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On a theorem of Littlewood
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Abstract. In 1927 Littlewood constructed a bounded holomorphic function on the
unit disc, having no tangential boundary limits almost everywhere. This theorem was
the complement of a positive theorem of Fatou (1906), establishing almost everywhere
non-tangential convergence of bounded holomorphic functions. There are several gen-
eralizations of Littlewood’s theorem whose proofs are based on the specific properties
of holomorphic functions. Applying real variable methods, we extend these theorems
to general convolution operators.
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1. Introduction

The following remarkable theorems of Fatou [8] play a significant role in
the study of boundary value problems of analytic and harmonic functions.
Let T=R/2rand D = {z € C: |2| < 1}.

Theorem A (Fatou, 1906) Any bounded analytic function on the unit
disc D has non-tangential limits at almost all boundary points.

Theorem B (Fatou, 1906) If a function of bounded wvariation u(t) is
differentiable at xq € T, then the Poisson integral

1

o | Pz — t)du(t)

converges non-tangentially to p'(xg) asr — 1.

Littlewood [15] made an important complement to these results, proving
essentiality of non-tangential approach in Fatou’s theorems. The following
statement of Littlewood’s theorem is equivalent to the original one. It is
fitted to the further statement of the present paper.

Theorem C (Littlewood, 1927) If a continuous function A(r) : [0,1) —
(0,00) satisfies the conditions
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lirri A(r) =0 and lirri Ar)/(1—=r) = oo, (1.1)
then there exists a bounded analytic function f(z), z € D, such that the
boundary limit

}IL% f(Tei(m+>\(T))) ’

does not exist at almost every x € T.

There are various generalizations of these theorems in different aspects.
A simple proof of Theorem C was given by Zygmund [27]. In [16] Lohwa-
ter and Piranian proved, that in Littlewood’s theorem almost everywhere
divergence can be replaced to everywhere and the example function can be
a Blaschke product. That is

Theorem D (Lohwater and Piranian) If a continuous function A(r) sat-
isfies (1.1), then there exists a Blaschke product B(z) such that the limit

lim B (Tei(m‘M(T))) ,

r—1
does not exist for any x € T.

In [1] Aikawa obtained a similar everywhere divergence theorem for
bounded harmonic functions on the unit disc, giving a positive answer to a
problem raised by Barth [6, p.551].

Theorem E (Aikawa) If A(r) is continuous and satisfies the condition
(1.1), then there exists a bounded harmonic function u(z) on the unit disc,
such that the limit

lim u(rei($+’\(r))) ,

r—1
does not exist for any r € T.

As it is noticed in [1] this theorem implies theorem A. Indeed, if u(z) is
a harmonic function obtained in Theorem E and v(z) is its harmonic con-
jugate, then the holomorphic function exp(u + iv) has the same divergence
property as u(z) does.

Related questions were considered also in higher dimensions. Korani
[14] extended Fatou’s theorem for the Poisson-Szegd integral. Littlewood
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type theorems for the higher dimensional Poisson integral was established
by Aikawa [1], [2] and for the Poisson-Szego integral by Hakim-Sibony [9],
Hirata [10]. In [6] Nagel and Stein proved that the Poisson integral on the
upper half space of R**! has the boundary limit at almost every point within
a certain approach region, which is not contained in any non-tangential
approach regions. Sueiro [8] extended Nagel-Stein’s result for the Poisson-
Szego integral. Almost everywhere convergence over tangential tress (family
of curves) were investigated by Di Biase [4], Di Biase-Stokolos-Svensson-
Weiss [5].

Sjogren ([23], [24], [25]), Ronning ([19], [20], [21]), Katkovskaya-Krotov
([12]), Krotov ([13]), Brundin [7], Mizuta-Shimomura [17], Aikawa [3] stud-
ied fractional Poisson integrals with respect to the fractional power of the
Poisson kernel. In [12] and [3] higher dimensional cases of such integrals are
studied.

