k,l;n,r,t}(m,k,l;n,r,t)eﬂ =H.
Proof. (We do not claim the originality of the idea of this proof). Choose an arbi-
trary infinite-dimensional linear vector space V' (for instance, one may choose the
space of all complex sequences (s, )nen, tn € C). Let X = {Zm k1t fmoktinrt)e
be an arbitrary infinite sequence of linear independent elements in V' which is in-

dexed by elements of Q. Set Lx = Lin{@m it} mkinrteo. Introduce the
following functional:

[x’y] - Z am,k,l;n,r,tﬁm/’k‘/7l/;n/7r/7t/
(mzkzl;nzrvt)r(m/7k/7l/;n/7rlvt/)eﬂ

*Um+m/ e+ I+k ;sn+n' r+t! t41/
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for x,y € Ly,

xr = § O ke Lin,r t Tk, lm, eyt
(m,k,ln,rt)eQ

Yy = Z ﬁm’,k",l’;n’,r’,t’xm’,k’,l’;n’,r’,t’7
(m/ k' U'sm! v ) eQ
where v, i inr i B ke e v € C. Here all but finite number of indices oy k iin.rt,
B/ ! 1rms 7 ¢ ALE ZETOS.
The set Lx with [-,-] will be a quasi-Hilbert space. Factorizing and making the
completion we obtain the desired space H (e.g. [3]). O

Let the moment problem (2.1) be given and the condition (2.2) hold. By The-
orem 2.1 there exist a Hilbert space H and a sequence {Zm k. im.r.t } (mkiinrt)c0, i
H, such that relation (2.3) holds. Set L = Lin{ay, i i:nrt} (m kim,rt)co- Introduce
the following operators

AO § Oy ket Tk ln,rt = E Ok linyr t TmA4-1,k, Ln, et
(m,k,lin,rt)eQ (m,k,lin,rt)EQ

BO E A kLt T,k ln,rt = E AOm kln,rtLmkln+1,rt
(m,k,ln,rt)EQ (m,k,lin,rt)eQ

where all but finite number of complex coefficients oy, 1 1.0+ are zeros. Let us
check that these definitions are correct. Indeed, suppose that

€r = E Ak inyr t Tk lngrt = E Bm’,k’,l’;n’,r’,t’xm’,k’,l’;n’m/,t’-
(m,k,lin,rt)eQ (m/! KUl ! ) eQ

We may write

E Ok linrtTm+1,k ety Lab,cde, f

(m,k,lin,rt)eQ I

= E Ak Lin,r tUm+1+a,k+c,l+b;n+d,r+ f t+e
(m,k,ln,rt)eQ

- § am,k,l;n,r,t(trm,k,l;n,r,tu xa—&—l,b,c;d,e,f)H
(m,k,lsn,rt)EQ
= ([L’, anrl,b,C;d,e,f)Hv (a> ba G da €, f) €.
In the same manner we obtain:

E Q! K 1V 7 ' T/ +1,k U sn! ' s Labeide, f
(m/ K" Usn/ ' ) eQ I
= (2, Tat1pedes)n, (a,bcde, f)e
Therefore the definition of Ay is correct. The correctness of the definition of B
can be checked in a similar manner. Notice that
(Ao ks ts Tapedes) B = (Tmt1 kbt Tabedef)H

= Um+1+4ak+c,l+bn+d,r+ft+e — (xm,k,l;n,r,tu xa—&-l,b,c;d,e,f)H
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= (Tpmkinrts AoTapede ), (m,k,lin,rt), (a,b,cd e, f) €.
Therefore Ag is symmetric. The same argument implies that By is symmetric, as
well.
Suppose that the following conditions hold:

UmA1+4a,k+c,l+bn+d,r+f t+e + ium—l—a,k’—i—c,l—&-b;n+d,r+f,t+e

= Um+-a,k+1+c,l+bntd,r+f,t+e) (2-4)
Um+1+a,k+c,l+bnt+d,r+f,t4+e — iuera,k+c,l+b;n+d,r+f,t+e
= Um4-a,k+c,l+14+-b;n+d,r+f,t+e)
Um+a,k+c,l4+bn+14-d,r+ f,t+e + Z-um+a,k+c,l+b;n+d,r+f,t+e
= Um+-a,k+c,l+bn+d,r+14f,t4e)
Umnta,k+ol+bnt14drt frite — Wmtakteltbnrdrtfite
= Um+-a,k+c,l+bn+d,r+ft+14e) (25)
for all (m,k,l;n,rt),(a,b,c;d,e, f) € Q. These conditions are equivalent to
conditions
(xm+1,k,l;n,r,t + Z'xm,k:,l;n,'r,t7 xa,b,c;d,e,f)H
= (mm,k+1,l;n,r,t7 xa,b,c;d,e,f)H? (26)
(Im+1,k,l;n,r,t - ixm,k,l;n,r,ta xa,b,c;d,e,f)H
= (xm,k,l+1;n,r,t7 xa,b,c;d,e,f)Hy
(xm,k,l;n—&-l,r,t + ixm,k,l;n,r,m xa,b,c;d,e,f)H
= (xm,k,l;n,rJrl,ta xa,b,c;d,e,f)Hy
(l‘m,k,l;n-l—l,r,t - il’m,k,l;n,r,ta xa,b,c;d,e,f)H
= (xm,k,l;n,r,tJrl’ xa,b,c;d,e,f)H7 (27)
for all (m, k,l;n,r,t),(a,b,c;d, e, f) € Q. The latter conditions are equivalent to
the following conditions:
Tm+1,kln,rt + ixm,k,l;n,r,t = Tm k+1,Ln,rts (28)
Tm+1,k,ln,rt — Z‘:Em,k,l;n,r,t = Tm,k,l4+1;n,rt>

T ke lin+1,r,t + L klnrt = Tmkln,r+1t,

Tm,klin+1,rt — Z'ajm,k,l;n,r,t = Tm,k,l;n,rt+1 (29)
for all (m, k,l;n,r t) € . The last conditions mean that
(AO + iEH)xm,k,l;n,r,t = Tm,k+1,5;n,mt) (210)
(Ao = iEH)Tm ke lingt = Tkt Linats (2.11)
(Bo + 1EH)Tm ke linrt = Tk linr+1,ts
(BO - Z‘E’H)$m,k,l;n,r,t = Tm k,l;n,rt+1 (212)

for all (m, k,l;n,r,t) € Q. The latter conditions imply that
(Ag£iEy)L =L, (By+iEy)L=L.

