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AND ITS CONNECTION WITH A CERTAIN NONLINEAR
DIFFERENTIAL EQUATION IN WEIGHTED VARIABLE
LEBESGUE SPACES
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ABSTRACT. In this paper a two weight criterion for multidimensional geomet-
ric mean operator in variable exponent Lebesgue space is proved. Also, we
found a criterion on weight functions expressing one-dimensional Hardy in-
equality via a certain nonlinear differential equation. In particular, considered
nonlinear differential equation is nonlinear integro-differential equation.

1. INTRODUCTION AND PRELIMINARIES

It is well known that the variable exponent Lebesgue space appeared in the lit-

erature for the first time already in [18]. Further development of this theory was
connected with the theory of modular function spaces. The first systematic study
of modular spaces is presented in [17]. In the appendix, Nakano mentions explic-

itly variable exponent Lebesgue spaces as an example of more general spaces he
considers. Somewhat later, a more explicit version of these spaces, namely mod-

ular function spaces, were investigated by many mathematicians (see [16]). The
next step in the investigation of variable exponent spaces was given in [19] and
in [11]. The study of these spaces has been stimulated by problems of elasticity,

fluid dynamics, calculus of variations and differential equations with non-standard
growth conditions (see [7]). Recently in [I] was investigated converse theorems
of trigonometric approximation in variable exponent Lebesgue spaces with some
Muckenhoupt weights.
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Inequalities are one of the most important instruments in many branches of
mathematics such as functional analysis, theory of differential and integral equa-
tions, interpolation theory, harmonic analysis, probability theory etc. They are
also useful in mechanics, physics and other sciences. It is well known that the clas-
sical two weight inequality for the geometric mean operator is closely connected
to the one-dimensional Hardy inequality (see [9]). Analogously, the Pélya-Knopp
type inequalities with multidimensional geometric mean operator is connected
with multidimensional Hardy type operator. In the paper [¢] the connection
of the Hardy inequality with a nonlinear differential equation having a solution
with certain special properties was considered. Therefore, the consideration of
this problems in variable exponent Lebesgue space is actual.

Let R™ be the n-dimensional Euclidean space of points © = (z1,--- ,,) and

1/2

n
2 be a Lebesgue measurable subset in R™ and |z| = (Z 7 . Suppose that
i=1
p is a Lebesgue measurable function on ) such that 0 < p < p(r) < oo, p=
ess inf,eq p(x) and w is a weight function on €2, i.e. w is a non-negative, almost
everywhere (a.e.) positive function on 2. The Lebesgue measure of a set €2 will

be denoted by |€2|. It is well known that |B(0,1)| = ﬁ, where B(0,1) =
2

{z € R"; |z| < 1}. Further, in this paper all sets and functions are supposed to be

Lebesgue measurable. By AC(0, oo) we denote the set of absolutely continuous

functions on (0, co). For the sake of simplicity, the letter C' always denotes a

positive constant which may change from one step to the next.

Definition 1.1. By L) . (£2) we denote the set of measurable functions f on (2
such that for some \g > 0

/ (|f<xyow<x>>p“) di < o0,

Note that the expression

p(z)
de <1

: f(z)w(z)
waHpr)(Q) = ||f||Lp(»),W(Q) =inf ¢ A>0: /‘f

Q

defines a quasi-Banach spaces. In particular, for 1 < p(z) < oo the space
Ly),.(§2) is a Banach function space (see [7]) with respect to the expression

For w = 1 the space Ly;)w(2) coincides with the variable Lebesgue space
Lp(a)($2).
We reduce two examples which characterize the norm of this space.

2 for xeQ

5 for wenrm\q MAfEL(FE)Ls (7).

