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ON THE SUZUKI NONEXPANSIVE-TYPE MAPPINGS
ANNA BETIUK-PILARSKA AND ANDRZEJ WISNICKI*

ABSTRACT. It is shown that if C' is a nonempty convex and weakly compact
subset of a Banach space X with M (X) > 1 and T : C — C satisfies condition
(C) or is continuous and satisfies condition (Cy) for some A € (0,1), then T
has a fixed point. In particular, our theorem holds for uniformly nonsquare
Banach spaces. A similar statement is proved for nearly uniformly noncreasy
spaces.

1. INTRODUCTION

Let C' be a nonempty subset of a Banach space X. A mapping T": C — X is
said to be nonexpansive if

[Tz =Tyl < [lz -y

for z,y € C. There is a large literature concerning fixed point theory of non-

expansive mappings and their generalizations (see [13] and references therein).
Recently, Suzuki [20] defined a class of generalized nonexpansive mappings as
follows.

Definition 1.1. A mapping 7" : C' — X is said to satisfy condition (C) if for all
z,y€C,

1 . .
5 llz = Tall < lz —y| implies [|T2 - Ty|| < [z —yl|.
Subsequently the definition was widened in [10].
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Definition 1.2. Let A € (0,1). A mapping T : C' — X is said to satisfy condition
(C)) if for all x,y € C,

Mz =Tzl <[lz -yl implies [Tz — Tyl < [lz -yl

It is not difficult to see that if Ay < Ay then condition (C,) implies condition
(C),). Several examples of mappings satisfying condition (C)) are given in [10, 20].

Two other related generalizations of a nonexpansive mapping have been pro-
posed in [1] and [17]. Recall that a sequence (x,) is called an approximate fixed
point sequence for T (afps, for short) if lim,, o || T2, — x| = 0.

Definition 1.3 (see [I, Def. 3.1]). A mapping 7' : C' — X is said to satisfy
condition (x) if
(i) for each nonempty closed convex and T-invariant subset D of C, T has
an afps in D, and
(ii) For each pair of closed convex T-invariant subsets D and E of C, the as-
ymptotic center A(E, (x,)) of a sequence (z,,) relative to E is T-invariant
for each afps (z,) in D.

Definition 1.4 (see [17, Def. 3.1]). A mapping 7' : C — X is said to satisfy
condition (L) if
(i) for each nonempty closed convex and T-invariant subset D of C, T has
an afps in D, and
(ii) For any afps (z,,) of T in C and for each = € C,
limsup ||z, — Tz| < limsup ||z, — z|| .
n—oo n—oo

It is easily seen that condition (L) implies condition (x). One can also prove
that condition (C') implies condition (x) (see [20, Lemma 6]) and if T : C' — C
is continuous and satisfies condition (C) for some X € (0, 1), then T has a fixed
point or satisfies condition (L) (see [17, Theorem 4.7]). A natural question arises
whether a large collection of fixed point theorems for nonexpansive mappings has
its counterparts for mappings satisfying conditions (C)), (L) or (x). This is a non-
trivial matter since some constructions developed for nonexpansive mappings do
not work properly in a general case.

Let C' be a nonempty convex and weakly compact subset of a Banach space X.
It was proved in [20] that every mapping T : C' — C which satisfies condition (C)
has a fixed point when X is UCED or satisfies the Opial property, and in [3], when
X has property (D). The above results were generalized in [17] by showing that if
X has normal structure, then every mapping 7" : C' — C satisfying condition (L)
has a fixed point. In particular, every continuous self-mapping of type (C) has a
fixed point in this case. For a treatment of a more general case of metric spaces
and multivalued nonexpansive-type mappings we refer the reader to [7] and the
references given there.

Our paper is organized as follows. In Section 2 we prove that the mapping
T, = (1 —~)I +~T, where v € (0,1) is uniformly asymptotically regular with
respect to all z € C and all mappings from C' into C' which satisfy condition (C,).
We apply this result in Section 3 to prove basic Lemmas 3.3 and 3.4. In Section 4
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we are able to adapt the proof of [18, Theorem 9] and strenghten the result. As a
consequence, we show that if C' is a nonempty convex and weakly compact subset
of a nearly uniformly noncreasy space or a Banach space X with M (X) > 1, then
every mapping 7' : C' — C which satisfies condition (C') and every continuous
mapping 7' : C' — C which satisfies condition (C)) for some A € (0,1) has a
fixed point. In particular, our theorems hold for both uniformly nonsquare and
uniformly noncreasy Banach spaces. In the case of uniformly nonsquare spaces
it answers Question 1 in [3].

