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§1. Introduction.

Recently, Bang-yen Chen and Kentaro Yano proved the following:

THEOREM 1. In order that a Riemannian manifold M of dimension
n>3 is conformally flat, it is necessary and sufficient that there exists
a (unique) quadratic form Q on M such that the sectional curvature K(o)
with respect to a plane o is the trace of the restriction of Q to o, i.e.
K(o)=trace Qfo, the metric being also restricted to a.

The object of this paper is to give the generalization of this theorem,
ipso facto, the characterization of higher order conformally flatness. -

We have the following :

THEOREM 2. In order that a Riemannian manifold M of dimension
n=24p is p-conformally flat, it is necessary and sufficient that there exists
a (unique) quadratic form Q, which satisfies the generalized first Bianchi
identity as double form of type (2p—1,2p—1), on the bundle A#*~*(M) of
(2p—1)-vectors of M such that the 2p-th sectional curvature K,,(o) with
respect to an Z2p-plane ¢ is the trace of the restriction of Q to A* (o), i.e.
K, (e)=trace Q|A* (o).

§2. Preliminaries.

Let M be an n-dimensional Riemannian manifold with the Riemannian
metric g, let F(M) be the algebra of functions on M and let (M) be
the Lie algebra of vector fields on M. In what follows we write 9=4,),
where it is convenient. |

For p an integer between 1 and n, let 4?(M) denote the bundle of p-
vectors of M and let A?(m) be the fiber over me M. A?(M) is a Rieman-
nian vector bundle, with the inner product on the fiber A?(m) over m
related to the inner product on the tangent space M, of M at m by

(2 1) <X1/\X2A"'/\Xp, Y1/\ Yz/\"'/\Yp>=det [<Xi> Yj>]’ (Xu YjEMm)°

We define a double form of type (p,q) on M to be an F(M)-multilinear
map ‘
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w: E(MPxFMy—EM),

which is skew-symmetric in the first p-variables and also in the last g-
variables. We shall use the notation

o(Xy, -, X,) Yy, -+, Y
to denote the value of @ on the vector fields X, ---, X, Yy, -+, Y, € ¥(M).
If p=q and
o(Xi, =, X)) (Ye, o+, V) =Y, o+, V) (X, -, Xp),
we say that o is symmetric. |

Let @ be a symmetric double form of type (p,p). Hence, at each point
me M, we may regard @ as aquadratic form on A?(m), i.e.

(D(Xl, ey Xp)(Yla tety Yp)-:(l)(Xl/\"'/\Xp, Y]_/\"'/\Yp), (X'i,’ YjéMm).

Next, let @ be a double form of type (p, g) and let 8 be of type (7, s)
respectively. The exterior product wA@ of o and 6 is defined by the
formula ,

(w/\a) (Xl, Tt Xp+r) (Yla T Yq+s)
(2. 2) = 2. eagrw(Xd(.l” ) Xo(p))(Yr(l)’ Tty Yr(q))

o€ 8h(p,r) .

o X B(Xa(pﬂ): "" Xv(p+r)) (Yr(q+l)’ Tty Yr(q+8))’ (Xi’ Yi G ?"(M)> .
Here, Sh(p, r) denotes the set of all (p, )-shuffles ; specifically

Sh(p, r)= {d €Sptr

6(1)< - <a(p) and a(p+1)< - <a(p+7)},

where S,., is the symmetric group of degree p+r.
It is easy to show that A is an associative multiplication and

(2. 3) oA = (=1 A

where o has type (p, q) and 6 has type (7, s).
Let o* denote the k-th exterior power of w. Then we can rewrite the
inner product on A?(m) over m€ M as follows;

1 .
(2'4) <Xl/\ ot /\Xp’ Yl/\ /\Yp> :}'!—gp(Xl, Y Xp)(Yb Y Yp)'

We define the double form cw of type (p—1, ¢g—1) for w of type (p,
g) as follows. With p=0 or ¢g=0, we put cwo=0. If both p and ¢g=1,
then we put

cw(Xl’ Y Xp—l)(Yla R Yq—l)

2.5 z
( ) = /EZ=1w(Ek, Xls Tty Xp—l)(Elc’ YI, Tty Yq-—-l)’
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where {E,, ---, E,} is a locally defined orthonormal frame field with respect
to g. We call this map ¢ the contraction.

The double form bw of type (p+1, g—1) for w of type (p, q) is defined
as follows. With ¢=0, we put bw=0. If ¢g=1, then we put

bw(Xl, Ty Xp+1)(Y1, Y Yq—l)

(2. 6) p+l ; y
=jZ=:1(—1) w(Xla T XJ') Tt Xp+1)(X.f’ Yl’ Y Yq—l)’

where the symbol > denotes omission.

Note that bw=0 for any quadratic form @ on M. Of course, we have
bg=0. If bw=0, we call » a double form satisfying the generalized first
Bianchi identity. We know that the double form of type (p,p) satisfying
the generalized first Bianchi identity is symmetric.

Concerning these operators, the following lemmas are well known (cf. see
and [3]).