Example 1.2. Let p(z) = {
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We calculate || f||z, - By the definition we have

f(x f(@)[
Hf”L(T)R” lnf )\>0 \/\‘T T dl'§1 -
Q R™\Q
:inf{)\>0: F+ﬁ<1}:inf{)\>0: Mgy A—ay >0},

where a; = / f3(z) dov and ay = / |f(z)|* dz. Now we solve the inequality

RM\Q
A —a N —as >20 Wg consider three different cases.
a; ay
Case 1. Let Z — 2—7 > (0. Then the cubic equation A\*> — a; A — as = 0 has
sla 2 3
. 2 a; 4
one real root and two complex conjugate roots. Namely, \; = {/ — —i— Z ~ 97

¢ IR O St e e
57 = and

— \o. It is obvious that )\3 —a1 A —as = (A= \p) ()\2 —I— AL A+ (A ) and \? +
)\1 A+|Xo|* > 0 for all A € (—o0, +00). Therefore the inequality A —a; A—ag > 0
holds if and only if A > \; and

2 3 2 3

_ G2 G 4 §lb2 (4 &

1z ey ) = \/2 V1 ot \/2 Va o7
a a Lja e 2
Case 2. Letz 27—0 Then \? —CL1>\—CL2=</\—2 2><)\+ 2)

and the inequality A* — a; A — as > 0 holds if and only if A > 2 f’/% and

a2

Hf”Lp(z)(R") =29 =
a a
Case 3. Let ZQ — i < 0. Then the equation \*> — a; A — ay = 0 has three dis-
tinct real roots. We denote by «y, as and ag the roots of this equation. By
Viete’s formulas one root of this equation is positive and two roots are neg-
ative. Let a; > 0. Then \* —a; A —ay = (A — ay) ()\2+a1)\+a%—a1) =0,
—oq ++/4da; — 3} —ayp —/4da; — 33
, Qg = and /a; < g < Vaq
5 3 5 1 1 \/—

It is obvious that as < ap < ;. Therefore the inequality A*> —a; A —as > 0 holds

if and only if A € [as, as]|J[a1,00) and by the definition of the norm we have
A > «aq. Thus, ||f||Lp(I)(Rn) = .

g =

Example 1.3. Let n =1, 2z € [1, 00), p(z) =2 and f(x) =
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We calculate 1]z, (1,00))- We have

. T 1
||1||Lp(m) ([Lo0)) = inf ¢ A >0 /de <1
1

o r1 1
It is obvious that/ﬁdx—)\ln)\ if A>1 and
1
inf )\>0'/1d <1P=inf<A>1: 1 <1 —'f{)\>1-)\’\>}
in : = T < =1in LT S =in : >el.

Thus, H1|’Lp(x>([1,oo)) =1,7712---
In [2] the following theorem is proved.

Theorem 1.4. Let 1 < p < p(z) < qy) <7 < oo for allz € Q C R" and
y€ Qo CR™ Ifpe C(£y), then the inequality

p 4—p
<(5+"5)
a(22)  \¢q q

is wvalid, where q¢ = ess qu( ), ¢ = esssupq(x) and C () is the space of
Q,

SR

([

112,000,

Lp( (1)

continuous functions in () and f Q1 xQy = R is any measurable function such

that
: 172, ) g0 N
1 llassll, g, =t { >0 /(LLjﬁwz. de<1b oo
951
Let Hf(x / f(y)dy, where f > 0 and B(0, |z|) = {y € R™; |y| < |=|}.

lyl<l|z|
Now we formulate the criteria on boundedness of multidimensional Hardy type
operator in weighted variable Lebesgue spaces. In [3] the following theorem is
proved.

Theorem 1.5. Let q(-) be a measurable function on R", 1 < p < q(z) < g < o0
and p' = Ll Suppose that v and w are weights on R™. Then the inequality
p _—

L, o < C ML, o (1.1)
holds, for every f > 0 if and only if there exists a € (07 1) such that

o 1-—a

p’ o’

Aapg)=swp | [ o) dy [ v dy < 0. (12)

t>0

yl<t yI<||
Lq(A)7w(‘£E|>t)
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Moreover, if C > 0 is the best possible constant in (1.1) then

p' Ao, p,q)
sup

Osast (1 - Oé) [(%)p + oe(pl—l)

2
qg—p\? A
(P ap) gy Alera)
q q 0<a<l (1 _ a)l/l?