2. ASYMPTOTIC REGULARITY

Recall that a mapping 7' : M — M acting on a metric space (M, d) is said to

be asymptotically regular if

lim d(T"z, T""'z) = 0

n—oo
for all x € M. Ishikawa [I1] proved that if C' is a bounded convex subset of
a Banach space X and T : ' — C is nonexpansive, then the mapping T, =
(1 =) +~T is asymptotically regular for each v € (0, 1). Edelstein and O’Brien
0] showed that T, is uniformly asymptotically regular over z € C, and Goebel and
Kirk [12] proved that the convergence is uniform with respect to all nonexpansive
mappings from C into C. The Ishikawa result was extended in [20, Lemma 6| for
mappings with condition (C') and in [10, Theorem 4] for mappings with condition
(C)). In this section we prove the uniform version of that result. The proof follows
in part [0, Lemma 1].

Theorem 2.1. Let C' be a bounded convex subset of a Banach space X. Fiz
A€ (0,1),y € [\ 1) and let F denote the collection of all mappings which satisfy
condition (Cy). Let To, = (1 — ) +~T for T € F. Then for every ¢ > 0, there
exists a positive integer ng such that HT;‘“x — T;’x” < ¢ for everyn > ng,x € C
and T € F.

Proof. Without loss of generality we can assume that diam C' = 1. Suppose,
contrary to our claim, that there exists 6 > 0 such that

(Vng > 0) (3n > ng,z € C,T € F) | T7H e — Tx|| > 6. (2.1)

Fix a positive integer M > 2/§ and let L = (W} denote the smallest integer

wr- Then, by (2.1), there exist N > ML,zo € C and T € F

not less than ———
y(1—=v)

such that
||T,£V+1"E0 - TWN?L‘()H Z 0.

Let x; = T!xo. Since
A
MTzioy — il = ;HTv-fz‘—l — x| < la — 2],

i=1,2,..., and T satisfies condition (C)), we get

|T2; — T || < f|og — 24|
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and hence
|Tyws — Ty || < (1 —)[Jos — zia|| + Y| T2 — Ty || < g — 24|

for every positive integer 7. Thus

|21 = @ol| 2 lzz — @1l = ... = |lans —an][ 20 (22)
and
1—
2= a0 - 2220 = )| = W Toal < o=l @23
foralli=1,2,..., N. We can now follow the arguments from [(]. Notice that

[0,1] cU [bi, b + (1 — 4)M],

where b; = 6 + (i — 1)y(1 — v)™. Since {||zaris1 — Tasl| : 0 <i < L} has L +
1 elements which belong to [§,1] by N > ML and (2.2), it follows from the
pigeonhole principle that there exists an interval I = [b,b+~(1 —~)M] with b > ¢
and 0 < 4y < iy < L such that [|zy,01 — Tariy s |€0sie1 — Zari,|| € 1. Hence by
(2.2),

‘|xi+1_$i’| el for Z:Mll,MZ1+1,,M22 (24)
In particular, ||zxipm+1 — Tran| € I, where K = Mi;. Select a functional
f € Sx« such that
fxrim — Txnm) = |Triar — Trepul] > 0.
Then (2.3) and (2.4) imply
1 1-—
;f($K+M+1 — Trim) — Tf($K+M — TRyM-1)
-y
< ;(ZEK+M+1 — Tr4M) — (Tk4m — Trym—1)
< Nwkemr — trsn—| <b+v(1—)Y,
so that b1
o Tf(fEK+M —rrimo1) <b+y(l =M
and hence
f@ram — Tron—1) = b=~ (1 —y)M
Similarly,
1 1-—
b+ (1—y)My > 7f(ﬂCKJrM — TRM-1) — Tf(IKJrM 1 — TK4M-2)
1 1 1-—
— <b — (1=m)My? < )) — L ekt — Triara),
7 -y g
and hence
1 1
_1— o) > b— (1 —7)My2 >b—(1—~)M2
i = o) 2 b= (=" (2 4 o ) 20-(-9)

In general, ‘
F@rinis = Trpn—) 2 b =1 —7)"
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forall?=0,1,..., M. Thus

frrims1) > f(eganm) +0
> f(xginmi1—i) +ib—~y((1 — 7>M—1 +o+ (1= 7)M-s-l—i)

> f(rrp) + Mb—((1 ="+ + (1 —7)
> f(wgs1) + Mb—1.