The present paper is the continuation of the authors investigations in
[11]. In [11] we introduce A(r)-convergence, where A\(r) is a function

A(r) : (0,1) = (0,00) with lim A(r) = 0. (1.2)

For a given = € T we denote by A(r,z) the interval [x — A(r), z + A(r)]. If
A(r) > 7 we assume that A(r,z) = T. Let F.(x) be a family of functions
from L'(T), where r varies in (0,1). We say F,(z) is A\(r)-convergent at a
point z € T to a value a € R, if

lim sup |F.(0) —a|=0. (1.3)
r—1 oeX(r,x)

We shall denote this relation by

lim F.(9) = a.
r—1:0eX(r,x)

We shall say F.(z) is A(r)-divergent at « € T, if there is no a € R satisfying
(1.3).

This definition generalizes the non-tangential convergence. For example,
in Fatou’s Theorems A and B we have a. e. A\(r)-convergence, if A(r) satisfies
the condition (1.7).

We say the family of kernels ¢ = {¢,.(z) > 0: 0 <r < 1} C L*>(T),
forms an approximative identity (AI), if they satisfy the conditions
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(a): ¢r(x) is even and decreasing on [0, 7],
(0): flprls = Lasr—1,
(c): pr(x) = 0asr—1,0<|z| <.

We denote by BV(T) the family of functions of bounded variation on T. In
[11] we have investigated a. e. A(r)-convergence properties of the integrals

(I)r(xa dp) = A@T(‘x - t)dﬂ(t)7 e BV(T)7 (14)

B (2, f) = / on(z— D), [EIPT), 1<p<oo.  (L5)
T
The quantity

a=al\ )= lim8111p A1) |||l oo (1.6)

plays a significant role in the investigations of (1.4) and (1.5) with p = 1. It
is proved

Theorem F ([11]) Let {¢,} be an AL
1) If a(\, @) < 0o and p(t) € BV(T) is differentiable at o, then

I &, (t, du) = ' (z0).
ral:tler];\l(r,xo) T( M) H (xO)
2) If a(\, @) = oo, then there exists a positive function f € L*(T) such
that

limsup @,.(¢t, f) = 00
r—1l:teX(r,x)

for all x € T.

Theorem F implies that an admissible approach region for @, is deter-
mined in terms of the finiteness of the quantity (1.6). It is interesting, that
this rate depends only on the values ||¢,||s. If ¢, is the Poisson kernel

1 —r2

P.(t) = ,
(*) 1—2rcost+r?

then one can easily check that ||, ||sc ~ 1/(1—r) and the condition a(\, ) <
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oo coincides with the well-known condition

limsup A(r) /(1 —r) < oo, (1.7)
r—1
guaranteeing non-tangential convergence in the unit disc. So the first part
of Theorem F generalizes Fatou’s theorem.
In the same paper [11] the authors presented a necessary and sufficient
condition for a. e. A(r)-convergence of the integrals (1.5) with p = co. This
condition is described by another quantity

SX(T)

B = B(\, ) = limsup limsup/ or(t)dt,
5—0 r—1 —5A(r)

which contains more information about {¢,} than a(\,¢) does. That is

Theorem G ([11]) Let {¢,(z)} be an arbitrary Al
1) If B(A, ) =0, then for any f € L*>°(T) we have

li 3.0, f) =
7‘—>1:91]g§\(1’,z) ( f) f(-%')
at any Lebesgue point x € T.
2) If B(\, ) > 0, then there exists a set E C T, such that ®,(z,1g) is
A(r)-divergent at any z € T.

Observe that a()\, ¢) < oo implies (), ¢) = 0, which may be deduced
directly or by using the results of Theorems F and G. One can easily check,
that in the case of Poisson kernels for a given function (1.2) the value of
B(A, @) is either 1 or 0. Besides the condition G(\,¢) = 0 is equivalent to
(1.7) and B(\, ¢) = 1 coincides with

limsup A(r) /(1 — r) = oo. (1.8)
r—1

We note, that the second part of Theorem G does not imply Theorems C
and E, because they provide the everywhere divergence of ®,.(z + \(r),1g),

as r — 1, along tangential curves, not within tangential regions.
The purpose of the present paper is to prove Littlewood type theorems
for the operators (1.5). We shall obtain such theorems for more general
kernels, than the approximative identity. Consider a family of kernels ¢ =
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{¢or(z) > 0: 0 < r < 1}, satisfying the properties (b) and
(d): m(v) =supgcp ey ||@r|loc < 00 for any 0 < v < 1.

We introduce another quantity

OX(r)
B =p0"(\ ) = limsupliminf/ or(t)dt < B(A, p).
5—-0 "L J_sa(r)

We prove the following theorems.