Therefore operators Ay and By are essentially self-adjoint. The conditions (2.10)-
(2.12) also imply that

(AO + iEH)_lxm,k:,l;n,r,t = Tm,k—1,lin,rt> (213)
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(AO - Z‘EWH)71:[;771,Ic,l;rz,7",t = Tm,k,l—1;n,mt)
(BO + iEH)ilxm,k,l;n,r,t = Tm,k,lin,r—1,t) (214)

(Bo — iEy) ' Tokinirt = Tk lonrt1,
for all (m, k,l;n,rt) € Q.
Consider the Cayley transformations of Ay and Bjy:

Vi, = (Ao —iEy) (Ao + iEg) ",
Vi, = (Bo —iEy)(By +iEx)™",  D(A) = D(By) = L.
By virtue of relations (2.11),(2.12),(2.13),(2.14) we obtain:
VaoVBoTm kit = Tmk—10+1mr—1641 = VB VAoTm k. linrts
for all (m, k,l;n,r,t) € Q. Therefore
Va,VB,x = Vg, Va,z, x € L.

By continuity we extend the isometric operators V,, and Vg, to unitary operators
U,, and Vp, in H, respectively. By continuity we conclude that

UAOUBOJI:UBOUAom, r € H.

Set A = Ay, B = By. The Cayley transformations of the self-adjoint operators A
and B coincide on L with Uyu, and Up,, respectively. Thus, the Cayley transfor-
mations of A and B are Uy, and Up,, respectively. Therefore, operators A and
B commute.

Notice that

Tt = AT (A + ) (A —8)'B"(B +1)" (B — 1)'%0,0,0:000, (2.15)
for all (m, k,l;n,r,t) € Q. In fact, by induction we can check that
T jeiingt = (B — 1E) Ty kot 05 t ez,
for any fixed m,n € Z,, k,l,r € Z;
Tk in0 = (B 4+ 1E1) T k0,0, r €,
for any fixed m,n € Z,, k,l € Z;
T e 1in,0,0 = B T 1,1:0,0,05 n e Ly,
for any fixed m € Z, k,l € Z;
T k1:0.00 = (A = i E5) T 1.0:0.0.0, leZ,
for any fixed m € Z,, k € Z;
T k,0:0,00 = (A + 1Eg) Tm 0,00,0,0, ke Z,
for any fixed m € Z;
T,0,0:0,00 = A" 0,0,0:0,0,0, m € Ly,

and then by substitution of each relation into previous one we obtain rela-
tion (2.15).
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For the commuting self-adjoint operators A and B there exists an orthogonal
operator spectral measure E(z) on B(R?) such that

A= [ zdE(x), B:/ xodE(x).
R2

R2
Then
Um k,lin,rt = (xm,k,l;n,r‘,ta x0,0,0;0,0,0)H

= (/2 xT(xl + Z)k(ﬂil - ’l)l.ng(QZQ + i)T(IQ — i)tdE(.T).fC()’0,0;O’Qyo, 1’07070;070’())
R

H
= /2 JJT(Jfl + i)k(IEl — Z)lfl’g<1'2 + i)T<I2 — i)td<E<I>$0’0’0;0,070, 130’0’0;070’0)]{.
R
Hence, the Borel measure

1= (E(2)20,0,00,0,0, £0,000,00) i (2.16)
is a solution of the moment problem (2.1).
Theorem 2.2. Let the extended two-dimensional moment problem (2.1) be given.
The moment problem has a solution if and only if conditions (2.2) and (2.4)-(2.5)

are satisfied. If these conditions are satisfied then the solution of the moment
problem is unique and can be constructed by (2.16).

Proof. The sufficiency of conditions (2.2) and (2.4)-(2.5) for the existence of a
solution of the moment problem (2.1) was shown before the statement of the
Theorem. The necessity of condition (2.2) was proved, as well. Let us check
that conditions (2.4)-(2.5) are necessary for the solvability of the moment prob-
lem (2.1).
Let p be a solution of the moment problem (2.1). Consider the space Li and the
following subsets in L2:

L# = Lln{xT(xl +l)k(l‘1 - Z)IZE;L(ZL'Q +i)r<£2 _i)t}(m,k,l;n,r,t)eﬂ7 H# = L_'u (217)
We denote

Yt = T (2140)" (21 —1) 25 (20 +1)" (29 —1) ", (m,k,l;n,rt) € Q. (2.18)
Notice that

(ym,kz,l;n,r,h ym’,k’,l’;n’,’r’,t’)Li = Um+m! k+1 1+k"n4+n' v+t t+7r/
for all (m, k,l;n,rt), (m/, k' U';n' ;7' t') € Q. Consider the operators of multipli-
cation by the independent variable in L2
Apf(ar, @) = oy f (1, 22), Buf (1,20) = 22 f(21,3), f € L,

Notice that

(A, + ZELg)ym,k,l;n,r,t = Ym k41,5t (2.19)

(A, — Lﬁ)ym,k,l;n,r,t = Ym,kl+1m,rts

(Bu +iE12 ) Ym o lingrt = Ymokoling+1,t5

(B — ZELg)ym kit = Yok, lin,rt+1s (2.20)
!/

for all (m, k,l;n,rt), (m', k' U;n' ;v t') € Q.
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Since conditions (2.2) are satisfied, by Theorem 2.1 there exist a Hilbert space H
and a sequence of elements {xm,k,l;n,r,t}(m,k,l;n,r,t)eﬂa in H, such that relation (2.3)
holds. Repeating arguments after the Proof of Theorem 2.1 we construct opera-
tors Ag and By in H. Consider the following operator:

WO E Ak e tYm kln,rt = E A ke Lin,r t Lk lm, ot (221)
(m,k,lin,rt)eQ (m,k,lin,rt)eQ

where all but finite number of complex coefficients o, i 1.0 are zeros. Let us
check that this operator is defined correctly. In fact, suppose that

T = : : am,k,l;n,r,tym,k,l;n,r,t = : : /Bm/’k;/7l/;n/7'r‘/7t/ymlyk/7l/;n/’7"/7t/7
(m,k,lin,rt)eQ (m! KU/ ! ) eQ
where B, 1 110 € C. We may write

