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On a second order rational systems of difference equations

N. TouAFEK and E. M. ELSAYED
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Abstract. In this paper we study the periodicity and the form of the solutions of
the following systems of difference equations of order two

YnTn—1 TnlYn—1

. 1= n & NO
trp_1 £ yn7 Ynt Txn £Yn—1 ’ ’

Tn+1 =

with nonzero real numbers initial conditions.
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1. Introduction

Difference equations appear naturally as discrete analogues and as nu-
merical solutions of differential and delay differential equations having appli-
cations in biology, ecology, economy, physics and so on. So, recently there
has been an increasing interest in the study of qualitative analysis of ra-
tional difference equations and systems of difference equations. Although
difference equations are very simple in form, it is extremely difficult to un-
derstand thoroughly the behaviors of their solutions. See [1]-[15], [36] and
the references cited therein.

Periodic solutions of difference equations have been investigated by
many researchers, and various methods have been proposed for the existence
and qualitative properties of the solution. For example, the periodicity of
the positive solutions of the rational difference equations system

1 Yn
Tp4+1 = —, Yn4+1 = —,
Yn Tn—-1Yn—1
was studied by Cinar in [2].
Elabbasy et al. [3] has obtained the solution of particular cases of the
following general system of difference equations
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a1 + asyn bizpn—1 + bazy

Tnt1 = sy Yn41 = 5
a32n + A4Tp—12n bsxnyn + baxnYn—1

C12n—1 + Co2n

C3Tn—1Yn—1 t C4Tp—1Yn + C5TnYn

Zn4+1 =

In [11], Elsayed et al. studied the periodic nature and the form of the
solutions of the following nonlinear difference equations systems of order
three

TnlYn—2 y L= YnTn—2
Yn—1(£1 + 2pyn_2)’ nt Tp_1(+1 £ ypzy_2)

Tn+1 =

In [22], Kurbanli et al. dealt with the periodicity of solutions of the system
of rational difference equations

Tpn—1+ Yn Yn—1 1+ T

Tpn—1Yn — 17 Ynt1 = Yn—1Tn — 1

ITn4+1 =

Ozban [25] has investigated the positive solutions of the system of rational
difference equations

oo i Yn
n+l — ) n+1 — .
n—k Tn—mYn—m—k

Touafek et al. [29] investigated the periodic nature and gave the form of the
solutions of the following systems of rational difference equations

x _ Tp—3 _ Yn—3
i il Ln—3Yn—1 Uit 1+ Yn—-3Tn—1 '

In [30] Yalginkaya investigated the sufficient condition for the global asymp-
totic stability of the following system of difference equations

thzpn—1 +a Zntn—1+a

) n+1l —

Zn41 = .
tn + Zn—1 Zn +tp—1

Also, Yalginkaya [31] has obtained the sufficient conditions for the global
asymptotic stability of the system of two nonlinear difference equations
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T o Tn + Yn—1 y o Yn + ZTp—1
1= — 1=

r TnYn—1 — 1’ nr YnTn—-1 — 1

Yang et al. [35] has investigated the behavior of the positive solutions of the
systems

a byn—p
xn == bl yn - .
Yn—p Tn—q¥Yn—q

Similar nonlinear systems of rational difference equations were investigated
see [16]-[37].

Our aim in this paper is to consider the following systems of difference
equations

YnTn—1 TnYn—1

L N T
Trp_1 Ly, Yt T2 £ Yn-1 " 0

Tn+1 =

with nonzero real numbers initial conditions.

Definition 1 (Periodicity) A sequence {z,}>° , is said to be periodic
with period p if x,,1, = x,, for all n > —&.

Definition 2 (Fibonacci Sequence) The sequence {F,,}>_, = {0,1,1,2,
3,5,8, 13,} i.e., Fm = Fmp-1 + Fm_g, m > 2, FO = 0, Fl = 1 is called
Fibonacci Sequence.

