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The Fermat septic and the Klein quartic as moduli spaces

of hypergeometric Jacobians

Dedicated to the 70th birthday of Professor Hironori Shiga.

Kenji KOIKE

(Received May 12, 2015; Revised August 12, 2015)

Abstract. We study the Schwarz triangle function with the monodromy group
A(7,7,7), and we construct its inverse by theta constants. As consequences, we give
uniformizations of the Klein quartic curve and the Fermat septic curve as Shimura
curves parametrizing Abelian 6-folds with endomorphisms Z[{7].
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1. Introduction

The Gauss hypergeometric differential equation
E(a,b,c): z(z— Du" +{(a+ b+ 1)z — c}u' + abu=0

is regular on C — {0, 1} for general parameters a,b and ¢, and the solution
space is spanned by Euler type integrals

/ 2%z — 1)z — 2) "%,
-

that are regarded as period integrals for algebraic curves if a,b,c € Q. Two
independent solutions fy(z), f1(z) define a multi-valued analytic function
s(z) = fo(2)/f1(2) (Schwarz map), and monodromy transformations for
s(z) are given by fractional linear transformations.
If parameters satisfy the conditions
1 1 1

1 1 1
l—c ==, Je—a-bl==, Ja-bl=-,  -—+-+-<1,
p q r p q r
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with p,q,7 € NU {oo}, the monodromy group is isomorphic to a triangle
group

A(p,q,r) = (Mo, M1, Mo | Mg = M{ = M7, = MoMi My = 1)

(the condition M} =1 is omitted if p = oo, and so on). In this case, the up-
per half plane is mapped by s to a triangle with vertices s(0), s(1) and s(c0),
angles w/p, m/q and 7/r, respectively, and so is the lower half plane. Copies
of these two triangles give a tessellation of a disk D by the monodromy ac-

tion, and we have an isomorphism D/A(p,q,r) = C—{0,1} = P!. For
example, F(1/2,1/2,1) is known as the Picard-Fuchs equation for the Leg-
endre family of elliptic curves y?> = z(x — 1)(z — 2) and the monodromy
group A(oo,00,00) is projectively isomorphic to the congruence subgroup
I'(2) in SLy(Z) of level 2. Also a triangle group A(n,n,n) with n > 4
is interesting, since its commutator subgroup N, gives a uniformization of
the Fermat curve F,, of degree n. More precisely, the natural projection
D/N,, — D/A(n,n,n) = P! is an Abelian covering branched at 0,1 and oo
with the covering group A(n,n,n)/N, = (Z/nZ)? (see [CTW94]).

In [T77], Takeuchi determined all arithmetic triangle groups. According
to it, A(n,n,n) is arithmetic (and hence the Fermat curve F,, is a Shimura
curve) for n € FT = {4,5,6,7,8,9,12,15}. These groups come from the
Picard-Fuchs equation for algebraic curves X; : y™ = z(x — 1)(z — t) with
m =mn (resp. m = 2n) if n € FT is odd (resp. even). Among them, n =5
and 7 are special in the sense that a Jacobian J(X;) is simple in general,
and Picard-Fuchs equations describe variations of Hodge structure on the
whole of H'(X;,Q), rather than sub Hodge structures. These two families
are treated by Shimura as examples of PEL families in [Sm64]. Also de Jong
and Noot studied them as counter examples of Coleman’s conjecture (which
asserts the finiteness of the number of CM Jacobians for a fixed genus g > 4)
for g = 4,6 in [dJN91] (see also [R09] and [MO13] for this direction).

For n = 5, we gave 51 by theta constants in [K03] as a byproduct of
study of the moduli space of ordered five points on P!. In present paper,
we compute the monodromy group, Riemann’s period matrices and the Rie-
mann constant with an explicit symplectic basis for n = 7. Using them, we
express the Schwarz inverse map s~! by Riemann’s theta constants (Theo-
rem 4.1). As a consequence, we give explicit modular interpretations of the
Klein quartic curve 4 and the Fermat septic curve F7 as modular varieties
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parametrizing Abelian 6-folds with endomorphisms Z[¢7]. (Corollary 4.1 and
Corollary 4.2). The Klein quartic is classically known to be isomorphic to
the elliptic modular curve of level 7. In [E99], Elkies studied it as a Shimura
curve parametrizing a family of QM Abelian 6-folds. Our interpretation of

1 is a vari-

K4 gives the third face as a modular variety. Our expression of s~
ant of Thomae’s formula. This kind of formula for cyclic coverings was stud-
ied in general context by Bershadsky-Radul ([BR87], [BR88]), Nakayashiki
([Na97]) and Enolski-Grava ([EGO06]), but our standpoint is more moduli
theoretic as a classical work of Picard ([P1883]) which produces modular
forms on a 2-dimensional complex ball. In [Sh88], Shiga determined Picard
modular forms explicitly, and his results were applied to number theory and
cryptography (see [KS07] and [KWO04]). We expect that also our concrete
results will give a good example to develop a generalization of arithmetic
theory of elliptic curves. Here we mention that there are several studies
of automorphic forms for triangle groups (e.g. [Mi75], [W81], [HO5] and
[DGMS13]). However it seems that we have very few explicit constructions
of autmorphic forms for co-compact triangle groups in the view point of the
Picard’s work.

Our Schwarz map is regarded also as a periods map of K3 surfaces. In
pioneer work [Sh79,81], Shiga studied families of elliptic K3 surfaces with
period maps to complex balls. These K3 surfaces have a non-symplectic
automorphism of order 3, which induces a Hermitian structure on the tran-
scendental lattice. Now K3 surfaces with non-symplectic automorphisms of
prime order are classified (see [AST11]), and many of them are known to be
quotients of product surfaces ([GP]). In the last section, we give elliptic K3
surfaces S; associated to X; and compute the Neron-Severi group and the
Mordell-Weil lattice of S;.