Theorem 1.1  Let {¢,} be a family of nonnegative functions with proper-
ties (b) and (d). If a function (1.2) is continuous and satisfies the condition
B* (X, ¢) > 1/2, then there exists a measurable set E C T such that

limsup @, (x + A\(r),Ig) — lim i{lf O, (z+ A(r),1g) > 26" —1

r—1
at every point x € T.

In the case of the Poisson kernel under the condition (1.8) we have
B*(\,¢) = 1 > 1/2. Therefore Theorem 1.1 implies the following gener-
alization of Theorems C and E, giving additional information about the
divergence character.

Corollary 1.2 If a continuous function (1.2) satisfies (1.1), then there
exists a harmonic function u(z) on the unit disc with 0 < u(z) < 1, such
that

lim supu(rei(‘”+/\(r))) =1, lim infu(rei(ﬂv-ﬁ-/\(r))) -0

r—1 r—1

at any point x € T.

The higher dimensional case of this corollary and Theorems C and E
was considered by Hirata [10]. We construct also a Blaschke product with
Littlewood type divergence condition as in Theorem 1.1, which generalizes
Theorem D. In this case a stronger condition 3*(A, ) = 1 is required. So
we prove.

Theorem 1.3 If a family of nonnegative functions {¢,} satisfies (b),
(d), the function (1.2) is continuous and 3*(\, ) = 1, then there exists a
function B € L>°(T), which is the boundary function of a Blaschke product,
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such that the limat

lirr} ®,.(x + \(r), B)

does not exist for any x € T.

In the definition of A(r)-convergence the range of the parameter r is (0, 1)
with the “limit point” 1, that is we consider the convergence or divergence
properties when » — 1. We take the limit point equal to 1 to compare our
results with the boundary properties of analytic and harmonic functions in
the unit disc. Certainly it is not essential in the theorems. In general there is
no need to imagine the meaning of A(r)-convergence geometrically. Instead
of (0,1) we could take any interval (finite or infinite) (a, b) with a limit point
To € [a,b]. In this settings A(r) satisfies

A(r) : (a,b) — (0,00) with lim A(r) = 0.

r—7g

instead of (1.2) and the properties (b) and (d) of the family of kernels ¢,
used in the formulations of new results, will take the forms

(b*): [lorlly — L as 7 — 7o,
(d’): m(d) = Supre(a,b)\(ro—é,ro—‘ré) ||SO’I”||OO < oo for any 6> 0.

A theorem analogous to Theorem 1.1 may be considered also for the
integrals

B, (z, f) = / oot — o) f(dt, feL'®), r>0,  (L9)

where the family of kernels ¢ = {p,(z) > 0: 0 <r < oo} C L>®(R)NLY(R)
satisfy the conditions

(b7): flprly — Tasr —0,
(d”): m(d) = sup,~; ||¢rllec < oo for any 6 > 0.

For a function

A(r) : (0,00) — (0,00) with }12% A(r)=0 (1.10)

we define
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SA(r)
B* = ﬁ*()\’ 90) = lim sup lim inf/ @r(t)dt'
6—0 "0 J_sx(r)

Theorem 1.4 Let {¢o.(z) : 0 < r < oo} be a family of nonnegative
functions on R with properties (b”) and (d”). If (1.10) is continuous and
B*(\, ) > 1/2, then there exists a measurable set E C R such that

limsup @, (z + A\(r),1g) — limiglf@r(x + A(r),Ig)>28"—-1, xze€R.
r—0 =
(1.11)

We note that for any positive function ®(x) € L>®(R) N L'(R) with
|®||1 =1 the kernels

or(x) = 1<I>(m> (1.12)

ro\r
satisfy the conditions (b”) and (d”). The condition

lir% A(r)/r = o0 (1.13)
r—

geometrically means tangential approach. Omne can easily check, that for
the Poisson kernel and for (1.12) the relation (1.13) is equivalent to the
conditions

}iir(l)/\(r)/r =00 (N p) =14 0\ ¢) > 0.

Therefore, if the kernels in (1.9) coincide with (1.12) and A(r) satisfies (1.13),
then Theorem 1.4 implies the everywhere “strong” A(r)-divergence of inte-
grals (1.9), which covers the one-dimensional case of a theorem obtained by
Aikawa in [3].