2. Main Results

2.1. The system: Tp41 = Tn—1Yn/(Tn—1 + Yn)s Yn+1 = TnYn—1/
(mn + yn—l)
In this section, we study the solutions of the system of the difference
equations

Tp4l1 = — Yn+1 =
Tn—1 +yn’ wn'i_ynfl’

where n € Ny and the initial conditions are arbitrary nonzero real numbers

such that yo/x_1, zo/y—1 ¢ {—(Frns1/Fn), n=1,2,...,}.
The following theorem is devoted to the form of the solutions of system

(1).
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Theorem 1  Suppose that {x,,yn} are solutions of system (1). Then for
n=20,1,2,..., we have

. _ T_1Yo o ToY—1
2n—1 — ) 2n — )
T_1Fon +yoFon—1 ToFon +y—_1Foni1
LoY-1 . T—-1Yo
Yan—1 s Yo =

B Y—1Fon +x0F2,1 yoFon +2_1Foni1’
where {F, 152, =1{0,1,1,2,3,5,8,13,...}, F_1 = 1.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our
assumption holds for n — 1. That is,

. . T—-1Y0 r _ LoY-1

2n—3 — ) 2n—2 — )
T_1Fon_o + yoFon—3 ToFon_2 +y—1F2,1
_ Y-1Zo . Yox —1

Yon—-3 = y  Yon—2 =

Y—1Fop_o +xoFo,_3 YoFon—o +x_1F5_1

It is concluded from Eq.(1) that

Tan—2Y2n—3
| T2n—2
Yon—1T2n—2 Ton—2 + Yon—3 _ T2p—2Y2n—3
Yon—1 + Tan—2 ( Ton—2Y2n—3 > tz 2Yan—3 + Tapn—2
2n—2
Top—2 + Yan—3

Ton =

( ToY-1 ) < Y—-1xo >
20Fon—o2 +y_1Fopn_1 ) \Y-1Fon—2 + xoFopn—3

B ( 2y_17x9 ) I < ZToY—1 >
Y—1Fon—2 + 20 Fop—3 rolon_2 +y_1Fo,_1

( (%%1)2 )
(woFon—2+ Y- 1Fon—1)(y—1Fon—2 + 20 Fon_3)
(y_1mo(y_1F2n_2 + xoFon—3 + 2x0Fo, 2 + 23/—1F2n—1)>
(y—1Fon—2 + xoFan_3)(xoFon—2 +y—1F2n_1)
_ LoY-1
Y1 Fono + 20Fon_3 + 220 F2n—2 + 2y_1Fon_1
Toy—1
Y-1(Fon—2 + Fon_1) +y_1Fon_1 + 20(Fon—3 + Fop_2) + 20 F2n_2
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_ ToY-1

Yy 1Fon +y-1Fon_1 + 20Fon—1 + 20 Fon_2
_ LoY-1

Y1 Fopga +20Foy’

and

< Y2n—2T2n—3 )

Ton—1Y2n—2 Yon—2 + Tan—3 Yan=2 _ Y2n—2T2n-3

Ton—1 + Y2n—2 ( Yan—2%2n—3 )+y2n—2 2%9p—3 + Y2n—2
Yon—2 + Tan—3

Yon =

< YoT—1 ) ( T-1Y0 )
Yolop—o +x_1Fon—1 ) \@_1Fon_2 + yolon_3

B < 2x_1Yo >+< YoT—1 >
T_1Fon_o + yoFon—3 YoFon—o +x_1Fo,_1

( (yol’fl)Q )
(YoFon—2 +x_1Fon_1)(x—1Fon—2 + Yo Fon—3)

<37—1y0(37—1F2n—2 + yoFon—3 + 2yoFon—2 + 23:_1F2n—1)>

(x_1Fon—2 + yoFon—3)(YoFon—2 + v_1F2,_1)
Yol -1
T 1Fon 2+ yoFon—3+2yoFon—2 +2r_1F%, 1
Yol —1
T_1(Fon—2 4+ Fopn_1) + x_1F5n_1 + yo(Fon—3 + Fon—2) + Yo Fon—2
Yox -1

T_1Fon +x_1Fopn_1 +yoFon—1 + yoFon—2
_ YoT -1
21 Fong1 +yoFon

Similarly, one can prove the other relations. The proof is complete. [

Lemma 1  FEvery positive solution of system (1) is bounded and lim x,, =
n—oo

lim y, = 0.

n—0o0

Proof. Eq.(1) shows that
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TnYn—1 TnYn—1
Yn+1 = < = Yn-1,
Tn + Yn—1 Tn

or
Tnt1 < Tp—1; Yntl < Yn—1-

Then, the subsequences {za2,-1}2, {T2n o2, {Y2n—1}220, {y2n o2, are
decreasing and so are bounded from above by M, N respectively since M =
max{z_1,z0}, N = max{y_1,yo}. O

Example 1 In order to illustrate the results of this section and to support
our theoretical discussion, we consider an interesting numerical example for
the difference system (1) with the initial conditions z_; = 0.8, zo = 3,
y—1 =2 and yp = 0.7. (See Fig. 1).

plot of X(n+1)=X(n-1)Y(n)/(X(n=1)+Y(n)), Y(n+1)=X(n)Y(n=1)/(X(n)+Y(n-1))
T T T T T T T T T
I X(n)
25 [\ y(n) T

X(n), y(n)

12 14 16 18 20

Figure 1. This figure shows the behavior of the solution of
the system (1) with the initial values as in example (1).