2. Uniformization of Fermat Curves

2.1. Hypergeometric integral
We compute monodromy groups and invariant Hermitian forms for hy-
pergeometric integrals

u(t) = /Qa(x), Qo(z) ={z(z —1)(z —t)} dx
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according to [Y97, Chapter IV], for a« = k/(2k + 1) and (2k — 1)/4k with
k > 2. They satisfy differential equations E(k/(2k + 1), (k —1)/(2k + 1),
2k/(2k+1)) and E((2k —1)/4k,(2k — 3)/4k, (2k —1)/2k) with mon-
odromy groups A(n,n,n), n = 2k + 1 and 2k respectively. Let us consider
decompositions

Pl((C):HJrUPl(R)UH,, ]P)l(]R):IQUIlUIQU]g,
IO = (_0070)7 Il == (Ovt)7 IQ - (tv 1)7 I3 - (1700)7
where H and H_ are the upper and lower half planes respectively, and [

are (oriented) real intervals. (As the initial position of ¢, we assume that
0 < t < 1.) Modifying boundaries 0H and OH_ to avoid 0,¢,1 and oo as

0 t 1 0o
I I I I3 Iy
OH,
. . . . @ ,,,,, @ ,,,,, @ ,,,,, @ ,,,,,
O OH, — 9H_

Figure 1. oriented interval I}.

in Figure 1, we fix a branch of Q,(x) on a simply connected domain H_ and
define integrals ui(t) = [ 1. $a (z) by this branch. By the Cauchy integral
theorem, they satisfy

0= / () = wo(t) + ur (1) + wal(t) + us(t).
OH_

0= / Qo) = up(t) + cur(t) + ua(t) + Aus(t), ¢ = exp(2mia),
OHLy

since Q4 () is multiplied by exp(2mic) if = travels around 0,¢ or 1 in clock-
wise direction. Hence we have

L@ + (14 e+ Aus()}.

uz(t):_l—i—c

Now let dp and d; be paths to make a half turn around 0 and 1 re-
spectively in counter clockwise direction, starting from the initial point of
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)
01
Figure 2. §p and d;.

t (Figure 2). Corresponding analytic continuations are represented by con-
nection matrices hg and hi:

BRI —ctu (¢)] up(t) [=ct o
Ol ] R i ) T | B R
o [m®] [ w® bu) ], [u)
U lus(t) clug (t) + us () U lus(t)]
c _02 +c+1
heo— | ¢t 1 c+1
1 - 1 - 1 )
+c 2 +c
where uy (t'), ..., us(t") are integrals over oriented intervals I7, ..., I} defined

for new configurations —co <t/ <0< 1< oo and —oc0o <0< 1<t < o0.
The monodromy group Mon is generated by

cA+1 1-¢6
-2 2 2
0 cc+c c?+e
—p2= | — B2 =
9o 0 [0 1:|a g1 1 1—c R

A4+ S+

It is known that there exists a unique monodromy-invariant Hermitian form
up to constant (see e.g. [B07] and [Y97]). In fact, we can easily check that
ho and hy belong to a unitary group

_ —— |1 0
UH—{QEGLQ(C)’QHQ—H}, H|:0 1+C+C_1:|7

and hence Mon C Uy. The value of 1+c+c~! is negative for ¢ = exp(2mia)
with o = k/(2k + 1) and (2k — 1)/4k (k > 2), and H is indefinite. Therefore

two domains

DE = {u € C? | £'aHu < 0}/C* c P}(C).
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are disks, and Uy acts on each domain. Now the image of the Schwarz map
5:C—{0,1} — PYC), t+ [ui(t) : us(t)]

is contained in either ]D);EI or D, which is tessellated by Schwarz triangles.
Since we have

5(0) = lim[ug (u) : uz(t)] = [0 : uz(0)] € D,

t—0

we see that D};/Mon =2 P}(C) and D}, /[Mon, Mon] = F,, (see [CTW94]),
where F,, is the Fermat curve of degree n with n = 2k + 1 (resp. 2k) if
a=k/(2k+1) (resp. (2k —1)/4k).

Remark 2.1 (1) Putting ¢4 = exp(27i/d), we have

T 14 (Gont)* + (Con )™ (0 =2k +1),
C C =
L+ (Car)? 71+ (Car)® T (0= 2k).

(2) In the case of n = 2k + 1, we have

C 0 1 Ck_i_ck—i-l Ck+1_<2k
QOZ[O 1]’ gl:1+<k{<—<’““ 1+¢ ]

where ¢ = Cap41. Since 1/(1+¢*) = —((+¢* 4~ 4+ ¢¥) and det g1 = ¢,
the monodromy group Mon is a subgroup of Uy N GLo(Z[(]).

(3) In the case of n = 2k, we have

o = CQ 0 o= 1 <2k+1+C2k71 C2k+1_c4k72
0 0o 1]’ 1 1 _i_Cgk,,l 4-2 _ C2k+1 1 +C2 )

where ¢ = (4x. Note that the cyclotomic polynomial ®4(z) satisfies
D4 (1) = 1 if 4k # 2™. In this case, 1 — ¢ is a unit in Z[¢], and so is
1/(1+¢*~1) = ¢/(¢ —1). Hence Mon is a subgroup of Ug N GLa(Z[(]) if
4k # 2™.

2.2. Fermat curve as a Shimura variety
A triangle group A(n,n,n) is arithmetic for

ne FT ={4,5,6,7,8,9,12,15},
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and the Fermat curve F,, is a Shimura curve. Let us see corresponding
families of hypergeometric curves

Xi:y"=zx(z—1)(x—1t)

to these case. By the Riemann-Hurwitz formula, the genus of X; isg = m—1
if 3tm, and g = m —21if 3 | m. Let p be the covering automorphism
(z,y) — (x,(my), where (,, = exp(2mi/m). By this action, we can decom-
pose H'(X;,Q) into irreducible representations of p, and H'(X;,C) into
eigenspaces of p. Let V() be the A-eigenspace of p. If m is not prime, the
covering X; — P! has intermediate curves Y;, and the pullback of H!(Y;, C)
consists of V(¢F) such that (m,k) # 1. Conversely, such V(¢F) descends
to a quotient curve. From explicit basis of H9(X};), we see that the Prym
part

HIgTym(XtaQ) = |: @ V(C’rlz)] N Hl(Xtv@)
(k,m)=1
has a Hodge structure of type
H]grym(Xh C)
=V M) @ ®V(Aa—1) BV (Ag) @V (Aag1) BV (Agy2) ® - - @ V(Aaa),
—— N——

contained in H1.0 split split contained in HO1

where 2d = [Q(¢n) : Q], Ai,...,A\aq are primitive roots of unity
Cmy -+, C™ 1 such that A\; = Aog1—; and dimV(\;) = 2 fori = 1,...,2d
(see Table 1). Therefore the Hodge structure on H},rym(Xt,Q) with the
action of p is determined by a decomposition V(\g) = V(Aq)1? @ V(Ng)%!
(the decomposition of V(A4z41) is automatically determined as the com-
plex conjugate of V(\;), and vice versa), that is, determined by periods of
Qo (z) € V(Ag)'P. In the cases n = 5 and 7, the monodromy group has a
nice representation. Put

I'=Uy NGL2(Z[¢]), Fm)={gel|g=1 modm} (meZ[G)]).

