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1. Introduction

Most of the studies of geodesics or harmonic mappings are concerned
with the numbers of them. In contrast, we study in this paper a local
variation of harmonic mapping caused by a deformation of riemannian metric.

Let (M,qg) be a compact n-dimensional riemannian manifold and M
another compact manifold. Let ¢, be a riemannian metric on M and let
¢o: M—M be a harmonic imbedding. We prove the following results:
If there is essentially no non-zero Jacobi field, then a deformation of g,
causes a simple variation of ¢,. (Corollary 4. 3). But, if there exist essentially
non-zero Jacobi fields, then for some deformation of (i, harmonic mapping
vanishes or branches off (Theorem 4.7).

This paper is organized as follows: after preliminaries in 2, we show
in 3 that the space <& "* of harmonic imbeddings becomes a Hilbert mani-
fold (Theorem 3.4). Though the isometry group I of (M, g) (n+#2) acts
on & "%, we construct another manifold 4#°7-* instead of .&"*/I (Proposition
3.10) and explain their relations between & /I and 4" (Lemma 3J. 14,
Lemma 3.16). Combining these informations we get the main results in 4
stated above.

2. Preliminaries

In this section, we give notations, fundamental definitions and funda-
mental lemmas. Let (M, ¢) be a compact n-dimensional C®-riemannian mani-
fold and M a compact 7i-dimensional C®-manifold, where 7i=n. We denote
by H*(F) the set of all H*-cross sections of a fiber bundle F over a compact
C=-manifold, where H* means an object which has derivatives defined almost
everywhere up to oder s and such that each partial derivative is square
integrable. H*(F) becomes a Hilbert manifold, in particular, a Hilbert space
if Fis a vector bundle. (See Palais [6, §4, §9,§ 10, §11].)

We denote by S:M the vector bundle of symmetric bilinear forms on
M. Then, if 7>7/2, the set M of all Hr-metrics on M is an open set of
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H7(S2 M), and so becomes a Hilbert manifold. Similarly, we see that the
set #° of H-imbedding of M into M becomes an open manifold of H*(M X
M) if s>n/2+1, where M X M is a trivial fiber bundle over M.

Now, we fix EA™ and ¢=.2°. We denote by T, M the vector bundle
over M induced by ¢. That is, the fibre of T, M at x&M is the tangent
space T, M of M at ¢(x). Then, there is a cannonical inner product
(., > on HT,M);

2y o= a0,

where v, is the volume element of (M, g). Moreover, there is the covariant
derivative 7 along ¢ on the vector bundle T, M. Let {2}, {y%}, and I";; be
a local coordinate of M, a local coordinate of M and the Cristoffel’s symbol
of §, respectively. If a vector field £ along ¢ and a vector field X on M
are given by

_ 0

5(33) - E (x) * ayl ()

and
0

X(x) = X*(x)- 0x® |’

respectively then we define the covariant derivative V& along ¢ as
_ (v OF 9
(2 2) (VXE> (x> — (X * ax“) (x) ) 82/@ ¢ @)
s . . 0P 0
_J[_[’ jk <¢(x)>'§’(x>'(x * ax“> (.I)' 8_7/‘ &(x) )

DerFINITION 2.1. The fundamental from a of ¢ with respect to § is
a cross section of the tensor bundle 7, M(X).S2M over M which is given by
the following equation. Let X and Y be tangent vectors of M at x, and
denote a local extension of Y by the same latter Y. Then,

(2. 3) alX, Y)=Vx(¢*Y)—¢* (P 1Y),
where I is the riemannian connection of (M, g). We see easily that a(X, Y)

does not depend on extensions of the vector Y and that a(Y, X)=a(X, Y).

DEFINITION 2.2. The tension field © of ¢ with respect to § is the
trace of the fundamental form a with respect to g. That is,

2) = g (@) (1) = () [an(2) o ()
o7

() P2 L (@ 25 (a9,
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where 1%, is the Cristoffel’s symbol of ¢g. (See Eells and Sampson [3, p.
116 (5)].)

DeFINITION 2.3. If the tension field ¢ of ¢ with respect to § vanishes,
then ¢ is said to be harmonic with respect to .