<0<
]l/p

Remark 1.6. Note that Theorem 1.5 in the case n = 1, ¢(x) = ¢ = const for x €
(0,00) and o = Zj (1 < s < p) was proved in [20] and in multidimensional Hardy
type operators it was proved in [3]. Two-weighted criterion for one-dimensional
Hardy operator in weighted variable Ly ) ([0, 1]) spaces was proved in [13]. Note
that Theorem 1.5 in the case n = 1, p(x) = p = const q(x) = q¢ = const for

x € (0,00) was proved in [1], [15] and etc.

2. MAIN RESULTS

We consider the multidimensional geometric mean operator defined as

1

Iy In f(y)dy |,
1B(0, |z[)| /
B(0, |z)
where f > 0 and |B(0, |z|)| = |B(0,1)| |z|™. It is obvious that G (f; - f2) () =
Gfi(z) - Gfax).
Now we formulate a two-weight criterion on boundedness of multidimensional
geometric mean operator in variable Lebesgue spaces.

Gf(x) =exp

Theorem 2.1. Let q(-) be a measurable function on R" and 0 < p < ¢q(z) <g<
00. Suppose that v and w are weights on R™. Then the inequality

161, iy < C 11y (2.1
holds, for every f > 0 if and only if there exists s € (1,p) such that
D(s,p.q)
s—1
=sup |B(0,8)] 7 ||—2Y+ exp (ﬁ i lnﬁdy) < 00.(2.2)
t>0 | B(0,]-])] B(0,]]) Ly (2/>1)

Moreover, if C' > 0 is the best possible constant in (2.1), then

s

s _ 2
< D(s,p,q) <C < (E + @) infe’s D(s,p,q).

sup
g q s>1

e )

-1
Proof. Let a = 8—1, where 1 < s < p. We replace f with f%, v with v#, w with

wh(z) j
B[]

,0 < B <p,and p with % and ¢(x) with % in (1.1), (1.2). We find
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p
that for 1 < s < =

8

|

= I 80\ d
Lag(y/s(R™) |B(0,]-])] / [ (y) dy

Lg(y, w(B™)
B/p

<Ca| [ty dy

n

Then the inequality

/8

m / FP(y) dy ch/ﬁ /[f(y)v(y)]pdy (2.3)
)

B(0, ||

holds if and only if

Lg(y, w(lz>1)

and

Sup B BB (S,p,q,ﬁ) < Cg
1<s<? ( p )54—#

28
P

p=8

p q_p . p—ﬂ P
< |=4+— inf < ) B% (s,p,q, ), 54
(Q q ) l<s<b p—sf3 (s,p,4,5) (2.4)

Bp
1 Bp
lim | ——————— / v(y)| 7P dy
= o ) Y

lyl|<|=|
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pIn gy + (P = fs) In (f [v(y)]—p‘i’}ady>
= lim exp |yl <lz|

B——+0 pp

(»— Bs) (#)2 J @) 7 s dy

ly|<|z|

= lim exp - / [v(y)]f%dy +

p—+0 P p [ )] 7 dy
vl<lel |y\<f\w|
ln%dy
= exp fln 1 +\y|<|w| ) _ 1 ~ exp 1 / lnidy
p B0, |z])] |B(0, |=|)| |B(0, |=|)|» |B(0, IxI)IB(OI ) v(y)
Therefore
lim B
Jm (s,p,q,0)
) 1 1
= sup | B(0,1)| 5 €xp In — dy
>0 1B(0,]- ]| B0, [ -)] v(y)
B(0,}-)) Locy (l21>1)
D(s,p,q) < o0
and

s 2

er /8 (P q-— ]9
< L - P
sslili) o1 )1/pD(s,p,q) ,5111200 ( + ) guie D(s D, q).(2.5)
s—1

Further, we have
1/8

1 1
i ey / FPldy | =exp | / In f(y) dy
g=+0 | [B(0, |z])] | B(0, [x])]
B(0, =) B(0, |z])
2.4) implies i = i 2.2 2.5) lim C}/°
Formula (2.4) implies 51220 Cjs =1, and according to (2.2) and (2.5) ﬁlinjo Cy

= (' < oo. Therefore the inequality (2.3) is valid. Moreover, from (2.3) for
B — +0 we obtain

Gy wmmy < C AL, )

and by (2.5)
er p a-p
sup —— D(s,p,q) < C < —{——) infes D(s ,
up (et L) (s,p,9) (g - inf (5,0, ).