The arithmetic quotient D}} /T is the moduli space of Jacobians of curves
y" = 23 +ar +b (n = 5,7) as a PEL-family (see [Sm64]). Therefore we
have the following diagram
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Table 1. Hl’O(Xt)pTym.

x%dx/y® with the following (a,b)
An,n,n) || m | g | [Q(Gn): Q] give a basis of HY(X})prym
(4,4,4) 8 | 7 4 (0,3), (0,5), (0,7), (1,7)
(5,5,5) 514 4 (0,2), (0,3), (0,4), (1,4)
6,6,6) | 12|10 4 (0,5), (0,7), (0,11), (1,11)
(7.7,7) 716 6 (0,3), (0,4), (0,5), (1,5), (0,6),(1,6)
(8,8,8) 16 | 15 8 (0,7), (0,9), (0,11), (1,11),
(0,13),(1,13), (0,15),(1,15)
(9,9,9) 9 | 7 6 (0,4), (0,5), (0,7), (1,7),(0,8),(1,8)
(12,12,12) || 24 | 22 8 (0,11), (0,13), (0,17), (1,17),
(0,19),(1,19), (0,23),(1,23)
(15,15,15) || 15 | 13 8 (0,7), (0,8), (0,11), (1,11),
(0,13),(1,13), (0,14),(1,14)

D}, /Mon —— P! = {ordered distinct (3 4 1) points (0, 1,t,00)}

| |

D}, /T — P! /S3 = {unordered distinct 3 points in C}/ ~

where horizontal arrow are isomorphisms, and ~ is the equivalence relation
by affine transformations. From this fact, we see that I'/Mon is isomorphic
to S3 up to the center.

Remark 2.2 For n = 5, the Hermitian form H is same with one given in
[Sm64]:
- 1 0 1 0
0 1+G+¢| [0 1-V5)/2]
For n = 7, the Hermitian form given in [Sm64] is

1 0
S = _sin(3n/7) | = [
sin(27/7)

1 0

_ty
0 —(c7+<$>] = 4H4,
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oo
A=y o) ] € et

Proposition 2.1 ([YY84] for n = 5) Let us denote the image of G C
GL2(Z[¢y]) in PGL2(Z[¢]) by G. Form =15 and 7,

(1) the projective modular group T is projectively generated by ho and hy,
(2) we have

Mon =T'(1 — (), [Mon, Mon| = T'((1 — (,)?)

: +
as automorphisms of Dy;.

Proof. We show these facts only for n = 7, but the case n = 5 can be
shown by the same way (also see [YY84] and [K03] for n = 5). The quotient
group I'/T'(1 —(7) is isomorphic to a subgroup of the finite orthogonal group

0(Q.F7) = g € GLalFr) | 'oQu = Q). ¥r=2ici/1-G. @ =} §].

The group O(Q,F7) is isomorphic to S35 x {£1}, since elements of
O(Q,F7)/{£1} are

-1 0 3 2 4 2 3 2 3 5
order 2 : [O 1], {3 4], {3 3], order 3 : [4 3}, [3 3]

Since we have

[-10 T4 2 B
ho: |:0 1:|, hl_ |:3 3:| mod 1 C7,

the group I'/T'(1 — (7) is generated by hg, h; and +1, and isomorphic to
S3 x {£1}. Moreover we see that

10 10
9o = h(2) |:0 1:| y g1 = h% = |:0 1:| mod 1 — ¢z,
and Mon = (go, ¢g1) C I'(1 — ¢). Therefore Mon coincides with I'(1 — (7)

since we have I'/Mon = S; as mentioned earlier. Hence T is generated by
ho and hy. A homomorphism
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_ 1
1-¢r

has the kernel T'((1 — (7)?), and the image is generated by

v(g0) = [_01 8} ;o vlg) = E ﬂ :

Therefore we have T'(1 — (7)/T((1 — (7)?) = (Z/77Z)?. Since we have

v:T(1—¢7) — Ma(Fr), v(9)

(g—1) mod1-—¢y;

[[(1—¢), (1= ¢)] CT((1—¢)?),  Mon/[Mon, Mon] & (Z/7Z)%,

we conclude that [Mon, Mon| = T'((1 — ¢,)?). O

3. Heptagonal Curves

3.1. Hodge structure and Periods
From now, we concentrate in the case n = 7, that is, a 1-dimensional
family of algebraic curves

X,y =x(z—1)(z—1).

We denote (7 = exp(27i/7) simply by (. As a Riemann surface, X; is
obtained by glueing seven sheets Xi,...,Y7, each of which is a copy of
P! with cuts (see Figure 1) and satisfying p(3;) = X;11 where indices are
considered modulo 7. Let i;(z1,z2) be an oriented real interval from z; to
9 on ;. We define 1-cycles

71 =11(0,1) +12(2,0) = (1 — p)is (0, 1),
vo =11(t, 1) +ia(1,¢t) = (1 — p)is (¢, 1),
v3 = i1(1, 00) +i2(00,1) = (1 — p)i1 (1, 00).
For computation of intersection numbers, we use deformations of v; and ~3

as in Figure 3. Let Intj be the intersection matrix [p®(vx) - p7 (vk)]o<i,j<5-
We have
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tEi to X
S - 2 . 225
0 t 1 )

Figure 3. v and ~s.