We denote by "+ the subset of A" X.2* of all pairs (¢, ¢) such that
¢ is harmonic with respect to §. We denote by M, # and % the subset
of M7, #* and & of all C*-objects, respectively.

Finally, we show some fundamental propositions concerning the differen-
tiability of the composition of H*-mappings. Owing to Palais [6, § 4], H'(F)
has a system of coordinate neighbourhoods such that each neighbourhood
is diffeomorphic to an open set of a closed subspace of XH*(D?, R), where
p is the dimension of the base manifold of F and H*(D®, R) is the vector
space of all R-valued H*-functions on a closed p-dimensional disc D?. There-
fore the differentiability is reduced to that following lemmas.

LEmMMA 2.4 (Palais [6, 11.3 Theorem]). Assume that s>q/2+1. If
eeC*(D?, R), n& H¥ (D4, D?) and 7(D% Cint (D?) then ope H (D9, R). More-
over, there is a neighbourhood W of 7 in H*(D% DP) such that the com-
position : W—H(D4, R) is C*.

LEmMA 2.5. Assume that s>q/2+1 and r>s+p/2. If é€ H (D*, R),
ne H*(D?, D?) and »(DY)Cint (DP) then &ope H)(D? R). Moreover there is
a neighbourhood W of (&, ) in H™(D?, R) X H*(D%, D?) such that the composi-
tion: W—H*(D%, R) {s Cr—s-tr/21-1

Proor. Immediate from Omori [5, 1.4 Corollary] and Sobolev’s lemma.

Q.E.D.

3. A Manifold structure of the set "

First we give some propositions to see that there is an open subset of
%" which becomes a Hilbert manifold. We fix an element (g, o) of &
and a sufficiently small neighbourhood in .. Assume that s>n/2+3
and 7>s+7n/2—1. Note that the Cristoffel’s symbol I of § is represented
as a rational function of §;; and ag;;/dy*. Therefore, by the formula (2. 4),
¥ is represented as a rational function of §,;, 94:;/0y*, ¢%, d¢?/0x®, 0%¢/ox0x"
and their compositions. Hence Lemma 2.4 and Lemma 2.5 imply that
the map: (g, ¢)—7 is C*"™2 (in the sense of local expression) as a map
from H"-metric and H®-imbedding to H* 2-vector field.

Let x be a point in M and let 2 be a point in M which is sufficiently
near to ¢y(x). For a vector §&T, M, we obtain a vector at ¢,(x) by the
parallel transport along the minimal geodesic connecting z and ¢,(x) with
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respect to §,. We denote this vector at ¢(x) by p(x, &) or simply p&. Note
that the map: (z, §)—p(x, &) is C*. Thus Lemma 2.4 implies

.. LeEmMa 3.1. Assume that s>n/2+3 and r>s+7a/2—1. Then there is
a neighbourhood W of ((o, ¢o) in A7 XP* such that the map: (g, ¢)—pt
is Cr—~"2 g5 g map: W—H2(T,. M).

We shall give the derivation of this map. Let §(¢t) be a deformation
of {o, i.e., a l-parameter family of riemannian metrics on M such that

Gg0)=g,. Set ¢'(0)=h. Then by Lichnerowicz [4, (17.2)], we see

(3.1) Go([a(X, V)], &) = Gu(F 4 (G0 Y), &)

= % {(7 ooex ) (Pos ¥, )+ 4 v h) (o5 X, &) — (T h) (hoie X, s y)} _

Let {X,} be a local orthonormal basis of (M, g). Then
(3.2 Go([pe), €) = ol &
_ 1
- ; {(V;bo*Xa h) (9[)0* Xa; E) - ? <V$ h) (¢0* Xa’ ¢0* Xa)} .

We denote by y(h) the right hand side of this equation. Next, we consider
a variation of ¢y, i.e., a l-parameter family ¢(f) of imbeddings such that
¢(0)=¢y. Set ¢'(0)=V. In the following equation, / means the covariant
derivative along @ : MXx R— M, where @ is defined by @(x, t)=¢(¢) (x). We
omit ¢y and P and set @y (d/dt)=V. Let X be a vector field on M, then

(3.3) VyX—VxV=[V,X]=0.
Denote by R, the curvature tensor of the metric §,. Now, we compute
Viprl.
Vipr] =FVyr=tr Tya),
Vv<a(X, Y)) 7V<7XY—VXY>
RV, X)Y+V 7y Y-V FxX
RV, X)Y+PxVy V-V, xV
RV, X)Y+WPVY(X, V)4V xy V.