2

0= E (am,k,l;n,r,t - Bm,k,l;n,r,t)ym,k,l;n,r,t
(m,k,lin,rt)eQ L,%

- Z (am,k,l;n,r,t - 6m,k,l;n,r,t>

(m,k,ln,rt),(m! k! o ) eQ

*(am’,k’,l’;n’,r’,t’ - Bm’,k:’,l’;n’,r’,t’) (ym,k,l;n,r,h ym’,k’,l’;n’,r’,t’)Lﬁ

- Z (am,k,l;n,r,t - 6m,k,l;n,r,t)

(myk,lim,rt),(m/ K ! v ) eQ

*(am’,k’,l’;n’,r’,t’ - ﬁm’,k’,l’;n’,r’,t’ ) (:L‘m,k,l;n,nt» xm’,k’,l’;n’,r’,t’)H

= E (am,k,l;n,r,t - Bm,k,l;n,r,t)xm,k,l;n,r,t
(m,k,lin,rt)eQ I

Thus, the operator Wy is defined correctly. If z € H and
xr = E Y,k lmrtYm ke Lingr it

(m,k,lin,rt)EQ

where vy k100t € C, then
(WO:E’ Wox)H = : : am7k7l;n7r7t7m/7kl7l/;nl7rlyt/
(m7k7l;n7r7t)7(ml7k/7l/;nIV,r./’t/)eQ
*(xm,k,l;n,r,ta xm’,k’,l’;n’,r’,t’)H
- E : O kit Tm/ K 1 sn! ot (ym,k,l;nmh ym’,k’,l’;n’vT’vt’)H
(m,k,‘,l;nﬂ’,t)7(m,7k‘/,l/;nl,7"/7t/)EQ
= (l‘, $)L;2¢

By continuity we extend W, to a unitary operator W which maps H, onto H.
Observe that

-1
w AOWym,k,l;n,'r,t = Ym+1,kln,rt = Auym,k,l;n,'r,ty

—1
w BOWym,k,l;n,r,t = Um,k,lin+1rt = Buym,k,l;n,r,ta
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for all (m, k,l;n,r,t) € Q. By using the last relations in relations (2.19)-(2.20)
we obtain relations (2.10)-(2.12). The latter relations are equivalent to condi-
tions (2.4)-(2.5).
Let us check that the solution of the moment problem is unique. Consider the
following transformation
T (11,22) € R o (,) € [0,27) X [0,27),
eiwil’l—ki eiwme_’_i.

{L‘l—Z’, [EQ—Z.7

and set

V(D) = p(T1(A)), A€ B(0,27) x [0,27)).
Since T' is a bijective continuous transformation, then v is a non-negative Borel
measure on [0,27) x [0,27). Moreover, we have

-\ k Ny
Uk, —k;0,1,—1 = / (xl ks Z) (332 T Z) dp = / e*ee dy, (2.22)
R2 \T1 1 Ty —1 [0,27) x[0,27)

for all k,1 € Z. Let 1 be another solution of the moment problem (2.1) and v be
defined by

F(A) = AT H(A), A eB(0,27) x [0,27)).
By relation (2.22) we obtain that

/ Rl qy = / erellay, kileZ.
[0,27) x[0,27) [0,27) % [0,27)

By the Weierstrass theorem we can approximate @™ and ", for some fixed
m,n € Zy, by trigonometric polynomials Py (¢) and Ry(1)), respectively:

1 1
max " — Pi(¢)| <+, max [ —Ri(¢)| < -, keN.

©€E[0,2m) k' vyelo,2m) k’

[ ewae [ R
[0,27) x[0,27) [0,27) x[0,27)

_ ] / (7"~ Pl + [ Pyl (0" — Ru())do
[0,27) x[0,27) [0,27) % [0,27)

Then

1
< m_ -
Jax K% | ([0,27r))+¢I€r[15}2>§r)|Pk(w>|kV([0,27r))

< max |¢m|— (0, 27)) + (;+ max " |) L (10,27)) = 0,

)el0,2m p€e(0,2m)
as k — oo. In the same manner we get

/ Yt dy — / Py() R (v)dv
[0,27) x[0,27) [0,27) x[0,27)

as k — oo. Hence, we conclude that

/ ooy = | SYndD, o € Ty,
[0,27) x[0,27) [0,27) x[0,27)

— 0,
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Since the two-dimensional moment problem on a rectangular has a unique solu-
tion, we get v = v and p = p. OJ

3. AN ALGORITHM TOWARDS SOLVING THE TWO-DIMENSIONAL MOMENT
PROBLEM.

As a first application of our results on the extended two-dimensional moment
problem we get the following theorem.

Theorem 3.1. Let the two-dimensional moment problem (1.1) be given. The
moment problem has a solution if and only if there exists a sequence of complex
numbers {Unm . imr.t } (mk im0, Which satisfies conditions (2.2), (2.4)-(2.5) and

Um,0,0;m,0,0 = Sm,n» m,n € Z+.

The proof is obvious and left to the reader.

Let the two-dimensional moment problem (1.1) be given. As it is well known
(and can be checked in the same manner as for the relation (2.2)) the necessary
condition for its solvability is the following:

g A nQm/ n! Sm4m/ n+n’ Z O, (31)
m,n,m/ n'€Z4

for arbitrary complex coefficients a,, ,, where all but finite number of «,,, are
ZETros.
We assume that the condition (3.1) holds. Repeating arguments of the proof of
Theorem 2.1 we can state that there exist a Hilbert space Hy and a sequence
{hmn}mmnez, such that

(honns Pt o = St manrs  Mynym',n' € Zy. (3.2)

Consider the following Hilbert space:

H="HoD (@Hg> )
j=1

where H; are arbitrary one-dimensional Hilbert spaces, j € N. We shall call it
the model space for the two-dimensional moment problem.
Introduce an arbitrary indexation in the set €’ by the unique positive integer
index j:
jeEN—=w=w(j)=(m,kll;nrt)j) e
Suppose that the two-dimensional moment problem (1.1) has a solution .
Consider the space Li and the following subsets in LZ:

Lo = Lin{al" 25 }nnez,, Huo = m. (3.3)
We denote
Ymon = T]'Th, m,n € Zy.
Notice that
(Yo, ym’,n’)Lg = Smim/;ntn’s
for all m,n,m’,n’ € Z,. We shall also use the notations from (2.17),(2.18).
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Define the following numbers
Unn b Lt 2= / o' (@1 + )M (@1 — i)y (2g +0)" (ws —4)'dp,
R2