0 1 0 0 0 0 0 1 0 -1 1 0]
1 0 1 0 0 0 1 0 1 0 -1 1

0 -1 0 1 0 0 0 -1 0 1 0 -1

Intv =10 g 4 o 1 0of ™71 o -1 0 1 o0
0 0 0 -1 0 1 11 0 -1 0 1

0 0 0 0 -1 0 (0 -1 1 0 -1 0]

and det(Int;) = det(Int3) = 1. Since p’(y1) - p’(73) = 0, the intersec-
tion matrix of twelve 1-cycles v, p(71), ..., p°(71) and 43, p(73), ..., p°(73)
is unimodular, and they form a basis of Hq(X;,Z). Hence {71, 73} gives a
basis of Hy(Xy,Z) = Z[p]? as a Z[p]-module.

Similarly we have H'(X;,Z) = Z[p]* and the decomposition of
H'(X,,C) = Z[p]* ® C into eigenspaces of p:

H' (X, C)=V(QaV(H)e---aV(), dmV()=2

Let Py, Pi, P, and P, be four ramification points of X; over 0,1,¢ and
0o. We denote the divisor of a rational function (or a rational 1-form) f by
div(f). Then we see that

div(xz) = TPy — TP, div(y) = Py + Py + P — 3P,
div(dz) = 6(Py + P1 + P) — 8P,

and holomorphic 1-forms

wlz— WQZ—
37 47
Y Y
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on X; give a basis of H10(X,).
Remark 3.1 As stated in the previous section, we have

V(Q@ V() cHY (X,  VIEC)a V(") c H(X)

and the Hodge structure on H'(X;,Z) is determined by a decomposition of
V(¢h).
The following 1-cycles

By =i, By = (1+p?)(m), By = (1+ p? + p*) (),
Ay = p(m), Ay = p*(m), Az = p°(m),
By = p°(73), Bs = p3(v3), Bs = (1+p—p* = p°)(73),

Ag=(1+p*) (1), As=(=p+p"+0°)(13), As=(1+p+p*)(13),
give a symplectic basis of H;(X¢,Z) such that

A;-Aj=0, B;-Bj=0, B;-A;=0d;.
The associated period matrix is

J,, OR
f’hu_jRg
[, GR?
HA:[fAi”j}: I WI+R2 ’
3
[, G(=R+ R+ R°)
| ), I +R+R?)

S, @
[, & + R?)
[, &I+ R?+ R*)
S, OR®
f,, @R
J,, &I +R~R*~R)]

g = |:fB¢ WJ} =
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where @ = (wy,...,ws) and R is a diagonal matrix diag(¢4, ¢3,¢2,¢2,¢, Q).
The normalized period matrix 7 = II AHgl belongs to the Siegel upper half
space Hg, consisting of symmetric matrices of degree 6 whose imaginary part
is positive definite. The symplectic group

0 I
Spa(2) = {9 € GLua(@) 'ag =7}, 7 =[],
acts on Hg by [24] -7 = (a7 + b)(cr + d) 7!, and Ag = Hg/Sp12(Z) is the
moduli space of principally polarized abelian varieties (p.p.a.v.) of dimen-
sion 6.

Remark 3.2 For a suitable choice of a branch of Q,(z) in the previous
section, we have

/wlz(l—C4)uk(t) (k=1,2,3).

Since we use uy, for projective coordinates mainly, hereafter we denote fw w1
by wuy for simplicity.

3.2. Modular embedding
Let M € Spi12(Z) be the symplectic representation of p with respect to
the above basis:

(p(Al), NN ,,O(AG),p(Bl), PN ,p(B(;)) = (Al, PN ,AG,Bl, NN ,BG)tM.

Explicit form of M is given in Appendix. By definition, we have M [g;}] =
[g;}]R. Therefore IT4T15" belongs to a domain HY = {r € Hg | M -7 = 7},
which parametrizes p.p.a.v of dimension 6 with an automorphism M (see
section 5 in [vG92]). We know that this domain is 1-dimensional, and hence
isomorphic to D}; ([BL92, Chapter 9] and [Sm64]). The centralizer of M in
Splg(Z) is

Sp15(Z) = {g € Sp12(Z) | gM = Mg},

which acts on the domain HAZ.

Proposition 3.1  There exist a group isomorphisms ¢ : I' — Sp}(Z) and
an analytic isomorphism ® : DY, — HY such that ®(gu) = ¢(g)®(u). We
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have the following commutative diagram.

[6i]

D}, HM
D} /T ——Hg' /Sp3(Z)

Proof. Now we have

HA,1:t|:/ w17"')/ C()]_:|
Aq Ag

= t[<4u17 CSUI7 <6u17 (1 + C)’U,g, (CQ - C4 + CG)U’37 (1 + C + C4)’U,3],

ol

= "ur, (1+ Qui, (14 ¢+, Cuz, Cus, (1+¢H— ¢ = Oug).

IIp1

This correspondence [Z;] — [ggi] define a linear map ®; : C2 — C!'2.

Since coefficients of uy (or ug) in I14; and IIp; give a Z-basis of Z[(],
there exists a homomorphism ¢ : GL2(Z[(]) — GL12(Z) such that ®;(gu) =
#(g)®1(u). Especially, we have ¢(C*I;) = M and the image of ¢ is the
centralizer of M. We can easily check that the condition

lug)® 4+ (1 4+ 4+ H|usl®> <0

for D}, is equivalent to Riemann’s relation ([M83])

67
Im /w/w>>0,
(Z-Z:;BilAil

and hence ¢(I') = Sp}4(Z). We give the map ®, which is compatible with
®4, explicitly in Appendix. O

Remark 3.3 Let us define a homomorphism

At Hi(Xe,Z) = (n1,73) ) — ZI¢P?,
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Fi(p)n + Fs(p)ys — (F1(¢*), F3(¢Y)).

By explicit computation, we see that the intersection form (which gives the
polarization) on Hy (X4, Z) is given by

1 R

E(z,y) = =Trowe((¢* = () AM)HA(y))-

4. Schwarz inverse and theta function

4.1. Abel-Jacobi map
For the normalized holomorphic 1-forms

—

E=(&,....&) = (w1,...,we)I5"

with respect to A; and B; in the previous section, period integrals satisfy

Tz[/ 5] cHY, [/ {] = Is.
A 1<i<6 B; 1<i<6

Let Div(X;) be the group of divisors on X;, and J(X;) be the Jacobian
variety C8/(Z57 + Z5). The Abel-Jacobi map with the base point P, is

Qi _
Div(Xy) — J(Xy), ZmiQiHZmi/ € mod Z% + 78,
POO

We denote this homomorphism by 2, and a lift of A(D) by (D) (Hence
2 : Div(X;) — C® is a multi-valued map). As is well known, 2 factors
through

Div(X;) — Pic(X;) = Div(X,)/{principal divisors}.