P. Sjogren ([23], [24], [25]), J.-O. Roénning ([19], [20], [21]), I. N.
Katkovskaya and V. G. Krotov ([12]) considered the square root Poisson
integrals

POz, f) = (1) / [Pz — )2 (1), (1.14)

where
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c(r) = [ 1P (o) 2
T
is the normalizing coeflicient. They proved that

lim P20, f) = f(z) ae. (1.15)

r—1:0eX(r,x)

whenever f € LP(T), 1 < p < oo, and

1 p
c(l—nr)| lo if1<p< oo,
A < ( )< 87 ) p

(1.16)
c(p)(—=r)t forany 0 < p <1 if p= o0,

where ¢(u) > 0 is a constant, depended only on u. The case of p = 1 was
proved in [23], 1 < p < oo were considered in [19], [20]. The cases p = 1
and p = oo are consequences of Theorem F with an additional information
about the points where the convergence occurs. Indeed, it is easy to observe
that the kernels

[P ()]

or(z) = o(r)

of the operators (1.14) satisfy all conditions (a)—(d). Besides, as it is men-
tioned in [19, p. 223],

1
if |z] <1—r,
—7)lo -
o0 () ~ () = 2(1—r)log(1/(1 —r)) (L.17)

1
Hl—r<l|z| <m.
el log(1/(1 = 1)) =

This implies

1
=)

and therefore, according to Theorem F, we conclude that the condition in
(1.16), corresponding to the case p = 1, is necessary and sufficient to have
the relation (1.15) for any function f € L!(T). This reproves the result of
[23] and establishes the optimality of such estimate for A(r).
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Now suppose A(r) satisfies the condition (1.16) with p = oco. A simple
calculation shows that for such A(r) and for the kernels (1.17) we have
BN\, p) = B*(A\, ) = 0. Hence, according to the first part of Theorem G,
we get the result of the paper [19] for p = co. Taking A(r) = (1 — r)* with
a fixed 0 < p < 1 we shall get B(\, ¢) = 6*(\, ) =1 —p > 0 and, applying
the second part of Theorem G, we conclude the optimality of the bound
(1.16) in the case p = oo too. If 0 < p < 1/2, then we have §* > 1/2. In
this case, applying Theorem 1.4, we get Littlewood type strong divergence
of the integrals (1.14) for some indicator function f = Ip.

2. Proof of Theorem 1.1

‘We shall consider the sets

U(n, ) = D (”(2]'”_ 0) T2+ ‘”) cT (2.1)
=0

n

in the proofs of this as well as the next theorems. Observe that, using
the definition of §* > 1/2 and the property (d), we may choose positive
numbers dx, uk, vr (k € N), satisfying

Op <2785 I>wp>up— 1, 0<3Mup) < Mug) <, (2.2)
S (uk)
/ ort)dt >3 (1—-277), w<r<l, k=1,2,..., (23)
—dp A (uk)
Z % < 1077-2}‘7771(1) )’ 24)
j>k+1 k

where m(v) is defined in (d). Denote

Uk = U(?’Lk,55k), ng = |: o™ :| ke N, (2.5)

Auk) ]’
and define the sequence of measurable sets E, C T by

Ey =Uy, (2.6)
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Ex_1\Ug if k is even,
E, = (2.7)

FE,_1UU, if kis odd.
It is easy to observe that if k < m, then

EmCEkU< 0 U)

j=k+1
m m
E.\ |J U=E\ |J U,
j=k+1 j=k+1
These relations imply
E.ANFE,, C U U j
j=k+1

and therefore we get

e, —Ig, i =|Ex AEL| < > U <100 > 6. (2.8)
j=k+1 G>k+1

This and (2.4) impliy that Iz, (t) converges to a function f(t) in L!-norm.
Using Egorov’s theorem, we conclude that f(t) = Ig(¢) for some measurable
set £ C T. Tending m to infinity, from (2.8) we get

|EAEy| <107 ) 65 (2.9)
j>k+1

Take an arbitrary x € T. There exists an integer 1 < jo < ny such that

omjo . [% 47T] . [A(uk)

ng T ’ ng 3

,A<uk>] C [Mur), Alug)]

and therefore, since A\(r) is continuous, we may find a number r, u, < r < vy,
such that