But b > § implies that Mb > M > 2, and so || g pi1 — i1l = f(@ximo—
Try1) > 1 contradicting the assumption that diam C' = 1. U

3. BASIC LEMMAS

Let C' be a nonempty weakly compact convex subset of a Banach space X
and T : C — C. It follows from the Kuratowski-Zorn lemma that there exists
a minimal (in the sense of inclusion) convex and weakly compact set K C C
which is invariant under 7'. The first lemma below is a counterpart of the Goebel-
Karlovitz lemma (see [11, 16]). It was proved by Dhompongsa and Kaewcharoen
[2, Theorem 4.14] in the case of mappings which satisfy condition (C), and by
Butsan, Dhompongsa and Takahashi [, Lemma 3.2] in the case of mappings
satisfying condition (*). Denote by

r(K, (z,)) = inf{limsup ||z, — x| : x € K}
n—oo

the asymptotic radius of a sequence (z,,) relative to K.

Lemma 3.1. Let K be a nonempty convex weakly compact subset of a Banach
space X which is minimal invariant under T : K — K. If T satisfies condition
(%) (condition (C), in particular), then there exists an approzimate fized point
sequence (x,) for T such that

lim ||z, — 2| = inf{r(K, (y,)) : (yn) is an afps in K}
n—oo
for every x € K.

Lloréns Fuster and Moreno Gélvez [17, Th. 4.7] proved that if T : C' — C'is
continuous and satisfies condition (C)) for some A € (0,1), then T has a fixed
point or satisfies condition (L). Since the set consisting of a single fixed point
of T' is minimal invariant under 7" and condition (L) implies condition (x), we
obtain the following corollary.

Lemma 3.2. The conclusion of Lemma 3.1 is valid for continuous mappings
which satisfy condition (Cy) for some X € (0,1).

Now let (x,) be a weakly null afps sequence for 7' in C. Fix ¢ < 1 and put
v, = tx,. The following technical lemma deals with the behaviour of sequences
(T,éjvn)neN, k - ]., 27
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Lemma 3.3. Assume that T : C — C satisfies condition (Cy) for some A € (0, 1).

Fiz v € [\ 1), a positive integer N, 0 < & < 1(+N and % +2Ne <t <1-—2e¢.

Suppose that (x,,) is a weakly null sequence in C' such that diam(z,) = 1 and the
following conditions are satisfied for everyn,m € N and k=1,...,N:

1) a sequence Un JneN, WHere v, = tx,, converges weakly to a pownt y; € C,
i Ty h t kly t nt yy, € C
(i) |70 = Tivm|| > liminf; | Tv, — Toil| — ¢,

(i) min{flzall, |20 = @wll, lzn —yull} > 1 ¢,

(iv) [Tz — x| < e.

Then, for everyn,m € N and k=1,..., N,
t—(k+2)e < ||Thv, — Thom|| <t (3.1)
1—t—6<Hvan—an<1—t+k€. (3.2)
Proof. Fix n,m € N and note that
t—e <|vn — vl =tz — 2l <,
and
l—t—e<||zp—uv =1 =2t) ||z, < (1—1t)diam(z,) <1 -t
Since
|Tx, —xp]| <e<1—t—c < |, —vnl, (t<1-=2e),
it follows from condition (C)) that
[Ty — Twp| < [J@n — vall.
Hence
1Tywn = Tyon|l < ANTwn = Toall + (1= )l[#n = vall < Jlwn —vall <1 =12, (3.3)
and
[Ty 0n = onll = A Ton = onll < [|Tvn = Tl + | T2n — zall + 20 —vull - (3.4)
<2z —vp]| +e<2(1—1t) +e.

We shall also use, for each £ < N, the following estimation which follows from
the weak lower semicontinuity of the norm:

1—¢e < ||z, — yx| < liminf ||z, — T,fva (3.5)
< |@n — THvn|| + lim inf | T v, — T o]
Now we proceed by induction on k.