Since the base point is fixed by p, the map 2 is p-equivariant. Therefore the
image of a p-invariant divisor belongs to the set of fixed points of p, that is,
the (1 — p)-torsion subgroup

J(Xe)1-p ={z € J(Xs) [ (1 — p)z = 0}.

Lemma 4.1  The (1 — p)-torsion subgroup is
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J(Xt)1-p = {A(mPy +nPy) | m,n € Z} = (Z/TZ)*.
More explicitly, we have

A(mPy +nPi) = apmpT + by, mod 78+ + 75

with
1 L6
U = ?(m, 2m, 3m, 2m + 3n, 2m + 3n, 0) € ?Z )
1 L6
b = ?(—m, —m, —m, 3m + n, bm + 4n, m + 5n) € ?Z :

Proof. It is obvious that Ker(1 — p) = (Z[¢]/(1 = ())? = (Z/TZ)*. Recall
that

M =1=-pu(0,1), 72=>0-pi(l,00), 7= (1-pll).
Computing intersection numbers, we see that
v2 = Av+ Ay + As + By + Bs = p(m1) + p°(11) + p° (1) + p°(73) + 97 (73).
Therefore we have
i,(0,t) = %(6 +5p +4p? + 3p° +2p* + o)y

1
= ?(5141 + 3A2 + A3 + 2B1 + 2B2 + 233),

1
i1(1,00) = 2(6+5p +4p” +3p” + 20" + p")7s

1
= ?(—3A4 + 4A5 + 7TAg — By + 3B5 + 2Bg),
1
i (t 1) = =(6+5p+4p" +30° + 20" + p")7

1
= = (A1 + 245 +34; — B1 — By — By)

1
+ ?(A4 + A5 — 7TAg + 5B4 — Bs —|—4B6),
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namely,

t
.1 1
/ £=2(5,3,1,0,0,0)7 + =(2,2,2,0,0,0),
0 T 7

o 1 1
5 ?(0707 0>4a470)7— + ?(07 0)0a67372)7
1

1
-1 1
/g:7(1,2,3,1,1,0)T+7(6,6,6,5,6,4) mod Z° + 77Z°.
t

As combinations of these integrals, we obtain explicit values of 2(P,) and

ﬁ(Pl). O
4.2. Theta function and Riemann constant
Let us consider Riemann’s theta function

Wz, 7) = Z exp[mint'n + 2win'z], (z,7) € C® x He.
nezs

The Abel-Jacobi map 2 induces a birational morphism from Sym°®X; to
J(Xt), and W = A(Sym®°X;) is a translation of the theta divisor

© ={ze J(Xy) | ¥(z) =0}.

More precisely, there exist a constant vector x € C® such that 9(e,7) = 0 if
and only if

e=rk—AQ1+ - +Q5) mod Z°7 +Z°

for some @1, ...,Qs € X;. The constant « (or its image & in J(X})) is called
the Riemann constant. It is the image of a half canonical class by 2 ([M83,
Chapter II], Appendix to Section 3), and depends only on a symplectic basis
A;, B; and the base point of 2. Since div(ws) = 10P, the image of the
canonical class by 2 is 0 and x must be a half period. Hence we have
k = at + b for some a,b € (1/2)Z5. By the same argument as the proof of
Lemma 5.4 in [K03], the corresponding theta characteristic (a, b) is invariant
under the action of M on Q'2/Z!2:
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M- () = (@M + (D) (a'BR) M= |4 Dl

where (M) is the diagonal vector of M. By explicit computations, we have

Lemma 4.2 The M -invariant theta characteristics are (am,n + a0, b n +
bo) with

1 1
ao = 5(1,0,1,0,0,1), by = 5(1,1,1,0,1,0).

FEspecially, we have k = agT +bg. Since 9(—e) = J(e) and k is a half period,
we have

R-W§=0=-0=r+Wj,

that is W5 = —W§.
Let us consider J(X);_, N W§. By definition, we have

A(mPy +nPy) € Wy = -Wq

for 0 < m,n < 6 such that m+n <5 or (7—m)+ (7 —n) < 5. The rest of
J(X)1-, are A(mPy + nPy) with the following (m,n):

(1,5), (1,6), (2,4) (2,5), (2,6), (3,3), (3,4), (3,5),
(4,2), (4,3), (4,4), (5,1), (5,2), (5,3), (6,1), (6,2).

Moreover we have the following reductions:

(6Py + Py) = (2P + P, + 4Ps) + div(i),

1
(3Py + 3P)) = (4P, + 2Ps) + div(fc(xgﬁ)),
(5P + P) = (3P, + 2P, + Py + div<;2>,

1
(4P + 3P)) = (Py + AP, + 2Ps) + div(x(xgﬁ)>,



The Fermat septic and the Klein quartic 127

that is,

A6Py + Py), ABPy+3P), ABPy+ Py), A4Py+3P)c Wy.

By the equality Wy = —WJ and the symmetry for Py, P;, we see that
Ql(mPo +nP1) € ng if

(m,n) #(2,4), (2,5), (3,5), (4,2), (5,2), (5,3).
The converse is also true:
Lemma 4.3 We have A(mPy + nPy) ¢ Wy for

() = (2,4), (2,5), (3.5), (4,2), (5,2), (5,3).

Proof.  'To prove this, note that

(5P +2P;) = (4P, + 2P, + Py) + div<;2>,

and hence A(5P + 2P;) = A(4P; + 2P;). Moreover we have

AP, +5P;) = —A(4P; +2P;),  i,j€{0,1}.