Ar) = 20 (2.10)
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If k € N is odd, then according to the definition of Ej we get

250 — 5o 27 59
EkDUkDI:<7T< Jo k)’ﬂ( Jo + k))
ng ng

Thus, using (2.3), (2.10) as well as the definition of nj from (2.5), we con-
clude

¢Ax+Mﬂlm)ZZ¢Aw+Mﬂ—ﬂﬁ

Qi
I ng

57r5k/nk
= / Qpr(t)dt

—570k /N

S (uk)
> / or(t)dt > B*(1 —27F). (2.11)
— 8\ (ur)

From (2.4) and (2.9) it follows that
@, (t,15) — ®r(t,1g,)| < |[E A Eg| - m(vg)

< 10mm(vg) Z §; <27k teT, 0<r<uy,
JjZk+1

and hence from (2.11) we obtain

limsup @, (x + A\(r),1g) > 5. (2.12)

r—1

If k € N is even, then we have E, NU, = @ and therefore £y, NI = &. Thus
we get

O, (x+ \(r),Ig,) < /Ttpr(:n + A(r) —t)dt — /IgoT(x + A(r) —t)dt

O A(ur) .
swm—/‘ or(t)dt < ool — B7(1 — 27%)

—5kk(uk)
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and similarly we get

limi{lf O, (x+ A(r),Ig) <1-p5% (2.13)
Relations (2.12) and (2.13) complete the proof of theorem.

3. Proof of Theorem 1.3

The following finite Blaschke products

2mik/n

n n n—1

2" —p z — pe
b(n,6,2) = —— P =T ol
(TL Z) oz — 1 = p€2mk/nz_1

p= e~ Vo/n, (3.1)
plays a significant role in the proof of Theorem 1.3. Similar products were
used in the proof of Theorem D too. If z = €'®, then (3.1) defines a contin-
uous function in H*°(T). We shall use the set U(n,d) defined in (2.1). The
following lemma shows that on U(n,d) the function (3.1) is approximative
—1, and outside of U(n, v/d) is approximative 1.

Lemma 3.1 There exists an absolute constant C > 0 such that

|b(n,d,e"") + 1| < CV6, xeU(n,d), (3.2)
|b(n,d,e™) — 1] < CV5, x€T\U(n, Vo). (3.3)

forany 0 <6 < 1.

Proof. Deduction of these inequalities based on the inequalities

<le®® -1 <2.

W =

If x € U(n,d), then we have

(e —1)(p" + 1) < Amé

‘b(n, d, em) + 1‘ =

pneinw -1 — 1 e_\/g’
demd Remd
< < CV6. 3.4
S S 4

If 2 € T\ U(n, v/d), then * = ¢'® with 7v/§ < |a| < m. Thus we obtain
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(e + (1 —=p")| _ 2(eVd — 1)

‘b(n,d,e )_1|: pneinx_l - |eim’—e\/3]
4\/3 4\/5 4
< < <CV5. (35
- ‘eznw71|f|6\/3f1| _71'\4/5/2*2\/5_ ( |:)|

Proof of Theorem 1.8. Asin the proof of Theorem 1.1 we may choose num-
bers 0y, ug, vr (k € N), satisfying (2.2), (2.3) and the condition
ikt m - 2 (v

instead of (2.4). Then we denote

bk(l‘) = b(nk,(Sk,eiz), ne = |: :|, keN, (37)

Auk)

and
k o)
Bi@) = [[bs@). B@) = [[ 4.

The convergence of the infinite product follows from the bound (3.10), which
will be obtained below. Observe that in the process of selection of the
numbers (2.2) we were free to define d; > 0 as small as needed. Besides,
taking ug to be close to 1 we may get nji as big as needed. Using these
notations and Lemma 3.1, aside of the conditions (2.2), (2.3) and (3.6) we
can additionally claim the bounds

w27 /nk, Br—1) = sup |Bi_1(2) — Br_1(z')| < 27%, (3.8)
le—z’|<27/ny

() + 1| < 27%, = € U(ng, 65), (3.9)

lbp(z) — 1| <27%, 2 e T\ U(ng, /1) (3.10)

From (3.10) we get
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|B(x) = Bi(z)| =