For k = 1, notice that

2 2
HT'yUn _UnH < 2(1 _t) F+e<ti—e< an —’UmH, (t > g —+ 56),

and it follows from condition (C)) that
[Ty0n = Tyvm|| < [lon — vl < 2. (3.6)
Furthermore,

|Tyvn — ol < | Tyon — Tywp|| + [ T2, — 20l <1 —t +e, (3.7)
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by (3.3). To prove the reverse inequalities, notice that by (3.5),
| Tyvn — Ty, || > iminf || T v, — Tyop|| —e > 1—¢e — ||z, — Thu,|| — ¢,
and it follows from (3.7) that
| Tyvn, — Tyvp|| >1—e—(1—t4¢e)—e=1t—3e.
Finally, by (3.5) and (3.6),
|Tyvn — 2] > 1 — e —liminf | T v, — Tyu,| > 1 -t —-.
Now suppose the lemma is true for a fixed £ < N. Then
750~ T, < [T, — T < 1. 33)

since (as in the proof of Theorem 2.1)

HTvTvkvn — vanH < HTkan — Tj’lvnH < .. < Tyv, — vy

<21 —-t)+e<t—(k+2)e< HTﬁvn —Tvkva :

(k+3)e

(notice that t > % + ~5~). Furthermore, by induction assumption,

| Tyx, —an|| <e<l—t—e<|z,— ijnH,
and hence
175 v = Tywall < N1 T50n — .
We thus get
| T3 v, — || < NTE 00 — Thag || + |20 — 20| (3.9)
< Hvan—an +e<l—t+(k+1e.
To prove the reverse inequalities, notice that by (ii), (3.5) and (3.9),

HTkaUn - Tff“va > limiinf ||Tf+1vn - TfvaiH —€
>1—¢e—|lzg — T || —e >t — (k+ 3)e.
Finally, by (3.5) and (3.8),
|75 vn = 2| > 1= = liminf | T 0, — T3 o, [| 21—t — e,
and the proof is complete. 0
We can now prove a counterpart of [5, Lemma 2] (see also [15, Theorem 1]).

Lemma 3.4. Let K be a convex weakly compact subset of a Banach space X.
Suppose that a mapping T : K — K satisfies condition (Cy) for some X € (0,1)
and (x,,) is a weakly null, approximate fixed point sequence for T such that

r=lim ||z, — z| = inf{r(K, (yn)) : (yn) is an afps in K} >0 (3.10)
n—oo

for every x € K. Then, for everye >0 and t € (%, 1), there exists a subsequence
of (xy,), denoted again (x,), and a sequence (z,) in K such that
(1) (z) is weakly convergent,
(ii) [[znll > (1 =),
(ili) [[zn — 2zmll <1t
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(iv) ||zn — ]| <r(1 —t+¢)
for every m,n € N.

Proof. Let us first notice that if S : %K — %K is defined by Sy = %T(ry), then

1
1Sy —yll = ;HT(Ty) —ry|

and S satisfies condition (C). It follows that a sequence (z,) satisfies the as-
sumptions of Lemma 3.4 if and only if a sequence (%) satisfies these assumptions
with S and 7 =1, i.e., (£2) is a weakly null afps for S: 1K — 1K and

1 1
= lim ||x—n —y|| = inf{r(=K, (2,)) : (z,) is an afps for S in —K'}
n—oco T r r

for every y € %K.

Therefore it suffices to prove the lemma for r = 1.

We claim that for every € > 0 there exists d(¢) such that if x € K and ||Tz —
z|| < 0(g) then ||z|| > 1 —e. Indeed, otherwise, arguing as in [5], there exists
go such that we can find w, € K with [|[Tw, — w,| < + and ||w,| < 1 — & for
every n € N. Then the sequence (w,) is an approximate fixed point sequence
in K, but limsup,,_, ||w,|| < 1 — &y, which contradicts our assumption that

Fix e > 0,1t € (%, 1) and v € [A,1). From Theorem 2.1, there exists N > 1
such that

TN e — TN x| < vé(e) (3.11)
for every z € K. Choose n > 0 so small that 0 < n < min{m, ]%} and
% + Nnp <t <1-=2n Putwv, = tx, and consider sequences (van)neN for
k=1,..,N. We can assume, passing to subsequences, that the double limits

lim ||van—T7kvm||, kE=1,..,N,

n,m—00,nN#Em

exist (see, e.g., [19, Lemma 2.5]). Then, for sufficiently large n,m (n # m),
. n
||van - T,fva > n,milgn#m 1 TFv, — T$Um|] —5