By symmetry for Py, P and P, it suffices to prove that A(4Py+2P;) ¢ Wy.
Applying the Riemann-Roch formula for 4P, + 2Py, we have

0(4Py + 2Py) = ((K — 4Py — 2P1) + 1,

where ¢(D) = dim H°(X;,O(D)) and K is the canonical class. From the
vanishing order of w;:

W5 W3 W2 W1 We W4 Ws W W3 w4 W2 W1

atPpb| 0 1 2 3 7 8 atP|0 O 1 1 2 3°

we see that there does not exist a holomorphic 1-form w such that
div(w) — 4Py — 2P, is positive. Therefore we have ¢(4Py + 2P;) = 1
and H°(X;, O(4Py + 2Py)) contains only constant functions. This implies
A(4Py +2P1) ¢ W3. a
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4.3. Jacobi inversion
We apply Theorem 4 in [Si71, Chapter 4, Section 11], for rational func-
tions

f:Xt%}Pl? ($,y)|—>$, g:Xt%]Pl) (x,y)»—>1—x
on X;. Then we have

Q1+ +Q6) F i o006 T)

7
F(Qu) X% F(Qo) = E[:[ G o W
7 Q1+ +Q6 +flk(oo,1)g’7—)
§(Qa) - 5(Qs) = flj AQit -+ Q)
where constants E and E’ are independent of Q1,...,Qg, integrals

fik(oo’*) € € CS are chosen such that

/ 54_ cee 4 / g: 0,
il(oo,*) 17(007*)

and A(Q1 + -+ + Q) € CO takes the same value in the numerator and the
denominator.

Substituting 4P; +2P; and 2P; +4P; for Q1+ -+ Qg in (1), and taking
their ratio, we have an expression of t? by theta values:

t? = (f(P1)2f(Pt)4)/(f(P1)4f(Pt)2)
T 95— AP +AP) + [ (o0 6T
19(/‘41—%[(2P1+4Pt)77—) /

T Y9(k — A(4P + 2P,) +fk(ooo)§, T)

kgl I(r — A(4P; +2P,), T)

11{ "<’+a427_+b42+fk(000)§’ )/

k=1

(K + aqoT +ba2,7)
T Bk asoT + b5+ [y (000 & T)

kl_Il 19(/<;+a5,27'+b572,7')
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Similarly, substituting 4P, + 2P; and 2P; +4P; for Q1 +---+ Qg in (2), we
have

(1—1)* = (9(Ro)’g(P)")/ (9(Pr)*g(Pr)?)
ﬁ 2PO‘*‘4P15 +f(ool)£’ )/

— AP +4F),7)
T (k= AAP) +2P) + [, o1y 657

kl;[l Yk —A(4Py + 2P;), T)

ﬁ H+a247+b24+fk(001)§7 )/

(K4 agam+baa,T)

7 19(% + a5 o7 + b572 + fik(oo,l) gv T)

kl;[l Yk + as,2T + bs2,7)

The above expressions are simplified by introducing theta functions with
characteristcs a, b € QF:

Yap(2,7) = exp[riatia + 2mia’ (z + b)]9(z + at + b, T)
Z exp|mi( Tt (n+a) + 2mi(n + a)'(z + b)].
We denote a theta constant ¥,4(0,7) by Jap(7). Let Jppn)(2,7) be

Vap(2, 7) with characteristics a = am n + a0, b = by + bo in Lemma 4.2.
With this notation, theta expressions (3) and (4) are

T V2,5 (7) Vja2) (fik(oo,O) 57 7)
i Va2l (T) D25 ([ ooy & 7).

7 79[52 T 19[24(f1k(001)§a )

1-t°=1]

k=1 29[2 4] (T) 79[5 2] (j;k(oo 1) 67 )

t? =

Putting
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/ o0,T

i (00,7)

/ 3
i7(oc0,x)

and using formulas

ai,o0T + bl,O (I‘ = 0)
apaT+bo1 (z=1)

—6(a1,07 +b1o) (z=0)
—6((11707' + b170) ({L‘ = 1)

Yap(a'T +b,7) = exp[—mia't'a’ — 27mia"" (b + V)| Yatar pror (0,7),
a',b' € Q"
0(a+a’,b+b’) (27 T) = eXp(27T \ _latb/)e(a,b) (Z> 7_)7 a,a Ve Z6a

we see that

ﬁﬁ[‘l? 1k(ooO)§7 ) _CSM
g &) aa (D)

19[274}(fik(oo,1) 577') _ V12,5 (1)7
k=1 79[5,2}(fik(00,1) 577') "‘9[5,3} (7')7

Since ¥_q, _p(—2,7) = Vap(%, T), we can easily show the following equalities
Vi2,5)(7) = p5,2)(7),  Ip2,01(7) = I5,31(7), Vpz,09(7) = Dpa3y(7).

Therefore the above expressions of ¢ and (1 — t)? are simply

5 Ups,2) (7)1 Vpg(r)™

2 = —_— .
79[4,2](7)14 79[2,4] (T)M

(1—t)?=
Namely, there exist constants e; = £1 and €5 = +1 such that

V5,9 (7)7 L 6219[2,5] (r)7

t=C3¢ —_ .
¢ 119[4,2](7')7 19[2,4](7')7

()

For g = [ B] € Spy,(Z), theta constants ¥, 4(7) satisfy the transfor-

mation formula
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g-(ay(97) = 11(g) exp[2mida b (9)]det(CT + D)/ 2041 (7)

where
1
g (@b) = (a,b)g™ + 5((C'D)o, (A'B)o),
Xap(g) = —%(tatDBa —2'a* BCb + 'b'C Ab) + %(tatD ~tB'C)(A'B)o,

and p(g) is a certain 8-th root of 1 depending only on g. Therefore, as
coordinates of P?(C), we have

[Dg12,4) 1 gpa5) : Vg3 ,51(9 - 7)
= [e[A2,41(9)]V2,41 : €[Aj2,5(9)]V12,5] = €[Ais,5)(9)]Y3,5)] () (6)

where e[—] = exp[2mi—].
By explicit forms of o9 = ¢(hg) and o1 = ¢(h1) in Appendix, we see
that

)\[274] (O'()) = 53/56, A[275](0'0) = 53/56, A[375] (0'0) = 7/87
Az,ay(01) = 25/56,  Apgs(01) =19/392, Aps 5(01) = 79/392,

and
1900[2,4] = 9[5/14]?9[5,2}a 7900[2,5] = *19[5,3], ?900[3,5} = 9[13/14]79[4,2],
V(2,4 = — V5,3 Voy2,5] = €[9/14]04.9), Vo35 = €[4/T][5,9.-