This completes the proof of Theorem 2.1. O
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Remark 2.2. Let q(x) = q¢ = const and n = 1. Note that the simplest case of

(2.1) with v =w =1 and p = ¢ = 1 was considered in [9] and in [12]. Later on,
this inequality was generalized in various ways by many authors in [5], [6], [10],
[11], [20] and etc.

Corollary 2.3. Let g(x) = q = const, 0 < p < q < oo and let f be a positive
function on R™. Then

1/q 1/p

/[Gf(x)]q!x\”dx <c / () 2P d (2.6)

holds with a finite constant C if and only if

n n
g n P
and the best constant C has the following condition:

1 1_1

s 1 8
1 p(s—1)p a B(0, 1)|a 7 en? ™
o L o | B(0, 1)|z11 ;sup er(s—1) 1/p§C§ |B( )|q c .
\V ng s>1 [(s — 1)es + 1] Un

Remark 2.4. Note that if p = ¢, then the inequality (2.6) is sharp with the
B 41
6"7+5

o

Corollary 2.5. Let z € R", 0 < p < q(z) < oo, q(z) = {

Qe

constant C =

1 for |zl <1
2 for |x|>1,
and let f be a positive function on R™. Suppose that v(x) = 1 and w(z) = |z|°.

Then
1/p
G, ey € Q/ () de

holds with a finite constant C' if and only if

n(g—l)ﬁﬁén(%—%), se<1,1+g]

and the best constant C has the following condition:

s 2
er D q —p 4 X s—1
suppﬁl)/(‘%l’a@gcg (_JFT) 1 1£1f p €7 D'(s,p,q).
1<s<1+% (65 + ;) g ? ST
, 1 n(s—1) ﬁ_ﬁ
where D'(s,p,q) = |B(0,1)|"» supt » H|'| ’
>0 Lggy (11>t)

Now we consider an application in the theory of nonlinear ordinary differential
equation. Let L(t,w,y) = Hw y/? , where t € (0,00) and w is a weight

Lq<z)(x>t)
function defined on (0, 00).
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Lemma 2.6. Let 1 < p < q(z) < g < oo. Suppose that wy and ws are weight
functions defined on (0,00). Let the equation

L (t,w2,9) = A (1) (4 ()" = 0, (A>0) (2.7)
have a solution y such that
y(t) >0, y'(t) >0, ye AC(0, o). (2.8)

Then the weighted norm inequality
2
I AN
filyoepom < A (24 T22) il
holds, where uw € AC(0, oco) and u(0) = tliIEOu(t) = 0.
ﬁ

Proof. Applying the Holder inequality we have

ule) = [yt = [wow©) 7 o) @
0 0
< ! t dt ) / ! 7;1/ < i ! / 7; .
<| [vwd| w7, < vor 7,
0
Thus
1 1
o1 < |lws () WO 1l ()7 ’
00 [l GODF I @) o],
A (N
= (2w v @) v
Lp(0,00) Lq(4)(0,oo)

By using Theorem 1.4 we have

Lyp(0,00) ‘ Ly (0,00)

Lq(.) (0,00) Ly(0,00)

N
w (y')

Lq((t,00) Lp(0,00)

1 1
v o

wi (Y)Y ' (y)

L,(0,00)

2
P, q—p\* / A AT
= A _“f‘T) w1 OO:A(—‘FT) U 00)
(g q || ||LP(07 ) g q || ||LP:W1(07 )

This proves the Lemma 2.6. O

o
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Put

K = p'inf sup
>0

! [ ()71 (t,wn . f)
; dt, (2.9
f(x) —a:—p/ftw(f)(s)d / wi (t) (y())1/» (2.9)
o

where P (t,ws,y, f) > 0 for all ¢t > 0, y(t) is a fixed positive solution of equation
(2.7) and the infimum is taken over the class of measurable functions such that

fla) >t [T

0

s forall z>0.

The following lemma gives the relation between the number K and the problem
(2.7), (2.8).