Similar to the previous theorem, we can prove the following theorem:

Theorem 2  The solutions of the following system of difference equations

Tn—1Yn TnYn—1
Tp1 =" Ynp1 = ——
Tp—1 — Yn —Tn — Yn-1
where n € Ng and the initial conditions are arbitrary nonzero real num-
bers such that yo/x_1, ¢ {Fpn+1/Fn,mn = 1,2,...,} and xzo/y—1 ¢
{—=(Fh41/Fn),n = 1,2,...,}, are given by the following expressions for
n=20,1,2,...
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(—1)" Mz _1yo (=1)"xoy—1
Ton—-1 = , Lon = )
T_1Fo, —yoFon—1 ToFon +y_1Fony1
—1)"xoy—_1 —1)"z_1y0
Yon—1 = ( ) Yon = ( )

ToFon—1 +y-1Fon’ T 1 Foni1 — YoFon
2.2. The system: Tp41 = Tn—1Yn/(Tn-1+ Yn)s Yn+1 = TnYn—1/
(mn - yn—l)
In this section, we study the solutions of the system of the difference
equations
Tn—1Y LTnlYn—1
Tp41 = #7 Yn+1 = La (2)
Tp—1+Yn In — Yn—1
where n € Ny and the initial conditions are arbitrary nonzero real numbers
with g # y—1 and x_1 # —yo.

Theorem 3  Suppose that {x,,y,} are solutions of system (2). Also,
assume that x_1, xg, y_1 and yo are arbitrary nonzero real numbers with
xg # y—1 and x_1 # —yo. Then, every solution of Eq.(2) is a periodic
solution with period twelve and given by the following formulas for n =
0,1,2,...

. _ _ZT-1Yo
Ti2n—1 = T—1, T12n = X0, Tign4+1 = — >
1+ Yo
_ _ _ ZoY-1
T12n+2 = Y-1, ZT12n4+3 = Yo, Tio2n4+4 = —
To — Y-
o B _ —T-1%o0
T12n+5 = —T—-1, T12n4+6 — —L0, T12n+7 = —
-1+ Yo
_ _ _ —ToY-1
T12n4+8 = —Y—-1, Ti2n+9 = —Yo, Li12n+10 =
To —Y-1
_ _ __ToY-1
Y12n—-1 = Y-1, Y12n = Yo, Y1on+1 = —
To — Y-
_ _ _ T—1Yo
Yi2zn+2 = —T-1, Yi2n4+3 = —Zo0, Yion+da = =
T_1+ Yo
_ _ _ %Y
Yi2zn+5 = —Y-1,  Yi2n+6 = —Yo, Yizn+7 = —
o —Y-1
- N _ T-1Yo
Y12n+8 = T—1, Y12n+9 = Lo, Y12n+10 =

T_1+yo
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Proof. For n = 0 the result holds. Now suppose that n > 0 and that our
assumption holds for n — 1, that is,

. _Z-1Yo
T12n—-13 = T-1, Z12n—12 = X0, Ti2n—11 = —— >
-1+ Yo
ToY-1
T12n—10 = Y—1, T12n—-9 = Yo, Ti2n—-8 = ———
To —Y-1
—Z—-1Y0
T12n—7 = —T—1, T12n—6 = —Z0, Tion—5 = —
-1+ Yo
_ _ —ToY-1
T12n—4 = —Y-1, T12n—3 = —Yo, L12n—-2 = ———
To — Y-
LoY—1
Yi2n—-13 = Y-1, Y12n—-12 = Yo, Yizn—-11 = ——
Lo —Y-1
_ _ T—1Yo
Y12n—10 = —T—1, Y12n—9 = —Zo, Y12n—-8 = —733 Ty ,
-1 0
—ZoY-1
Yiozn—-7 = —Y-1, Y12n—-6 = —Yo, Yian—5 = —
o —Y-1
T—-1%Y0
Y12n—4 = T—1, Y12n—-3 = Zo, Yion—2 = —— -
-1+ Yo
From Eq.(2), we see that
T—-1%Y0
—Yo| ————
T12n—3Y12n—-2 T-1+ Yo
T12n—1 = =
T12n—3 + Y12n—2 Yo + < T_1Y0 >
—Yo —
-1+ Yo
. —T-1Y0
T
(1 ()
T—1+ Yo
. —Z-1Y0 _
— =T—-1,
(—z_1—yo+2-1)
( ToY—-1 >
_ Zo
T12n—-2Y12n-3 To —Y-1