(m,k,l;n,rt) € Q.
For these numbers conditions (2.2) hold and repeating arguments after the rela-
tion (2.20) we construct a Hilbert space H and a sequence of elements
{Zmkimrt } omkinrpeq, in H, such that relation (2.3) holds. We introduce the
operator W as after (2.21). The operator W maps H,, onto H. Set
Hy = span{Z.m 0,0:n,0,0 }munez, C H.
Let us construct a sequence of Hilbert spaces H;, j € N, in the following way.
Step 1. We set
fl = Ty(1) — Pfﬁ)xw(l)v Hl = Span{fl}a

where w(-) is the indexation in the set {2’
Step r, with r > 2. We set

fr = Tw@) — Pfi@(@lgtgr_lm)xw(r), H, = span{f,}. (3.4)
Then we get a representation

H=Hy® (@ Hj> .
j=1

Observe that Hj is either a one-dimensional Hilbert space or H; = {0}. We
denote

Au:{j€N3 Hj;é{O}}, AL:N\AN‘
Then
H=He | @ H,
jeA,

We shall construct a unitary operator U which maps H onto the following sub-
space of the model space H:

7:2:7‘[0@ @HJ CH.

JEA,L
Choose an arbitrary element
xr = Z Qm,nTm,0,0;0,0,0 + Z BjW7
with ag, , B; € C. Set
Ur = Z QP + Z Bje;, (3.5)
mnel JEA,

where e; € H;, ||ej|lx = 1, are chosen arbitrarily.
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Let us check that this definition is correct. Suppose that x has another represen-
tation:

T= ) AmnTm00m00 + Z@H fj\'l ’
JIH

m,nel4 JEAL
with auyp, Ej € C. By orthogonality we have 3; = 5}, j € N. Then

2

0= Z (am,n - &m7n)$m,0,0;n,0,0

m,ne€l 7

= Z (Oém,n - 62m,n)(Oém’,n’ - am’,n’)('ITrL,O,O;n,O,Ou xm’,0,0;n’,0,0)H

= Z (am,n - &m,n)hm,n

mn€ly H

Thus, the operator U is defined correctly. If z € H and

’x\ — Z am,nxm,(],O?n’O’O + Z BJ ||f T| 7
JlH

mnely JEA,

where Qi 1, Bj € C, then

(2,2)y = Z Ot 7 (T11,0,050,0,05 T 0,0:m7,0,0) H + Z B;B;

myn,m’ n' €%y JEAL
= Z am,nam’,n’(hm,na hm’,n’)H + Z Bjﬁj
m,n,m’' ,n'€Zy JEA,
— Uz, UR).

By continuity we extend U to a unitary operator which maps H onto H. Then
the operator UW is a unitary operator which maps H,, onto H. We could define
this operator directly, but we prefer to underline an abstract structure of the
corresponding spaces and this maybe explains where the model space comes from.
We set

o goinrt = UWYm g inre, (M, k,lin,rt) € Q. (3.6)
Observe that

P 0,00,00 = P, mun € Zy; UWH, o= Hy.
Since

Tw(r) € Hy @ @ H; 1,

JeEA: <1
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then

hw(r)EHo@ @ H; |, r € N.

JEA: 5<r
Observe that {ym kimrt}(mkinreo satisfy relations (2.8)-(2.9) (with y instead
of x). Therefore {Am kimrt}(m kinrteco satisfy relations, as well. Notice that
(hm,k‘,l;n,r,tv hm/,k’,l’;n’,r’,t’)'H = (ym,k,l;n,r,ta ym’,k",l’;n’m’,t’)Li

= Um+m! k+1 1+k" n4+n' vt/ t+1/
for all (m, k,l;n,r,t),(m/, k' I';n' ;v 1) € Q.
Choose an arbitrary » € N. By (3.4) we may write

H
Lw(r) = fT + PHO@(@lgtgr—lHt)xw(r)

Ir [
UG S g
where 3, € C, ug € Hy. By (3.6) and (3.5) we get
huwiy = Uzwey = || frller + Z Bres + wo,
teA,: 1<t<r—1
where wg = Uug € Hg. Therefore
(hw(ry, €r) > 0;

and

hw(r)EHo@ @ H; @(hw(r),er):(]@fr:O@TGAL.

teN,: 1<t<r—1
In particular, we may write
TGAuﬁ(hw(T),er) > 0, r € N.

Theorem 3.2. Let the two-dimensional moment problem (1.1) be given and con-
dition (3.1) holds. Choose an arbitrary model space H with elements { R n }mnez, ,
satisfying (5.2) and fix it. The moment problem has a solution if and only if there
exists a sequence { N k. imrt}(mkinrte, i H such that the following conditions
hold:
1) hm,0,0;n,0,0 = hm,n7 m,n Z-ﬁ-;
2) hupry € Ho @ (@jeA; 0<j<r Hj), and (hyy,e,) > 0, r € N, for some
subset A C N.
3) The sequence {Pm kit }mkinrtco Satisfies conditions (2.8)-(2.9) (with
h instead of x).
4) There exists a complex function o(m, k,l;n,r.t), (m,k,l;n,r,t) € Q, such
that

(hm,k,l;n,r,ty hm’,k’,l’;n’,r',t’)’)—l = g&(m + m', l{? + l,, l + k/; n -+ n’, r—4+ t,, t + T’/),
for all (m,k,l;n,rt), (m' k' U;n' ;7' t') € Q.
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Proof. The necessity of conditions 1)-4) for the solvability of the two-dimensional
moment problem was established before the statement of the Theorem.

Let conditions 1),3),4) be satisfied. Consider the extended two-dimensional mo-
ment problem (2.1) with

Um,k,ln,rt ~— 90<m7k7l;n7 T, t)a (m7 k,lm;?", t) S Qa (37)

where ¢ is from the condition 4). Then

§ Ak ln,r tOm/ kU n! ! UWmd-m! k+U l+k sn4n/ r+t! t4r'
(m7k7l;n77‘7t)7(m,7k/ 7l/;nl77‘/ 7t/)€Q

= E Ay ke t Om! K 1 sm! el 8 (hm,k,l;n,nt» hm’,k’,l’;n’,r’,t’)?—[
(m7k7l;n7r7t)7(ml7kl7ll;n/7r/7tl)eg
2

= E am,k,l;n,r,thm,k,l;n,r,t > 07

(m,k,lin,rt)eQ %

for arbitrary complex coefficients ;5 1:nrt,  Where all but finite number of
Q. Jo,lin,r,t QL€ ZETOS.