= lim sup limsup || T v,, — T4 0| — 7> lim inf || v, — T2 — n,
n—oo  M—00 2 i—00

k =1,...,N. Therefore, applying (3.10) (with » = 1) and passing to subsequences
again, we can assume that the assumptions (i) — (iv) of Lemma 3.3 are satisfied,
i.e., (z,) is weakly null, diam(z,) = 1, and for every n,m € Nand k =1,..., N,
(i) (T¥vp)nen converges weakly to y € C,
(ii) |TFvn — TFom|| > liminf; [|TFv, — TFvs]| — 7,
(it) ming |zall, 10 — @l ln — vell} > 1 1,
(iv) || Tx, — xa] < 7.
Denote z, = TWN v,. It follows from Lemma 3.3 that for every n,m € N, we
have
|20 — 2ml| = HTVNUH - TyNUmH <t

||zn—xn||:|\TVan—xn|| <l—t+Nnp<l—t+e
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and (z,) is weakly convergent (to yy).
Furthermore, by (3.11),

1

1Tz, — 2| = _HTAﬁV—an - TnfvvnH < 4(¢)

and consequently, ||z,|| > 1 — ¢, which completes the proof. O

4. FIXED POINT THEOREMS
Let X be a Banach space without the Schur property. Recall [1%] that
d(e, ) = inf{limsup ||z + ey, || — ||z|| : (y») is weakly null in Sy},
n—oo

bi(e,x) = sup liminf ||z + ey,| — ||=] ,
(yn)EMX n—00
where M x denotes the set of all weakly null sequences (y,,) in the unit ball By
such that

lim sup lim sup ||y, — ym|| < 1.

n—0o0 m—00

Applying tools from previous sections, we are led to the following strengthening
of Theorem 9 from [18].

Theorem 4.1. Let C' be a nonempty convexr weakly compact subset of a Banach
space X without the Schur property. If there ezists € € (0,1) such that by(1,z) <
1 —¢e ord(l,x) > € for every x in the unit sphere Sx, then every continuous
mapping T : C — C which satisfies condition (C\) for some A € (0,1), has a
fized point. The assumption about the continuity of T' can be dropped if T satisfies
condition (C).

Proof. Assume that there exist a nonempty weakly compact convex set C' C X
and a mapping T : C' — C satisfying condition (C') or, a continuous mapping
T : C — C satisfying condition (C)) for some A, without a fixed point. Then,
there exists a nonempty weakly compact convex minimal and 7T-invariant subset
K C C with diam K > 0. By Lemma 3.1 if 7" satisfies condition (C') or, by
Lemma 3.2 in the other case, there exists an approximate fixed point sequence
() for T in K such that

r= lim ||z, — x| = inf{r(K, (y,)) : (y») is an afps in K} >0
n—oo

for every x € K. There is no loss of generality in assuming that (x,) converges
weakly to 0 € K. Let € > 0 and ¢ = 2. Lemma 3.4 yields a subsequence of (z,,),
denoted again (z,), and a sequence (z,) in K such that

(i) (z,) is weakly convergent to a point z € K,
and for every n,m € N

(ii) [|znll > r(1 =€),
(ili) ||z — 2ml|| < 37
(iv) ||zn — @] < 7“(}L +e).
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Then
liminf ||z,]| > r(1 —¢),
n—0o0
. . . 3
limsup ||z, — z|| < limsuplimsup ||z, — 2| < =7
n—oQ n—o0 m—o0 4
and
1
r(= —¢) <limsup ||z,]| — limsup ||z, — z|| < ||z]| < liminf |z, — z,| < r(= +¢).
4 n—00 n—00 n—0o0 4
(4.1)
Now we largely follow [18, Theorem 9]. Let u = Hi_ll and u,, = 3%(2” — z) for every

n. Then u € Sx, (uy,) is weakly null and
4
lim sup lim sup ||u,, — Uy, || = =— limsup limsup ||z, — z,,|| < 1.
n—00  M—00 I oo mooco

We may assume, passing to a subsequence, that lim,, o ||u, + u|| exists. Notice
that

fam 4l > || (o — )+ o = [| 22—
Up +ul| > ||z=(2n — 2) + —2|| — ||-2 — 7
3r r r IE|
4111 2 4
|y Y 1
‘ 32 + 32 HT IE|
Lot 22] = Nzl = 21l — )
32’n 32 > |z, 3 Zn — 2
and
4
H- 121l - 1” < de.
-
Hence

4 23
nhm Ity + ul| " (r(l £) 34r> de =2 — 8e.