Applying these for (6), we obtain

[19[274} . 19[275] . 19[375]](0'0 . 7') = [—’19[275} . 6[9/14}19[274] . 19[375]](7'),

(7)
[19[274} : 19[275] : §[3’5]](0'1 . T) = [19[274] : 6[67/98]19[375} : 6[45/98]19[275]](7')
Theorem 4.1 (1) The inverse of the Schwarz map
s:C—{0,1} — D, t—u=[u(t) : ug(t)]

is given by T'(1—C)-invariant function t(u) = ¢° (92,5 (P ()™ /I35 (®(u))7),
where P : Dj{[ — W} is the modular embedding given in Appendiz. In other
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words, ®(u) € HY is the period matriz of an algebraic curve
Yy =xz(z —1)(z — t(u)).
(2) The analytic map
Th: D}, — P*(C),
u — [e[5/491019,4012,5) : Vp2,5193,5] © —V[2,4193,5]] (P(w))
induces an isomorphism D}, /T((1 — ¢)?) and the Fermat septic curve
Fr: X"+Y"+ 27" =0, [X :Y : Z] € P?(C).

Proof.  From (5), we have

) 7 ) 7
1= &?1(5 [2,5] (7')7 Yoy [2,5](7')7'
79[3,5} (7') 19[2,4] (7')

Since this equation must be invariant under actions of o9 = ¢(hg) and
o1 = ¢(h1) in (7) (otherwise, the image of Th is not irreducible), we see
that ey = e9 =1 and

V2,5) (‘I’(U))7

_ 5
t=¢ 79[3,5]@(“))7'

Let us recall that T'(1 — () is projectively generated by h3 and h?, and
['((1—¢)?) is projectively isomorphic to the commutator subgroup of I'(1—¢).
From (7), we see that

(2,41 - V2,51 Op3,50) (05 - ) = [(Vj2.ay = (Vpa,5) : D3 ,5)(7),

(D241 1 Vp25) : Uz 5] (07 - 7) = [Fp2,q) : (Vp25) ¢ (Vi35 (7).

Therefore the commutator subgroup of I'(1 — () acts trivially on
(12,4 (®(w)) : V2,5 (P(w)) : V3,5 (P(u))] € P?,

and the map Th gives a (Z/7Z)?*-equivariant isomorphism of D}, /T'((1—¢)?)
and the Fermat septic curve. O
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4.4. Klein quartic
It is known that the Klein quartic curve

Ki: XPY +Y3Z 4+ 23X =0, (X :Y : Z] € P*(C),
is the quotient of F7 by an automorphism
a: Fr — Fr, (X:Y:Z]—[¢X: Y : Z]

which is induced by gog3? € I'(1 — () via the map Th. The quotient map is
given by

Fr — Ku, (X:Y:Z]—[XY?:YZ?: ZX?3).
The Klein quartic K4 is isomorphic to the elliptic modular curve X'(7) of
level 7, and also to a Shimura curve parametrizing a family of QM Abelian 6-

folds (see [E99]). The following Corollary gives a new moduli interpretation
of ]C4.

Corollary 4.1 The Klein quartic curve K4 is isomorphic to ]D)E/I’Klem,
where

T kiein = { [‘C" Z] er(1-¢)

a=1 mod (1— C)z}
Proof. Let us recall the homomorphism

viT(=0) —MaFr), o) = clo—1) mod 1

in the proof of Proposition 2.1. The kernel of v is T'((1 —¢)?) and the image

is generated by
-1 0 5 1
v(g0) = {0 0] , vlg) = [5 J :

Since we have v(g3g%) = [—%-2517 Z], the group I'kjein is generated by I'((1 —

¢)?) and gog3. Namely we have D}, /T kiein = Fr/ (). O
Let (A, E, p,\) be a 4-tuple
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(1) A is a 6-dimensional complex Abelian variety V/A, where V is isomor-
phic to the tangent space Ty A and A is isomorphic to H1(A,Z).

(2) E: A x A — Zis a principal polarization.

(3) p is an automorphism of order 7 preserving F, and the induced action
on Ty A has eigenvalues ¢, ¢, (2, (2, ¢3, ¢4

(4) X: A — Z[¢]? is an isomorphism such that

Mo() = CA@), Blwy) = 2 Troe((¢ — CON@HAW)

(see Remark 3.3). Note that A induces an isomorphism of the torsion

subgroup A, and (Q(¢)/Z[¢])2.

An isomorphism f : (4, E,p,\) — (A", E’',p’,\') is defined as an isomor-
phism of Abelian varieties f : A — A’ such that f*E' = E, fop=p'of
and A\ = X o f. Then we see the following.

Corollary 4.2  We have isomorphisms

D;}/F(m) ~ {Set of (A, E, p,\) modulo isomorphisms f such that} ’

ATt =Wo f)7h on (mT'Z[]/Z[(])?
(Set of (A, E, p, \) modulo isomorphisms f such that

(i) - (e )
for 3b € Z[(]

@27 (0.5 =00 (0 ) |

DE/FKlein =

5. K3 surface

In this final section, we construct K3 surfaces with a non-symplectic au-
tomorphism of order 7 attached to X;, according to Garbagnati and Penegini
([GP]). For generalities on K3 surfaces and elliptic surfaces, see [SS10] and
references therein. Let us consider two curves

Xy =212 — 1) (21 — 1), Xoo:ys =131

and an affine algebraic surface
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Sy =ax(x — 2)(x —tz) + 2'°.

Note that X; is a hyperelliptic curve of genus 3. The surface S; is birational
to the quotient of X; x X, by an automorphism

pxp: Xy X Xoo — Xip X Xooy,  (21,91) X (22,92) — (21,Cy1) X (22, CY2),
and the rational quotient map X; x X, --+ S; is given by
z=y1/y2, yzz5x2, T = zx].