By conditions 3) and 4) we conclude that conditions (2.4)-(2.5) hold. By Theo-
rem 2.2 we obtain that there exists a non-negative Borel measure p in R? such
that (2.1) holds. In particular, using conditions 4),1) we get

/ ey dit = Um 0,000 = ©(m,0,0;n,0,0)
]RQ

= (hm,0,0;n,0,0: ho,o,o;o,o,o)% = (hm,Tu ho,o)% =Smmn, MyNE L.
O

Observe that condition 2) can be removed from the statement of Theorem 3.2.
However, it will be used later.

Denote a set of sequences {hm,k,l;n,r,t}(m,k,l;n,r,t)GQ7 in ‘H satisfying conditions
1)-4) by X = X(#H). As we have seen in the proof of Theorem 3.2, for an
arbitrary {Am kit }mkinrneo € X(H), the unique solution of the extended
two-dimensional moment problem with moments (3.7) gives a solution of the two-
dimensional moment problem. Observe that all solutions of the two-dimensional
moment problem can be constructed in this manner. Indeed, let © be an arbitrary
solution of the two-dimensional moment problem. Repeating arguments from
relation (3.3) till the statement of Theorem 3.2 we may write

/ 2 (w1 +0)" (21 — i) (s + 1) (22 — 1) dpt = Ym gt yo,o,o;o,o,o)Lg
Ro

= (UWYmpinrt UWY0,0,00,00) % = (P kst 10,0,00,0,0) 1
=p(m,k, l;n, 1, t) = U kit
for all (m, k,l;n,rt) € Q.
Here the operators U,W, the sequence {h, i iinrt } (m ke inrt)e0, the function
w(m, k,l;n,r,t) and the moments wy, kinrt, of course, depend on the choice of
. Notice that {Am kit }mkinrneo € X(H).
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For such constructed parameters, the measure p is a solution of the extended
two-dimensional moment problem considered in the proof of Theorem 3.2. Since
the solution of this moment problem is unique, p will be reconstructed in the
above described manner.

Notice that condition 4) of Theorem 3.2 is equivalent to the following condi-
tions:

(hm,k,l;n,r,t7 hm/,k’,l’;n’,r’,t’)?-[ = (hr'ﬁ,k,l;n,r,ta hrﬁ/,k’,l’;n’,r’,t’)?{u (38)

it m,m’,m,m',n,n € Zy, k,l,r,t, K, U',r',t' € Z: m+m'=m+m/;

(P it o e s o 0 ) = (P T Pt ot ot 034
it m,m/ n,n’ € Ty, ko kL t, K U U0 €T k+ U=k +1;
(P timrts B e s o 0 ) = (B T P o it g 034
it m,m/ non' € Zy, kLt K K U0 ¢ €T I+ K =1+K;
(hm,kz,l;n,’r,ty hm’,k’,l’;n’,r’,t’)’H = (hm,k,l;ﬁ,r,ta hm’,k’,l’;ﬁ’,r’,t’)’}-{a
it m,m/' n,n' nn €Zy klrt,K U7t eZ: n+n =n+n;
(hm,k,l;n,r,t7 hm’,k’,l’;n’,r’,t’)% = (hm,k,l;n,ﬁty hm’7k’,l’;n’,r’,t~’)?{7
if m,m/,n,n' € Zy, k,Lr, 7 t, K U7 ' 0 el r+t =F+1;
(Pan o it Pant ot st 040 = (R g oo T b s 7 07 )4 (3.9)

if m,m/,n,n' € Zy, k,L,r t,t, K, U, 0,7t €Z: t+7r =t+7.

As we can see, the solving of the two-dimensional moment problem reduces to
a construction of the set X (#). Let us describe an algorithm for a construction
of sequences from X (H).

Let {g,}>°, be an arbitrary orthonormal basis in Hg obtained by the Gram-
Schmidt orthogonalization procedure from the sequence {h, » fim.nez . indexed by
a unique index.

Choose an arbitrary j € N. Let w(j) = (m,k,l;n,r,t)(j) € . If we had
constructed {Apn}tmnez, € X(H), then the two-dimensional moment problem
has a solution u and

4y 1= My = e (@ + 04 (1 — i) (wa + ) (w2 — ]2

= [ et DM ) 1 )
R2

Therefore d; are bounded by some constants M; = M,;(S) depending on the
prescribed moments S := {$,,n }mnez, . (Notice that e.g. (z?41)! <1, for I <0,
and for non-negative m, k. [;n,r,t the values of d; are determined uniquely).
Step 0. We set

hm,0,0;n,0,0 = hm,na m,n S Z+. (310)
We check that conditions (2.6)-(2.7) (with h instead of x) and (3.8)-(3.9) are

satisfied for Ap, 0,0:n,0,0, M, € Zg. If they are not satisfied, the two-dimensional
moment problem has no solution and we stop the algorithm.
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Step 1. We seek for hy ) in the following form:

b1y = Z Q1ngn + Braer,
n=1

with some complex coefficients a;.,, 81.1.

Conditions (2.6)-(2.7) (with h instead of x) and (3.8)-(3.9) which include h,q)
and the already constructed Ay, k 1.n.r+ are equivalent to a set L; of linear equations
with respect to ay,,, n € N, and dy = || hy)l3,- Notice that they depend on S,
only by d;. Denote the set of solutions of these equations by

S1 ={(an.n,n € N;dy) : equations from L, are satisfied} .
Set
§1 = {(alm,n € N, d1> € Sl . Z |Oél;n’2 S dl, d1 S Ml} .

n=1

Finally, we set

1
e’} 0 2
G, = Zoél;ngn + (dl - Z |a1;n|2> €1 (al;n,n € N; dl) €S
n=1 n=1

The case G = () is not excluded.
Step r, with r > 2. We seek for A, in the following form:

by = Z QpinGn + Z Br.i€j,
n=1 J=1

with some complex coefficients ay.,,, B;.;.

Conditions (2.6)-(2.7) (with h instead of z) and (3.8)-(3.9) which include Ay,
and the already constructed hq, ; 1.n.r+ are equivalent to a set L, of linear equations
with respect to .y, n € N, B, 1 < j < r—1, and d, = ||hy(r)l|3,, and depending
on parameters (Ruw(1y, hw@), - Pwr-1)) € Gr_1 .