11 bj(m)—l‘

j>k+1

< ] a+279)—1<27F,

o zeT\ |J U(nj,t/@. (3.11)

j>k+1
Take an arbitrary x € T. There exists an integer 1 < jy < ng such that

i e 2] 2

Y Y
ne ng ne ng 3

AmﬂcwmAmm

where the inclusions follow from the definition of ny (see (3.7)) and from
the inequality 3A(vk) < A(ug) < 7 coming from (2.2). Thus since A(r) is
continuous, we may find numbers uy < rfﬁ < 7"% < v, such that

2750 2730 m
Ary) = —= — Ar))=—"—"—=4+ — —z. 3.12
(=" =2 M) = TR Ty (3.12)
For the set
e = U U(nj, Y 5]),
j>k+1
we have

le| = 107 Z /6.

J=k+1

To simplify the further estimations, without loss of generality we may replace
the relation ||¢,|l1 — 1 by ||¢r|l1 = 1. So taking r € [u, vi], from (3.6) and
(3.11) we conclude

|®,(z, B) — ®,(z, By)|
v _ —k+1 r—
< [eda— 010~ Buolt+27 [ o —nar

\e
< 207mm(vg) Z /6 + 271

Jjzk+1
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<2.27Fpo7ktl —y. 07k g eT. (3.13)
If
67, 670
tel = (—5k)\(uk),(5k)\(uk)) C (— 771- k , 771- k),
N ni
then we have
o
“mo te U(nk,65k),
T
9
T LT e T\ Ulng, /3.
Ty Ty

Then, using these relations together with (3.9) and (3.8), we get
27y 21y
o) (50
ng g
21y 277,
<[ (- (T =)+
N %

2 27,
Bkl(ﬂo _t> _ Bkl(ﬂﬂo)‘
ng ng

<27k o7k — g7kl (3.14)

and

ng ng ng ng
2T T 219
+ | Br—1 <JO + — - t> — B <]0> ‘
Nk Nk ng
< 27h p o7k — gkt (3.15)

On the other hand we have
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“I’r; (z + X(ry.), Br) + Br—1 (

2mjo

/T%;( )[Bk<

ng

2mjo

)

ng

—t) +Bk1<
n

2mjo

k

)

103

/TSOT;C (t)Bi.(z + A(r},) — t)dt + Bx_1 < mJo dt> '

2 2
< /@r;(t) |:Bk: <7TJO — t> + By — 1< WJO)}CU
I Nk Nk
2 2
+ / pry (1) [Bk<7r‘]0—t> + By— 1( 7TJO> dt’
c ng ng /|
= A+ B. (3.16)
Then from (3.14) we get
—k+1 —k+1
A<2 /1% (t)dt < 27 F+1, (3.17)

By the hypotheses of Theorem 1.3 we have 8* = 1. So from (2.3) we get
5k)\(uk)

[enw= [ " o> 1-2

I —drA(ug)

and therefore

[ o <llonlh 1427 =27 (3.18)
From (3.12) and (3.18) we get
B<2.-27% (3.19)
Thus, using (3.16), (3.17) and (3.19), we obtain
2
D, (z+ A(ry,), Bi) + Bi— 1< ;TJO)‘ <4-27% (3.20)
k

Similarly, using (3.15), we conclude
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\
‘@g(HA(r;;),Bk)—Bkl( ”‘70>‘ <4.27%, (3.21)
ng

Since |Bg—1(2mjo/nk)| = 1, from (3.13), (3.20) and (3.21) it follows that

@, (2 + A(r},), B) — @ (x + A(ry), B)|

-
()
Nk

2mjo
+ @, (x + A(r}), Br) + B (M)

.-
— By (x + A(rY), By) +Bk1( WJO)
ny

+ @ (x4 N(ry), B) — @4 (x4 \(ry,), Br)
+ (I)r;c/ (l’ + )‘(r;c/)a Bk) - (I)"';gl (.’E + )\(T;C/)’ B)‘

>92-4.27F _4.97F _4.907F _4.07k

=2-16-27%,
which implies the divergence of ®,.(x + A\(r), B) at a point x. O

References

[1] Aikawa H., Harmonic functions having no tangential limits. Proc. Amer.
Math. Soc. 108 (1990), 457-464.