LEMMA 1. Let o and 0 be the double forms on M of types (p, q) and

(r, s) respectively. Then we have the following formulas :

(2.7) clgNo)=gAco+n—p—qw,
(2. 8) b(wAG)=boAN0+(—1"wAbb,
(2.9) bc=cb.

LEMMA 2. Let w be a double form of type (p, p) on M. Suppose that
bo=0 and o(X,, -, X,) (X, -, X,)=0 for all Xi, -+, X,€M, at each
point me M. Then w=0.

Let Ry be the curvature operator given by the formula:

(2. 10) Ry =[V5, V] —Vixv, (X, Yex(M)).
Then we define a curvature double form R of type (2, 2) by the formula:
(2.11) R(X, Y)(Z W)= Ry Z, W), <X, Y,Z, We %(M)).

Note that bR=0 reduces to the first Bianchi identity.
The Weyl conformal curvature tensor C is a double form of type (2, 2)
is given by

1 R 2

As the generalization of the conformal curvature tensor C, we define the
p-th conformal curvature tensor C, by the formula [2]:

2p _1 k
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The manifold M is called p-conformally flat if n>4p—1 and C,=0. Of
course, if p=1, then M is conformally fiat.

Let G,,(M) be a Grassman bundle of oriented tangent 2p-planes of M.
The 2p-th sectional curvature K,,(s) with respect to o=(m, P)€ G,,(M) is
given by the formula [3]:

_2)1) RP(XM R XZp) (Xl, e XZp)
O I XA - A X |f? ’

where P is spanned by X, -, X;,€ M,.

(2.14) Kiplo) =

§3. Proof of Theorem 2.

Suppose that M is a p-conformally flat Riemannian manifold of dimen-
sion n=4p. Then we have

(3.1) C,=0,
that is
(3. 2) Ro= % (=1)

Z VI (n—4p+2+7) g N R

- The 2p-th sectional curvature K,,(¢) with respéct to 2p-plane o¢=(m, P)e
G, (M) is given by

: 1
oy S0 R R W
X {iélg (X,, Xj) Q(Xb 0y Av,iy Tty XZp) (Xl’ Tty ‘ij’ "t X2p)}
_( 2)10 2p ( 1)k-—1 _ ¢ Dp

and P is spanned by Xl, e, Xop €M, .
Thus if {Xi, -+, X;,} is any orthonormal basis for P, then we obtain

(3.4) Koy (o) = ZQ(XI/\ AXGA - AX) (KA - AXGA - A Xy,

that is, the 2p-th sectional curvature K,,(¢) with respect to ¢ is given by
the trace of the restriction of Q to .

From Lemma 1, the generalized fiirst Bianchi identity #Q=0 for Q is
straightforward.

Conversely, suppose that the 2p-th sectional curvature K,,(¢) with
respect to ¢=(m, P)€ G,,(M) is given by

3.5) K;, (o) = trace QJA**"'(g),
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where Q is a certain quadratic form on A?*7(m) which satisfies the gen-
eralized first Bianchi identity as a double form of type (2p—1,2p—1). The
expression trace Q//4**"'(¢) being independent of the choice of the orthonormal
basis {U,, -+, U,p} of A**7'(m) respected to P, we put

\

U =5
X
o IZlr X=X, X X,
(3.6) o IRNRAZL

L 14 T | o
U kgpl(_l)k<X1/\ “'/\XZp—l, XI/\'"/\XK:/\'"/\XMJ) Xk
w IZA A Xppall 1B - Al

where X, =X/ A - AX;A -+ AX,,€ 42?7 (m) and A is an exterior multipli-
cation on A**7(m).
Then from (3.5) and (3. 6), we have

(_z)pRp(Xl, T XZp) (Xl’ ) -XZIJ)
O IXA - AXsl®

(3.7) '2:_1(_1)%5;1/\...,\;*{i/\.../\zzp, T NAAXNANAK QXL X))
- XA AP

Here we use the following identities ;

[ XA - AXpllP= XA - Ao,
(3. 8) <X‘I/\ e AKX /\X'Zp, }N{l/\ /\f{'j/\ e ANX»
= HXI/\ A /\X2p|l4p—4<Xi, Xj> .
Using this fact, we find
(=2)

(3.9) : TZ—P—)!—RP(XI’ wy Xop) (X1, vy Xop)

= (g/\ Q) (Xl, T X2p)(X19 Ty XZp)'
From Lemm 2, we obtain
(3.10) r=gAL,

where L = ((_2_P2))‘p .

From (3.10) and Lemma 1, we have
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c.R =gAcL+(n—4p+2)L,
(3.11) %Rﬂ=mﬂﬁL+kM—4p+k+D&*L,
| c:sz” =2p(n—2p+1)c*'L.
Then it follows that

2p — 1 k-1 .
(3.12) L= /¢Z=:1 %1 ,;:3((”_)41)_'_2_*_].) gf‘lAc"R”, i.e. (3.2).

Therefore M is p-conformally flat.
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