Notice that these linear equations depend on f,.; only by d,. Denote the set of
solutions of these equations by

Sr = {(ar;nan € N§Br;j7 1 S] <r-— 1§dr; hw(l)v hw(2)> ---7hw(r—1)) :
(hw(1ys ()5 -5 Pawr—1)) € Gr_1,

and equations from L, with parameters (hw(l), P2y, - hw(r,l)), are satisﬁed} )
Set

~

Sy = {(ar;mn € N; Brj, 1 < <1 —15dp; huw(r), P2y, - hw(r—l)) S

00 r—1
Z ’Oér;n’Q + Z |6r;j|2 S d7’7 dr S Mr} .

n=1 j=1
Finally, we set
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[ee) r—1
> Crngn+ Y Brges + ( Z i Z W
n=1 J=1

(O&,«;n,n S N;/Br;ja 1 S .] S r—= 1;dr;hw(1)7hw(2)7

(The case G, = () is not excluded.)
Final step. Consider a space H of sequences

h = (hl,hg,h37...), hT EH, TGN,

cm

with the norm given by

e = Sup =

[[r]l3¢ < oo
\/_

For arbitrary (hy, ..., h.) € G,, we put into correspondence elements h € H of the
following form

h=(hy,....hr,Grt1,Grr2, ) 0 g5 €H, gl < /My, j >

Thus, the set G, is mapped onto a set G, C H. If G, = 0, we set G, = 0.
Observe that all elements of G, has the norm less or equal to 1. Set

G= ﬁ G,. (3.11)
r=1

If G # 0, then to each (g1, ¢o,...) € G, we put into correspondence a sequence
9 = { Pk inrt }mktinrpeo such that (3.10) holds and

hao(ry = Gr, r € N. (3.12)
We state that $ € X(H) In fact, conditions (2.6)-(2.7) (with h instead of z)

equatlons 1nclude Py with 7 > 1, then we Choose the max1mal appearing index
r. Since (1), --- hw 7n)) e G,, then this equation is satisfied. Condition 2) is
satisfied by the construction.

Thus, if G # (), then using $) we can construct a solution of the two-dimensional
moment problem in the described above manner.

Theorem 3.3. Let the two-dimensional moment problem (1.1) be given and con-
dition (3.1) holds. Choose an arbitrary model space H with a sequence { N n }m ez, ,
satisfying (3.2) and fix it. The moment problem has a solution if and only
if conditions (2.6)-(2.7) (with h instead of x) and (3.8)-(3.9) are satisfied for
hm,0,0;n,0,0 = hm,n; m,n € Z+, and

G #0,

where G is constructed by (3.11) according to the algorithm.
If the latter conditions are satisfied then to each (g1, g2, ...) € G, we put into
correspondence a sequence $ = { M k. inrt } (mokim,r)eq Such that (5.10) holds and

has(ry == Grs r e N. (3.13)
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This sequence belongs to X (H) and the unique solution of the extended two-
dimensional moment problem with moments (5.7) gives a solution u of the two-
dimensional moment problem. Moreover, all solutions of the two-dimensional
moment problem can be obtained in this way.

Proof. The sufficiency of the conditions in the statement of the Theorem for
the solvability of the two-dimensional moment problem was shown before the
statement of the Theorem. Let us show that these conditions are necessary.

Let 1 be a solution of the two-dimensional moment problem. By Theorem 3.2 the
set X (#H) is not empty. Choose an arbitrary H = {Em,k,l;n,r,t}(m,k,l;n,nt)eﬁ € X(H).
By conditions 3),4) we see that conditions (2.6)-(2.7) (with I instead of x) and
(3.8)-(3.9) are satisfied. In particular, they are satisfied for /ﬁm,0,0;n,0,0 = hpmn,
m,n € L.

Comparing condition 2) with Steps 1 and r for r > 2, we see that

~

(hw(y, ...,ﬁw(r)) € G,, r € N.
Therefore elements
(ﬁwu), ...,/ﬁw(r),grﬂ,gHg, ) € Gy, reN,
where g; € H : ||gj||n < \/ﬁj, for j > r are arbitrary. Thus, the element

fl = (/ﬁw(l),ﬁw(2),ﬁw(3); ) - GT, r € N.

and R
he ()G, =G.
reN
Therefore G # ().

If the conditions of the Theorem are satisfied then to each g = (g1, ¢2,...) €

G, we put into correspondence a sequence §) = H(g) = {hm,k,l;n,r,t}(m,k,l;n,r,t)eﬁ
such that (3.10) and (3.13) hold. Then $) € X(H), as it was shown before the
statement of the Theorem. The sequence $) generates a solution of the extended
two-dimensional moment problem and of the two-dimensional moment problem,
see considerations after the proof of Theorem 3.2.
It remains to show that all solutions of the two-dimensional moment problem can
be obtained in this way. Since elements of X (#) generate all solutions of the two-
dimensional moment problem (see considerations after the proof of Theorem 3.2),
it remains to prove that

{9(g): g€ G} =X(H). (3.14)
Denote the set on the left-hand side by Xi. It was shown that X; C X(H).

On the other hand, choose an arbitrary $ = {?Lm,k,lm,r,t}(m,k,lm,m)eg € X(H).
Repeating the construction at the beginning of this proof we obtain that

h := (hw(l), hw(g), hw(g), ) € G.
Observe that L
H(h) = 9.
Therefore X (#) C X; and relation (3.14) holds. O
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Remark 3.4. The truncated two-dimensional moment problem can be considered
in a similar manner. Moreover, the set of indices of the known elements h,, ,, will
be finite in this case and therefore equations in the r-th step of the algorithm
will form finite systems of linear equations. Thus, the r-th step could be easily
performed using computer.

Remark 3.5. Consider the following system of r linear equations:

1

1
:Ul 1

2

Atz | = 77|, (3.15)
' 7!

where A' = (a} ;)1<i<rjen is a given complex numerical matrix, f!, 1 <i <r, are

given complex numbers, and z;, j € N, are unknown complex numbers; r» € N.
The Gauss algorithm allows to solve this system explicitly. Let us briefly

describe this.

Step 1. If A' = 0 then the algorithm stops. Conditions of solvability and the

set of solutions are obvious in this case.

If A % 0, let my-th column of A! be the first non-zero column of A!. Inter-

changing equations we set the non-zero element of this column in the first row

and divide this equation by this element. Then we exclude x,,, from the rest of

equations. We get the following system:

2 2 g2

Ty Q1 1 Tmi+1 T A1 0 Tmy 42 + o = I
2
s

Tmi+1 f2
3
A% | Tmt2 | = .