[2] Aikawa H., Harmonic functions and Green potential having no tangential
limits. J. London Math. Soc. 43 (1991), 125-136.

[3] Aikawa H., Fatou and Littlewood theorems for Poisson integrals with respect
to non-integrable kernels. Complex Var. Theory Appl. 49 (2004), 511-528.

[4] Di Biase F., Tangential curves and Fatou’s theorem on trees. J. London
Math. Soc. 58 (1998), 331-341.

[5] Di Biase F., Stokolos A., Svensson O. and Weiss T., On the sharpness of
the Stolz approach. Annales Acad. Sci. Fennicae 31 (2006), 47-59.

[6] Brannan D. A. and Clunie J. G., Aspects of contemporary complezx analysis,
Academic Press (1980).

[7] Brundin M., Boundary behavior of eigenfunctions for the hyperbolic Lapla-



[10]

[11]

[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]

(23]

[24]

[25]

On a theorem of Littlewood 105

cian, Ph.D. thesis, Department of Mathematics, Chalmers University, 2002.
Fatou P., Séries trigonométriques et séries de Taylor. Acta Math. 30
(1906), 335—400.

Hakim M. and Sibony N., Fonctions holomorphes bornées et limites tan-
gentielles. Duke Math. J. 50 (1983), 133-141.

Hirata K., Sharpness of the Kordnyi approach region. Proc. Amer. Math.
Soc. 133 (2005), 2309-2317.

Karagulyan G. A. and Safaryan M. H., On generalizations of Fatou’s the-
orem for the integrals with general kernels. Journal of Geometric Analysis
25 (2015), 1459-1475.

Katkovskaya I. N. and Krotov V. G., Strong-Type Inequality for Convo-
lution with Square Root of the Poisson Kernel. Mathematical Notes 75
(2004), 542-552.

Krotov V. G., Tangential boundary behavior of functions of several vari-
ables. Mathematical Notes 68 (2000), 201-216.

Korani A., Harmonic functions on Hermitian hyperbolic space. Trans.
Amer. Math. Soc. 135 (1969), 507-516.

Littlewood J. E.; On a theorem of Fatou. J. London Math. Soc. 2 (1927),
172-176.

Lohwater A. J. and Piranian G., The boundary behavior of functions ana-
lytic in unit disk. Ann. Acad. Sci. Fenn., Ser A1 239 (1957), 1-17.
Mizuta Y. and Shimomura T., Growth properties for modified Poisson in-
tegrals in a half space. Pacific J. Math. 212 (2003), 333-346.

Nagel A. and Stein E. M., On certain mazimal functions and approach
regions. Adv. Math. 54 (1984), 83-106.

Ronning J.-O., Convergence results for the square root of the Poisson kernel.
Math. Scand. 81 (1997), 219-235.

Ronning J.-O., On convergence for the square root of the Poisson kernel in
symmetric spaces of rank 1. Studia Math. 125 (1997), 219-229.

Ronning J.-O., Convergence results for the square root of the Poisson kernel
in the bidisk. Math. Scand. 84 (1999), 81-92.

Saeki S., On Fatou-type theorems for non radial kernels. Math. Scand. 78
(1996), 133-160.

Sjogren P., Une remarque sur la convergence des fonctions propres du lapla-
cien & valeur propre critique, Théorie du potentiel (Orsay, 1983), Lecture
Notes in Math., vol. 1096, Springer, Berlin, 1984, 544-548.

Sjogren P., Convergence for the square root of the Poisson kernel. Pacific
J. Math. 31 (1988), 361-391.

Sjogren P., Approach regions for the square root of the Poisson kernel and



106 G. A. Karagulyan and M. H. Safaryan

bounded functions. Bull. Austral. Math. Soc. 55 (1997), 521-527.

[26] Stein E. M., Harmonic Analysis, Princeton University Press (1993).

[27] Zygmund A., On a theorem of Littlewood. Summa Brasil Math. 2 (1949),
51-57.

G. A. KARAGULYAN

Faculty of Mathematics and Mechanics
Yerevan State University

Alex Manoogian, 1, 0025

Yerevan, Armenia

E-mail: g.karagulyan@ysu.am

M. H. SAFARYAN

Yerevan State University

Alek Manoukyan, 1, 0049
Yerevan, Armenia

E-mail: mher.safaryan@gmail.com