It follows that by(1,u) > 1 — 8e.
Now consider the weakly null sequence y,, = Z;L(zn — z —x,). Since

4
liminf ||y,|| > —(lim ||z,|| — limsup ||z, — z||) > 1,
n—+00 r ‘n—oo

n—oo
we have
. . 4 z 4
limsup ||y, + u|| <limsup ||y, + —z|| + ||— — —2
n—300 n—300 r |z r
<4 (1 +e)+4e=1+38
—r(=+e €= E.
T r 4
From [1%8, Lemma 4] we conclude that also
limsup [|[-2% + || < limsup ||yn + ul < 1 + Se.
n—oo

oo [Ynll

Consequently, d(1,u) < 8 which contradicts our assumption. O
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Theorem 4.1 is our main theorem which has several consequences. In [18], the
notion of nearly uniformly nonreasy spaces (NUNC, for short) was introduced.
Recall that a Banach space X is NUNC if it has the Schur property or, for every
€ > 0 there is t > 0 such that

d(e,x) >t or b(t,z) <et forevery z € Sy,
where
b(e, x) = sup{liminf ||z + ey, || — ||z] : (yn) is weakly null in Sx}.
n— oo
Corollary 7 in [18] shows that all uniformly noncreasy spaces, introduced earlier

by Prus, are NUNC.

Theorem 4.2. Let C be a nonempty convex weakly compact subset of a nearly
uniformly noncreasy Banach space X. Then every continuous mapping T : C' —
C' which satisfies condition (Cy) for some A € (0,1), has a fized point. The
assumption about the continuity of T can be dropped if T' satisfies condition (C').

Proof. If X has the Schur property, then every weakly compact subset of X is
compact in norm. Therefore every continuous mapping 7" : C' — C' which satisfies
condition (C)) for some A € (0, 1), has a fixed point. Furthermore, if T" satisfies

condition (C'), the continuity assumption can be dropped by [20, Theorem 2] or
[20, Theorem 4].

If X does not have the Schur property, we can argue as in the proof of [18,
Corollary 11]. O

Remark 4.3. Notice that Example 6 in [10] shows that the assumption about the

continuity of 7' is necessary for A > %. The situation is unclear for A € (%, %]

Now we will study spaces with M (X) > 1. Recall that, for a given a > 0,
R(a, X) = sup{liminf ||y, + z||},
n—oo

where the supremum is taken over all x € X with ||z|| < @ and all weakly null
sequences in the unit ball Bx such that
Dl(y,)] = limsup limsup ||y, — ym| < 1.
Notice that in our notation,
R(a, X) = sup (bs(1, ) + ||z]]). (4.2)

l[zl|<a

The modulus R(-, X) was defined by Dominguez Benavides in [1] as a generaliza-
tion of the coefficient R(X) introduced by Garcia Falset [3]. He also defined the

coeflicient )
+a
M(X) = —a>0
00 = iy o 20}

and proved that the condition M (X) > 1 implies that X has the weak fixed point
property for nonexpansive mappings. We generalize this result to mappings which
satisfy condition (C)).

The following lemma is an analogue (with a minor correction) of [9, Corollary

4.3 (a), (b), (¢)].
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Lemma 4.4. Let X be a Banach space. The following conditions are equivalent:
(a) M(X) > 1,
(b) there exists a > 0 such that R(a,X) <1+ a,
(c) for every a >0, R(a,X) <1+a.
Proof. First prove that (a) = (b). Assume that M (X) > 1. Then there exists
a > 0 with R(a, X) < 1+a. If it occurs that a = 0 then R(b, X) < R(0,X)+0b <
1+ b for each b > 0.

The proof of (b) = (c) follows the arguments from [9]. We will show that if
R(a,X) =1+ a for some a > 0, then R(b, X) =1+ for all b > 0. Let us then
suppose that R(a, X) = 1+ a for some a > 0 and consider another number b > 0.
Fix n € (0,1). Since

R(a,X)=14a>1+a—nmin{l, a},
there exist x € X with ||z] < a and a weakly null sequence (z,) in By such that
lim SUDPp 00 lim SUPp—s00 ”xn - xm” < 1land
liminf ||z, + 2| > 1 4+ a — nmin{l, a}.
n—oo
For each n € N, choose a functional f,, € Sx+ with
fo(zn + ) = |20 + 2.