) (3.16)
f?

where A% is a given complex numerical matrix with » — 1 rows, f?, 1 <i < r,

and aij, 7 > my + 1, are given complex numbers.

Then we repeat the same construction for the linear system (3.16). After a

finite number of steps the algorithm stops. Then we exclude x,,,, Zm, ,,-.., Tm,
from the previous equations (t < 7).
Thus, the numbers x;: j # my,mg,...,m; can be chosen arbitrary such that the
corresponding series in (3.15) converge, and x,,,, Tp,, -, Tm, are defined uniquely.
If t < r, we additionally have the solvability conditions which follow from (3.16)
in the last step.

Observe that if we have an infinite number of equations in (3.15), we can

choose an increasing number of equations and then construct the intersection of
the solution sets.

A modified algorithm. Notice that in Theorem 3.3 the correspondence between
the parameters set G and solutions of the two-dimensional moment problem is not
necessarily bijective. The algorithm may be modified to make this correspondence
one-to-one. The following modified algorithm is more complicated. If we only
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need to check the solvability or the bijection is not necessary for our purposes,
we can use the original algorithm.

First, condition 2) of Theorem 3.2 may be replaced by the following more precise
condition:

2) Set A :=={r e N: (hy@),e) > 0}. Then

hory € Ho @ ( @ H; ) and (hy(@),e,) >0, 7€ N. (3.17)

JEA: 1<j<r

The necessity of this condition was shown before Theorem 3.2, while condition 2)
was not used in the proof of the sufficiency of Theorem 3.2.

As before, we denote a set of sequences {fum iin,rt}(m kim,ri)eq, in H satisfying
conditions 1)-4) of Theorem 3.2 by X = X (). Observe that the modified X
is a subset of the original one. The same arguments show that the new X (H)
generates all solutions of the two-dimensional moment problem, as well.

Step 0 and Step 1 of the algorithm will be the same as before.

We set

Ho@(@”f{), HE ={heH": (her) >0}, ke N.

1<5<k

In the r-th step we shall proceed in the following way (r > 2).
Choose an arbitrary (1), hw(2), - Pwr-1)) € Gr—1. Observe that by the con-
struction in the (r — 1)-th step we have

hoiy € or hyyy € HY,  1<k<r—1 (3.18)
Set
Sy ={5=(s1,82,...,8.-1) 1 s;,=1lors; =0, 1<j<r—1}
and
H. = {(h1,hg, s he1) s hy € MV ifs; =0, by e HY if s;=1; 1 < j <r—1},

se S
Observe that S, is a finite set of 2"~! binary numbers. By (3.18) we obtain that
(hw(l)y hw(g), e hw(r—l)) € Gr—l N Hg, for some s€ S".
Set
Fr—1,§ =G,_1 N Hg, ses".
Notice that
Loovg N =0, 5,5 €57,

Grfl = U Frfl,é’-

sesr
Choose an arbitrary 5°€ S". We seek for A, in the following form:

and

hw(r) = Z ar;ngn + Z Bm'ej + Bm«er, (319)

1<j<r—1: s;=1

with some complex coefficients .y, Br.j: B > 0.
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Conditions (2.6)-(2.7) (with & instead of z) and (3.8)-(3.9) which include hy,y and
the already constructed Ay, i 1.0+ are equivalent to a set L, (s) of linear equations
with respect to i, n €N, 8,5, 1 < j<r—1: s; =1, and d, = ||hy()||3,, and
depending on parameters (Ruw), Puw@)s - hwer-1)) € Tro15 -

Notice that these linear equations depend on f,,; only by d,. Denote the set of
solutions of these equations by

ST(§> = {(ar;n,n € N;ﬂr;j, 1 S] <r-— 1: S; = 1;dr; hw(l)th(Q)a ceey hw(r—l)) :
(Mwa)s P2y -+ uwr-1)) € Troris,
and equations from L, (5) with parameters (hy 1), Puw(2), s Pw@r—1)), are satisﬁed} .
Set R
5.
= {(arm,n €N; By, 1 <j<r—1: s;=1;d;; hya), hwe), - hw(r—l)) € S,(38):

[e.e]

Z ‘Ozrm‘z + Z ’/BT‘;j|2 S dra dr S Mr

n=1 1§j§r—1: S]'Zl

Finally, we set

G (8) = { (huwr), P2 - Paogr—1),

Z Qringn + Z Brije; + | dr — Z |trn|* — Z 1Br* | e
n=1 n=1

1<j<r—1: s;=1 1<j<r—1: s;=1

[NIES

(ozml,n eEN; B, 1 <j<r—1: s;=1;d,; Ps(rys Pow(2)s -+ hw(r—l)) € S’\r(g)} .
The case G,(5) = 0 is not excluded.

We set
G, =] G.(3). (3.20)
sesr
The final step is the same as for the original algorithm. Thus, we obtain the set
G.
To each g = (g1, g2, --.) € G, we put into correspondence a sequence $) = H(g) =
{ Pk inrt Fomok it o such that (3.10),(3.12) hold. We state that $(g) € X (H).
Observe that the set G, in (3.20) is a subset of G, for the original algorithm.
Therefore the set G is a subset of G for the original algorithm. Thus, $(g)
belongs to the old X(H). To show that it belongs to the modified X (#) it
remains to verify (3.17). Observe that (hwa), Puw@)s - hwr)) € Gr(5), for some
§ € S”. The condition (hy),e,) > 0 follows from the construction of Ay, in the
r-th step. Set
Ao(r) _:{ {1<j<r—1:s=1}Ur, if (hyp),e) >0
0 {1<j<r—1:s;=1}, if (hyp),e)=0 "

By (3.19) we get

w(r)

Iy € Ho @ @ H;

JEAo(r)
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Thus, it remains to verify that Ag(r) = {j € A: 1 < j <r} =: A(r). But for
1 <j <r—1, conditions s; = 1 and (hy(;),e;) > 0 are equivalent. Consequently,
we obtain $(g) € X (H).

Theorem 3.3 remains true if we replace words ”according to the algorithm” by
the words ”according to the modified algorithm”, and add the following sentence:
"The correspondence between elements of G and solutions of the two-dimensional
moment problem is bijective”. Let us check this last assertion (and the rest of
the proof is similar).