Y12n—1 = =
T12n—2 — Y12n—3 < ToY—-1 >
- | — 2
o —Y-1
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_ ToY-1
-1
(o — y—1)<<y> + 1)
ZTo —Y-1
_ ToY—-1 —y_4
(Yy—1+ 20 —y-1) -
( ZToY-1 )
Yy-1|\ — ————
Y12n—1T12n—2 o —Y-1
T12n = =
T12n—2 + Y12n—1 < ToY—1 >
- | + Y-
To — Y-
_ (—zoy-1)
Lo
P (=D
Lo —Y-1
_ (—xoy—l) _
- = Zo,
(=20 + 20 —y-1)
< T_1Yo >
T_q| ————
_ Ti2n—1¥Y12n-2 T_1+ Yo
Yi12n = —
T12n—1 — Y12n—2 < T—-1Y0 )
T — [ ———
-1+ Yo
_ T-1Y0
Yo
(1= (5))
@) (1- (2
_ T—-1Yo —y
— = yp.
(-1 + Yo — o)
Similarly, one can prove the other relations. The proof is complete. ([

Example 2 We consider a numerical example for the difference equations
system (2) with the initial conditions z_; = 0.8, zyp = 3, y—1 = 2 and
yo = 0.7. (See Fig. 2).

The following cases can be proved similarly.

Theorem 4  Assume that {z,,y,} are solutions of the system

x o Tn—1Yn y o TnYn—1
n+l — — n+l — — . >
Tn—1 — Yn —Tn + Yn—1
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plot of X(n+1)=X(n=1)Y(n)/(X(n=1)+Y(n)), Y(n+1)=X(n)Y(n=1)/(X(n)-Y(n-1))

Figure 2. This figure shows the periodicity of the solution
of the system (2) with the initial values as in example (2).

with the initial conditions which are arbitrary nonzero real numbers. Then,
every solution of this system is periodic with period siz and

T—-1%Y0
Ten—1 = T—1, Ten = X0, Ten+1 = —
-1 — Yo
_ o _ ZToY-1
Ten+2 = —Y—-1, Tén+3 = —Y0, Tént+d =
To —Y-1
ToY-1
Yon—1 = Y—-1, Yen = Yo, Yon+1 = ——
—ZTo +Y—1
. o _ T—-1Y0
Yon+2 = —T—-1, Yén+3 = —T0, Yént+a = ——
—x_1+ Yo

Or equivalently,

L-1Yo LoY-1
{xn}fzozo = {1'_1, Zo, y —Y—1, —Yo, y L1y TOy-- ()

-1 —Yo Lo — Y-1

) LoY—1 L—1Yo
=0 — -1, y T —T-1, —Xo, — > Y-1, s (0
{yntnZo {y 1, Yo Tty 1 ¥ Y-1, Yo }

where xg # y—1 and x_1 # Y.

2.3. The system: Tpi1 = Tn—1Yn/(Tn-1 — Yn)s Ynt+1 = TnYn—1/
(xn + y'n.—l)
In this section, we study the solutions of the system of the difference
equations
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T _ Tn-1Yn y _ TnlYn-—1
n+l — n+1 — >
Tn—1 — Yn Ty + Yn—1

(3)

where n € Ny and the initial conditions are arbitrary nonzero real numbers
with y_1/x0 & {—(Fnt1/Fn), n=1,2,...,} and x_1/yo ¢ {Fn/Fni2, n =
1,2,...,} U{1}.

Theorem 5 If {z,,y,} are solutions of system (3). Then the solutions
of system (3) are given by the following formulas for n =0,1,2,...

I ToY—1 . . T-1Yo0

2n = ) 2n—1 = )

" woF, +y-1F " 1 Fy — yoFrn—2
YoT -1 Y—-1Zo

Yon = Yon—1 =

r_1Fni0 —yoF,’ y—1Fn + zoFpq1’

where {F,}°%, ={0,1,1,2,3,5,8,13,...}, F_o = —1, F_, = 1.

Lemma 2 FEwvery positive solution of the equation Yn+1 = Tpyn—1/(Tn +
Yn—1) 18 bounded and lim y, = 0.