Lemma 2.7. Let A\ > 0 be the number from Lemma 2.6 and let K be given by
(2.9). Suppose that wy and ws are weight functions defined on (0,00) and the
derivative wi(t) ezists for all t € (0,00) and wy(t) > wi(0) > 0.

Then the following statements are equivalent:

(i) if the problem (2.7), (2.8) has a solution with a locally absolutely continuous
first derivative, then A > K;

(i1) if K < 400, then the problem (2.7), (2.8) has a solution for every A > K.

Proof. Assume that (i) holds. Let yo(x) be a solution of (2.7), (2.8). Let us take

d
w = %. Assume that P (¢, ws, yo, w) = _EL (t,ws,y0) = P(t). It is obvious that
0
P(t) > 0 for all ¢ > 0. Then by virtue of (2.7) w is a positive solution of the

equation

o P w) | p(wt) PP
w'(t) = e +M1(t) O 1. (2.10)

Hence (2.10) implies

e fEE ) Y )P
w(t)Z/w(s)dS—p / ds + 0/w1(5) PG ds +t.(2.11)

From (2.11) implies that

t
/ 1/p'+1 P
A > P (w(s)) () 4 (2.12)
Lt () w(s) wi(s) (yo(s))"?
w(t) —t—p' [ =55 dso ’

From (2.11), (2.12) and (2.9) it follows that A > K and the proof of (i) = (i) is
complete.
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Assume now (i7) holds. Let us fix A > K. By the definition of K there exists
a measurable function f(z) such that

y W ;o 1/p'+1
fl)>z+p / % dt + %/ g(;t))) (y(t);)/(;) dt. (2.13)
Let us define a sequence w,(x) by setting
wo(z) = f(x),
[ waals) L P ) P
wy(x) =2 +p /T(S) ds + %/ () )" dt, (2.14)

where Py(t) = P(t) and P,(t) > 0 for all n € N. From (2.13) it follows that
wo(x) > wi(x). We put w,_1(x) > w,(z) and let P,(t) be decreasing sequences
with respect to n on (0, 00), where n € N. Then

x x

/Xwnﬂﬂfﬁﬂfz1@dt>/WwM®fW“FMﬂdt
wi(t) (y(t)"" T @) )"

and

wi($)

wn(x> —’wn+1($) > p//wi(s) (wn—1(8> — wn(s)) ds

T

> inf (wnl(S)—wn(S))/

s€(0,00)
0

() ds = inf (w,_1(t) —w,(t)) In ()

> 0.
w(s) t€(0, 00) w(0) —

Since wy,(z) > 0, the sequence (2.14) converges. We denote its limit by w(z).
By the Levi monotone convergence theorem it follows that w is a nonnegative
solution of the equation

T

wiz) =2+ / wit)wit) ., v / (w(t)/P" 1 P(t) "

/) A ) (ye)”
where P(t) = lim P,(¢). Hence, w is absolutely continuous and satisfies the equa-
n—oo
tion
) =14 PAE0E) P @) PG
wi(z) A wi(z) (y(@)"
Therefore the function
[t
yo(z) = eafw(t) (a be fixed in (0,00))
satisfies the problem (2.7), (2.8).
This completes the proof of Lemma 2.7. 0

Thus, we have the following
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Theorem 2.8. Let 1 < p < ¢q(r) <G < o0 and K < +00. Suppose that wy and

wy are weight functions defined on (0,00) and the derivative wi(t) exists for all

t € (0,00) and wyi(t) > wi(0) > 0. Then the following statements are equivalent:
a) there is a positive solution of the equation

L (t, w2, ) — A (t) (' (£) 7 =0,

y(t) >0, ¥'(t) >0, y € AC(0, 00),

where A > 0;
b) the weighted norm inequality

||u||Lq(~),w2 (0,00) S CO ||U, || Lp,wl (0,00)

holds, where u € AC(0, o0), u(0) = tlirJrrlou(t) =0 and Cy > 0 is independent of
—
u.

Remark 2.9. Note that for g(x) = ¢ = const and 1 < p < ¢ < oo Theorem 2.8
was proved in [8] and the proof of Theorem 2.8 is based on the paper [3].
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