The minimal smooth compact model of S; (denoted by the same symbol S;)
is a K3 surface with an elliptic fibration

7:8 — P (z,y,2) — 2.
To see this, let us consider a minimal Weierstrass form
Sy y? =% + Ga(2)x + Gs(2)

Galz) = —5(# — 1+ 1)27,

Ga(z) = 210 — 2i7(2t S )4 1) — 2)2

and the discriminant
A(2) = 4Go(2) 4 27G3(2)?
= 2002721 — 202t — 1)(t + 1)(t — 2)2" — £2(t — 1)?}.
From this, we see that S; is a K3 surface, and it has a singular fiber of

type I at z = 0, of type IV at z = oo and fourteen fibers of type I; on
P! — {0,00}. Note that

dzy  y3dys

€ H(X,, 0" @ H* (X, Q!
o . (Xt,02°) ( )

is the unique (p X p) - invariant element up to constants, and descents to a
holomorphic 2-form on S; (see [GP, Section 3]). Therefore the period map
for a family of K3 surface S; is given by the Schwarz map s. Note also that
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an automorphism p x id of X; x X, descends to S;:
pxid: Sy — Sy, (2,y,2) — (Cx,(’y, C2).

Since S;/ (p x id) is birational to a rational surface X;/ (p) X X/ (p), the
automorphism p xid is non-symplectic. Hence the transcendental lattice T'g,
is a free Z[p x id]-module ([Ni79]). Since our family has positive dimensional
moduli, we have rank Tg, > 12 and rank NS(S;) < 10 for a general ¢ €
C —{0,1}, where NS(S;) is the Néron-Severi lattice.

Let us compute the Néron-Severi lattice and the Mordell-Weil group
MW (S;). Let o be the zero section of 7 : S; — P!. We have three sections

sq P — S, 2z (2,9,2) = (az,2°, 2), a=0,1,t

such that so + s1 + s; = 0 in MW(S,). Let 20y + ¢1 + lo + {3 + {4 be the
irreducible decomposition of 7=1(0), and ¢} + ¢4 + ¢4 be that of 7~1(c0).
For a suitable choice of indeces, intersection numbers of these curves are
given by the following graph; the self intersection number of each curve is
—2, two curves are connected by an edge if they intersect and intersection
numbers are 1 except s, - sp = 2 (Figure 4). Let N C NS(S;) be the lattice
generated by o, sg, $1, St, Lo, l1, {2, {3, £y, ¢;. The rank of N is 10 and
the discriminant is —49. Hence the Picard number of S; is generically 10
and the rank of MW (S;) is 2 by the Shioda-Tate formula ([SS10, Corollary
6.13]). Since the fixed locus S is contained in 71(0) U 7~ 1(c0) and
no elliptic curve contained in S?*'¢, we see that NS(S;) = U(7) @ Eg by
the classification theorem of Artebani, Sarti and Taki ([AST11, Section 6)).
Therefore we have NS(S;) = N. Let L be the lattice generated by the
zero section and vertical divisors. It is known that MW(S;) = NS(S;)/L

Figure 4. intersection graph.
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([SS10, Theorem 6.3]). Now it is obvious that MW (S;) = Zsg & Zs; = Z2.
Summarizing the above, we have the following proposition.

Proposition 5.1 For a general t € C — {0,1}, an elliptic K3 surface
St has transcendental lattice Tg, = U @ U(7) @ Eg and the Mordell-Weil
group MW (S;) = Z2. By the automorphism (z,y,z) — (Cx,(%y,(2), we
have Tg, = Z[(]* and the period map for this 1-parameter family is given
by the Scwarz triangle mapping s(t) with the monodromy group A(7,7,7).
Therefore the Schwarz inverse t(u) is an example of “K3 modular function”

([Sh79,81]).

A. Appendix

A.1 Symplectic representation

Here we give the representation matrix M € Sp12(Z) of p with respect to
symplectic basis B; and A;, and images of hg and h; by the homomorphism
¢ in Proposition 3.1:

ro0 0 0 -1 1 0 1
0 0 0 o 0 -1 1 o
-1 -1 -1 0 0 -1
-1 0 1 0 1 0
o] 0 0 -2 o 1 -1 1
0 -1 1 0 1 -1
M=15""%3 ’
1 1 0 o o o
111
1 -1 -2 0 -1 0
o -1 1 1 o -1 0 0
L -1 0 3 -1 1 -1
To0 0 0 1 -1 0 1
0 0 0 o |01 -1/ O
111 0 0 1
1 0 0
o 01 0/ O o
0 0 1
tho) = | =5 ’
-1 -1 0 o] o o
-1 —1 -1
10 0
o o o 01 0
L 0 0 1.
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-1 1 1]l0o o ol]l1 o o]1 1 o017
o 1 1]l0 1 o]o 1 ofl1 0o 1
o o 1|1 o olo 0o 1]/]0 0 o0
0 1 21 1 o]1 1 o2 1 1
1 2 2]0 1 2/l0 1 1|1 2 o0
o o 1t]lo 1 o1 0o 0|1 0 1

¢(h) = 1 1 1]0 0 1]l0 0 o0]-1 0o -1
1 -2 —2/0 0 O0|-1 0 0 ]-2 -1 -1

1 -2 3]0 -1 —-1]|-1 -1 0 |-2 -2 -1

1 1 1]-1 o 10 0 o]1 1 o

0 0 —-1|0 -1 —-1]0 0 —-1|/0 0 ©
| -1 -1 -1]0 0 —-2|1 -1 -1l0 -1 1

A.2. Period matrix
Let ¢ be exp[27i/7] and put

14++-7
2 )
Br = —2¢%—2¢", Ba=—(2¢> +1—-¢%+2¢%).

a=1+C+C+¢ =

The modular embedding & : ]D)J[I — H} in Proposition 3.1 is given by
_ L /{An O 5 O B2 Az O | o
®(u) =3 ( [ 0 Dll] it g, 0 |"M"2 T 0 Dyl 2)

A= (C+C+1)(2C - ¢+ 2)uf +3(¢+ 1)uj

and

a 0 —1
A = (CH¢C+D2E-¢C+2) |0 a—-1 —af,
-1 —« 1

2C6+C5_C3_1 2c6_<3 _<3
Dy =(¢*+1) 2¢° - ¢? ¢-¢ (C-al,
—§3 CG —« o

- — [ -1

Bis = (¢* = () 56 (5B ¢s ;
(14+¢%)B1 1+¢%B2 (1+¢5)
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(e -¢-1  ¢-1 ¢G+1

Agp = -3 (-1 (-1 ¢? :

¢ +1 ¢? —C3(¢+1)

3a—2 a-—1 le}

Dyy=(C+1)|a-1 2a—1 =2

a -2 a—+1
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