Example 3 See Figure 3, for the initial conditions z_; = 5, zg = 0.11,
y—1 = 0.4 and yp = 3 when we consider system (3).

plot of X(n+1)=X(n=-1)Y(n)/(X(n=1)-Y(n)), Y(n+1)=X(n)Y(n—=1)/(X(n)+Y(n-1))
T T T T T

0 5 10 15 20 25 30
n

Figure 3. This figure shows the solution of the system
(3) with the initial values as in example (3).

Theorem 6 The solutions of the system
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where n € Ng and the initial conditions are arbitrary nonzero real numbers

with x_1/yo & {—(Fny1/Fn),n=1,2,...,} and y_1/xo ¢ {F,/Fpi2, n =
1,2,...,}U{1} are given forn=0,1,2,..., by

S ToY—1 . _ T-1Y0

2n — ) 2n—1 — )
Y—1Fpyo — 20k, r_1F, +yoFni1
_ Yor—1 _ Y—1Zo

Yon = Yon—1 =

1 Fyy +yoFn’ Y1 Fy —xoFn o
2.4. The system: Tn4+1 — (mn—lyn)/($n—1 _yn)’ Yn+1 — m'n.yn—l/
(wn - yn—l)

In this section, we investigate the solutions of the following system of

the difference equations
Tp—1Y LTnYn—1
Tyl = —— "y Ypp1 = (4)

Tp—1 — Yn Tn = Yn—1
where n € Ny and the initial conditions are arbitrary nonzero real numbers
with x_1/yo ¢ {Fnt1/Fn,n = 1,2,...,} and y_1/x9 ¢ {F./Fpt2,n =
1,2,...,}uU{l}.

Theorem 7  Assume that {x,,y,} are solutions of system (4). Then for
n=20,1,2,...

(=)™ aoy (=1)" Mz _qyo
L2n = y T2an—1 = y
2ol —y—1Fny2 r_1Fy —yoFnia
—1)"yox 1 -1 ”Hy—ll‘o
Yon = 1) Yon—1 = (=1) where F'_o = —1.

r_1Fh_1 —yan’ xoFy_o —y_an’

Example 4 Consider the difference system equation (4) with the initial
conditions z_; = 0.5, 2o = 0.13, y_; = 0.7 and yo = —0.3. (See Fig. 4).
Theorem 8 Suppose that {x,,y,} are solutions of the following difference

equations system

N Tn—-1Yn . TnYn—1
Tntl = ——F > Ynr1 = —
Tn—1 + Yn —Tn — Yn—-1

where n € Ny and the initial conditions are arbitrary monzero real
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plot of X(n+1)=X(n=1)Y(n)/(X(n=1)=Y(n)), Y(n+1)=X(n)Y(n-1)/(X(n)-Y(n-1))
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Figure 4. This figure shows the solution of the difference equations
system (4) with the initial values as given in example (4).

numbers with y_1/xo ¢ {—(Fn+1/Fn),n = 1,2,...,} and z_1/y0 ¢
{=(F/Fni2),n=1,2,...,} U{=1}. Then forn=0,1,2,...

Lop = (—1)n$0y71 g = (_1)n+13€71y0
" woF, ty-1F,1’ " z_1Fy +yoFn—2’
—1)*yox_ —1)"y_1x
oy, = — 10T Yoy = —HY1To

r_1F 10+ yo By’ 20Fy1 +y 1 F,

Remark 1 The solutions of the following systems can be also obtained.

x o Tn—1Yn y o TnYn—1
n+l — — > n+l — — >
—Tp—1 + Yn Tn + Yn—1
_ ZIn—1Yn _ ZTpYn-1
Tny1=———> Ynt1= ——
—Tp—1+Yn Lp — Yn—1
X o Tn—1Yn y o TnYn—1
n+l — — . > n+l — — >
—Tp-—1 + Yn —In + Yn—1
" _ ZIn—1Yn y _ ITnlYn-1
n+l — — . > n+l — — >
—ZTn-1+Yn —Tn — Yn—-1
o Tn—1Yn o TnlYn—1
Tpn+1=—» Yn+t1 = —F
—Tpn—1— Yn Tn + Yn—1
_ Tn—1Yn _ TnlYn-—1
Tny1=——— Ynt1 = ——
—Tp—-1—Yn Tp — Yn—1
o Tn—1Yn _ TnYn—1
In4+1 = ———— Yn+1 =

) )
—Tn—1 " Yn —In + Yn—1
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