The correspondence between G and X (#) is obviously bijective. Let $); =

{hzn,k,l;n,r,t}(m,k,lmﬂ",t)GQ € X(H), j = 1,2, be different: $; # $H2. They pro-
duce solutions p; and o of the two-dimensional moment problem, respectively.
Suppose that j11 = pe = p. Recall that i, is constructed as a solution of the corre-

sponding extended two-dimensional moment problem with moments «’ ,, . =

wij(m,k,l;n,r t), j = 1,2 (see the proof of Theorem 3.2). Here p;(m, k,l;n,r,t)is
from Condition 4) for §);, j = 1, 2. Therefore 1 (m, k,l;n,r,t) = @o(m, k,l;n, 7, t).
By condition 4) of Theorem 3.2 this means that
(h71ﬂ,k:,l;n,7‘,t7 hin’,k’,l’;n’,r’,t’)ﬂ = (hzn,k,l;n,r,ﬁ h%n’,k’,l’;n’,r’,t’)ﬂ’ (321)
for all (m, k,l;n,r,t),(m/, k', I';n/ ;v ') € Q.
Choose the minimal r, » € N, such that
1 2
hw(r) 7é h’w(r)‘ (322)
By (3.10),(3.21) we obtain
Mol pHp2
PHOh’LU(T) — PHoh’u)('l’) —. ho
By condition (3.17) we may write

h"lﬂ(r) = ho + Z 771’,]6] + ,}/7%;7’67"7 771'7] € C7 77};7~ Z Oa
1<j<r—1: (hl

w

(7)€)>0

2 2 2 2 2
Ry = ho + Z Vrij€i T Vers Voyg € €y 7y 20,
1<j<r—1: (hfu(].),ej)>0

Since h}v(j) = hfu(j) =: hy(), 1 <j<r—1, we get
{7:1<j<r—=1, (hyge) >0} ={j: 1<j<r—1, (hi;,e) >0} =A
Therefore
hi(r) = h’O + ng;jej + ’yg;reﬂ fy;“l;j < (Cu ’Yﬁ;r > 07 a = 17 2.
jeR
Suppose that there E}\Xists J € A such that %};j + vf;j. Let jo be the minimal such
index j. Since jo € A, we get
Cjo = (hw(jo)vejo) = (hi(jo)vejo) >0, a=1,2,
and
hw(jo) = Gjo€jo + Ujo—1,  Ujp—1 € HOL
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Then
1

€jo = C_,(hw%) — Ujp—1);
Jo
and

a a 1 a
Yrijo = (hw(r)7 ejo) = C:(h’w(r)a hw(jo) - ujo—l)

Jo

Lo L.
= :(h’w(r)7 hw(jo)) - :(h’w(r)7 Uj0_1>
jo Cio
1 a 1 a
= C:( w(r)? hw(jo)) - C:(ho + Z ’77’;]'6]'7”]'0—1)‘
Jo JO

jeR:i<jo
By (3.21) and our assumption about j, we obtain fy?}; o = fyf; jo- This contradiction

means that %1;3’ = %?;j, Vj e A. Therefore
Py = h+ Yy Crs he H Yo =0, a=1,2.

Observe that R
1R 12 = [12]]* + |, a=1,2.

By (3.21) we conclude that v;, = 77,. Therefore h,,, = h2 . We obtained

a contradiction with (3.22). The proof of the last assertion for the modified
Theorem 3.3 is complete.

4. ON A CONNECTION WITH THE COMPLEX MOMENT PROBLEM.

In this section we shall analyze the complex moment problem: to find a non-
negative Borel measure ¢ in the complex plane such that

/ 22O = Qs m,n € Zy, (4.1)
C
where {apmn}mnez, is a prescribed sequence of complex numbers.
Recall the canonical identification of C with R?:
z=x + 298, 11 = Rez, 1y =Imz, 2z€C, (z1,12) € R

Let o be a solution of the complex moment problem (4.1). The measure o, viewed
as a measure in R?, we shall denote by j,. Then

z+z2\" (z—2\"
mun — T'ayd o — - d
o /RQ%%M /<c< 2 ) (22> 7

1 N ™mn n—j i—m—k+n—j
~ 2m(20) >0 Crei(=1) ]/Zkﬂz Hdo
k=0 j=0 C
1 S - n—joomem
— 2m(2i)n 2D ()G C ki,
k=0 j=0
where C}} = ﬁlk), Then

Ampn = / Z"Z"do = / (Q}l + ixg)m(l’l — ’il’g)nd/ﬁg
C R2
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=YY crap-u [ et
]RQ

m
_ m,n n—Il m—r+n—I .
- Z Cr C(l (_1) t Sr4lm—r4n—1;

r=0 [=0

and therefore

Um,n = Z Z C(;ncln(_1)n_lim_r+n_lsr+l,m—r+n—l7 m,n € Zy, (4.2)

r=0 1=0
where
1 m n .
Smn = G SN (1) ICrCR ks jmtin—gy MM E Lo (4.3)
k=0 j=0

Since u, is a solution of the two-dimensional moment problem, then conditions
of Theorem 3.3 hold.

Theorem 4.1. Let the complex moment problem (4.1) be given. This problem
has a solution if an only if conditions of Theorem 3.3 and (4.2) with sy, ., defined
by (4.3) hold.

Proof. Tt remains to prove the sufficiency. Suppose that for the complex moment
problem (4.1) conditions of Theorem 3.3 and (4.2) with s,, , defined by (4.3) hold.
By Theorem 3.3 we obtain that there exists a solution p of the two-dimensional
moment problem with moments s, .

The measure p, viewed as a measure in C, we shall denote by o,. Then

/ zmindau = / (ZL‘l + i{lj’g)m<l'1 — ZCL’Q)nd,LL
C R2

_ Z Z C;ncrln(_l)n—l / x§+l<ix2)m_r+n_ldﬂ

r=0 1=0 R?
= Z Z C;nCln(_1)nilimiﬂrnilsr—i-l,m—r—l—n—l = Gmn,
r=0 1=0
where the last equality follows from (4.2). O

Theorem 4.2. Let the complex moment problem (/.1) be given and conditions
of Theorem 5.3 and (4.2) with sy, defined by (4.3) hold. Let ¥ be a set of all
solutions of the complex moment problem (4.1) and ® be a set of all solutions of
the two-dimensional moment problem (1.1) with S, , defined by (4.3). Then

U={o,: neod}
Therefore all solutions of the moment problem (/.1) are described by Theorem 3.3.
Proof. The proof is straightforward. OJ

Of course, this Theorem holds for the modified version of Theorem 3.3, as well.
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