We can assume, passing to a subsequence, that lim, . f,(z,) exists. Since Bx-
is w*-compact, there exist a directed set (A, <) and a subnet (f,,)aca of (f)
which is w*-convergent to some f € Bx~. Then

lim fo, (2n, +y) =l fo, (2a,) +lim fo, (y) = lm fo, (20,) + f(y)

for every y € X.
For a fixed ¢ > 0 find ny € N such that

|n, + x| > liminf ||z, + z|| — ¢
n—0o0
for every n > ngy. Then there exists a € A such that ng > ng for every g = «
and consequently, since € > 0 is arbitrary,

liminf ||z, + z|| = sup inf ||z,, + 2| > liminf ||z, + z||.
« acABra n—00

Thus
1+ a—nmin{l,a} < liminf ||z, + z|| < liminf ||z, + z||
n—oo [e%

Since for each n > 1,
Ju(zn) < lzn|l <1
and
f(@) <z|| <a
we get
liglfna(xna) >1—nmin{l,a} >1—1n
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and
f(x) >a—nmin{l,a} > a(l —n).

Therefore,

b b
liminf ||z, + —z|| > lim f,(z, + —2) = lim f,_ (2., + —2)
n—o00 a n—o00 a « a

= fo (2,) + () > 1= (1~ ) = (1 +B)(1 7).

Hence R(b,X) > (14 b)(1 —n) and, by the arbitrariness of n > 0, we have
R(b, X) > 1+ b, which gives (b) = (¢).
Clearly, (¢) = (a), and the lemma follows. O

Theorem 4.1 and Lemma 4.4 give the following corollary.

Theorem 4.5. Let C' be a nonempty convexr weakly compact subset of a Banach
space X with M(X) > 1. Then every mapping T : C — C which satisfies con-
dition (C) and every continuous mapping T : C — C' which satisfies condition
(Cy) for some X\ € (0,1), has a fized point.

Proof. If X has the Schur property and T : C' — C satisfies condition (C), the
continuity assumption can be dropped by [20, Theorem 2] as in the proof of
Theorem 4.2.

Assume now that X does not have the Schur property and set ¢ = 2— R(1, X).
Then, by Lemma 4.4 (c), € € (0,1). It suffices to notice that from (4.2),

bi(l,z) <R(1,X)—1=1—-(2—R(1,X))
for every x € Sx, and apply Theorem 4.1. |
Garcia Falset, Lloréns Fuster and Mazcunan Navarro [9] introduced another

modulus, RW (a, X), which plays an important role in fixed point theory for
nonexpansive mappings. Recall that, for a given a > 0,

RW (a, X) = supmin{liminf ||z,, + z||,lim inf ||z,, — 2|},

where the supremum is taken over all x € X with ||z|| < a and all weakly null
sequences in the unit ball By, and,

1+4+a
MW(X) = —:a>0p.
() S“p{RW(a,X) “= }
It was proved in [9, Theorem 3.3] that if By« is w*-sequentially compact, then
M(X) > MW(X). Since Bx- is w*-sequentially compact if X is separable, we
obtain the following corollary.

Corollary 4.6. Let C' be a nonempty convexr weakly compact subset of Banach
space X with MW (X) > 1. Then every mapping T : C — C which satisfies
condition (C') and every continuous mapping T : C' — C which satisfies condition
(Cy) for some X\ € (0,1), has a fized point.
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Recall that a Banach space X is uniformly nonsquare if

J(X) = sup min{ffz+yl, [z -y[} <2

I7yESX

In [9], a characterization of reflexive Banach spaces with MW (X) > 1 is given.
In particular (see [9, Corollary 5.1]), all uniformly nonsquare Banach spaces fulfill
this condition. Thus we obtain the following corollary which answers Question 1
in [3].

Corollary 4.7. Let C be a nonempty convexr weakly compact subset of a uni-
formly nonsquare Banach space. Then every mapping T : C' — C' which satisfies
condition (C') and every continuous mapping T : C' — C which satisfies condition
(Cy) for some A € (0,1), has a fized point.

Remark 4.8. Tt is not known whether our results are valid for mappings satisfying
property (L) or (k).

Acknowledgement. The authors thank Mariusz Szczepanik for helpful discus-
sions and drawing their attention to Theorem 9 in [15].
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