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Remarks on characterization of locally

compact abelian groups

By Hiroshi OTAKI
(Received March 24, 1976)

§1. Introduction

In this note G is a locally compact Abelian group with ordered dual
I'. This means that there exists a closed semigroup P such that PN(—P)
={0} and PU(—P)=TI".

Let M(G) denote the usual Banach algebra of all complex measures
on G and (i(7) the Fourier-Stieltjes transform of measure peM(G). LYG)
is the set of all functions integrable on G. H. Helson and D. Lowdenslager
proved the following generalized F. and M. Riesz theorem.

THEOREM 0. Suppose G is compact, p belongs to M(G) and p is of
analytic type. If dp=dp,+f(x)dx, where p, is singular with respect to
Haar measure dx of G and f belongs to L'(G).

Then, (1) both p, and f are of analytic type,
(2) £,0)=0

In general, however, the conclusion of theorem 0 cannot be strength-
ened to “p,=0". Indeed, we can see such an example in Rudin’s book (1).

In theorem 1 and 2 below we shall show that the necessary and
sufficient condition that peL'(G) if ¢ is of analytic type is G=T or R.

§ 2. Compact case

THEOREM 1. Suppose G is compact. Then, the following statements
(A) and (B) are equivalent.
(A) Let peM(G) be of analytic type, then peL'(G).
(B) G=T.
We shall show some lemmas before we prove theorem 1.
LemMma 1. [(1)]. Suppose G is compact. If there exists a non-zero
singular measure p,e M(G) which is of analytic type, E,={rel’ ; 4(1)>0,
>0} has no minimum elememt.

LEmMMA 2. Suppose G is compact, then the following statemets (A)
and (B) are equivalent.
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(AY there exists a measure peM(G) such that p& L'(G) and p is
of analytic type.

(BY there exists a positive element 1,€]" such that {Tel’ ; 0<T <7y}
is an infinite set.

[proof of lemma 2]

(By=>(Ay

(case 1) We suppose that I" is an Archimedean ordered group. Then,
we may assume that I' is a discrete subgroup of R. [(1): 8.1.2.]. We
define a function f(x) be max (|27, —z, 0). Then, f(x) is a positive definite
function on R. If ¢ is the restriction function of f to I', it follows that
¢ is positive definite on I.

Hence, by Bochner’s theorem, there exists a measure p€M(G) such
that £(1=¢ () on I We define a measure peM(G) by (=41 —21,).
Clearly, ¢ is of analytic type.

By the hypothesis, {rel’; i(r)>6} is an infinite set for some positive

number 6. Hence, by Riemann-Lebesgue’s lemma, g is not absolutely
continuous with respect to the Haar measure on G.

(case 2) We suppose that I" is not an Archimedean ordered group.
Then, there exists some positive elements 7, 7,€I" such that n7,<7, for
any neZ.

We put A={n7,; n€Z}. Since A is a subgroup of I, there existe
a measure p€M(G) such that a(7)=2, _,(7)

Where 2, _, is a characteristic function of 7,—4.

It is easy to verify that g is of analytic type. Since A is an infinite
subgroup, by Riemann-Lebesgue’s lemma, g is not absolutely continuous
with respect to the Haar measure on G.

(AY=>(B). Suppose that there exists a measure peM(G) such that g is
of analytic type, but does not belong to L'(G).

By theorem 0, we may assume that g is singular with respect to the
Haar measure on G. Since g0, there exists a positive element 7,6l
such htat #2(7)x0. Hence, by lemma 1, {rel’; 0<7r<7,} is an infinite
set. g. e. d.

[proof of theorem 1]

(B)=(A) trivial

(A)=>(B) By lemma 2, {fel'; 0<7r<7,} is a finite set for any posi-
tive element 7,€I". Hence, I' is an Archimedean ordered group. So, I’
is a subgroup of R and {rel’; >0} has a minimal element 7,€I'. Hence,
G=T because of I'={n7,; neZ}. g. e. d.
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§ 3. Non-compact case

TueoOREM 2. We suppose that G is not compact.

If any measure €M (G) which is of analytic type belongs to L'(G),
then G=R.

[proof of theorem 2]

I'=G is a non-discrete ordered group. Hence, by (1) 8.1.5, I'=R®D.
Where D is a discrete group.

We suppose D3{0}. Let P denote the closed semi-group which in-
duces the order into I'.

claim 1. There exists a non-zero element d,€D suth that (R+d)N
P=x¢.

Because, we assume (R+d)NP=¢ for any deD\{0}=C.
Then (UR+d)NP=¢.

aeC

Since PU(—P)=T, dLeJC(R+d)C—R We fixe a non-zero element —d,
€D. Then, R—dyc —P. Hence R+d,CP.

We have a contradiction.

claim 2. R+d,CP for d, of claim 1.

Because, by claim 1, (R+d))NPx¢. Since 0& R+d,, R+dy=(R+dy)N
(PO U(R+do) N P°).

Since (R+d,)N(P\{0})¥¢ and R+d, is connected, We have (R+d)N
Pe=¢. Hence, R+d,CP. Now, let denote §, a dirac measure at 0 in R
and m a Haar measure on D. We define a measure peM(G) by

dp (s, x) = doy(s) X di(x)
Where di(x)=(z, d,)dm(x). (s€R, x€D).

Since i(g, d) =szl~)(-—8, q)(—x, d) dd, (s) x di(x)
= (d—d)
= xRX{do) (q, d) (q ER’ d€D>

Hence, supp ())CR+d,CP. Therefore, ¢ is of analytic type. But,

by Riemann-Lebesgue’s lemma, ¢ does not belong to L'(G). This is con-
trary to the hypothesis. g.e.d.

ReEMARK. Let P be a closed semi-group of R such that (i) PU—(P)
=R and (ii) PN(—P)={0}. Then, P is [0, ) or (—oo,0]. Hence, the
converse of theorem 2 is the F. and M. Riesz theorem on R.
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