I

I

1

Thus we have, at =0,

(3.4) Vipel = DRV, Xo) Xa+ 2V V) (Xa, Xa) -

We denote by 8 (V) the right side of this equation. Combining these formulae
we get
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LEMMA 3.2. The derivative of the map : (G, p)—pt at (G, ¢y) is given by
(3.5) (h, V=7 (h)+B(V),

where y 1is the first order differential operator defined by (3.2) and p the
elliptic, self adjoint second order differential operator defined by (3. 4).

- Proor. It is sufficient to prove that B is self adjoint.
Gy V=T, V, W)
= X[u7x V, W)~ G5 V, 7x W)= (72 Y) [ 6oV, W)]
+Go(V, P,y W)
= X[ Y[ gV, W] |- X[ @l V. 7y W)= GoPx V, 72 W)
—(xY) [ 0oV, W) |+ 0oV, 7, W)

= {77 (o(V, W)} (X, V)= {Px(Gul V. PW))} (V)= GulPr, V, P W)

Set X=Y=X, and take summation over a. ‘ Q.E.D.
Denote by K the vector space of all Killing vector fields on (M, g) if
n+2, or the vector space of all conformal vector fields if »=2. That is,

ZeK if and only if
(3.6) VaZoy 4V Zo—VZs+gar = 0.

LEmMMA 3.3. Let ¢ be an imbedding of M into M and t the tension
Sield of ¢. Then,
3.7) (e, K>=0.
Proor. Set ¢*g=¢. For Z&K we see

g
J(a(X, X), Z) = g x X~V X, Z)
2=

= x[g(x

= X[g(X, 2)]-a(X.7:X)+ (X, 12 X1) = 40xX, Z)

(X, VxZ)—GVxX, Z)

=Wx0) (X, Z)+§(X, VxZ)— 7Z[g(x, X)]
+G(X, V2 X)— (X, VxZ)

= 720) (X 2+ (X, 72 2)— & [ 3(X, X)]
= (720) (X, 2)— 5 (720) (X, X)..

Therefore,
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. 1 .
{z, Z>:SM<Vagab-Zb—?Z”l7bg“a> Vg

— _S (VaZb_%Vch'gab> gab'vg
M
=0. Q.E.D.

THEOREM 3.4. Assume that s>n/2+3 and r>s+7/2—1. Then, &
ts closed in M"X.2° and there is a C'*""2— Hilbert submanifold of
MTX P which is open in .Z ™ and contains the set %. We denote the
manifold by & ™ Then the tangent space of %™ at (o, po) EH is a
subspace of H'(S*M)x H (T, M) of all pairs (h, V) such that y(h)+8(V)=0.

ReMARk 3.5. This theorem shows that % becomes an ILH-submani-
fold of A x.2. (For the term “ILH”, see Omori [5, pp. 168-169].)

ProOF. Since the map: (§, ¢)— is continuous, & is closed. Let
(Jo» ¢o) =& and take W given in Lemma 3.1. Denote by (pr)¥%¥ the ortho-
gonal part of pr to K. We shall apply the implicit function theorem to
the map : (g, ¢)—(pr)¥* defined on W. Owing to Lemma 3.1, this map is
Cr—s-t2 as a map: W—[H*(T, M)]Y%.

First, we show that if (§, $)cW is sufficiently near to (g, ¢) and (pz)¥%
=0 then t=0. We define a symmetric 2-form on M depending on (g, ¢) by

(3.8) 25(X, Y)=G(p7 ox X, o5 Y)+ (07 fox ¥, 95 X)) .

Since .S is positive definite for ¢=¢y, S is positive definite if ¢ is sufficiently
near to ¢, with respect to C'-topology which is weaker than H"2*3-topology.
Assume that (pr)" =0. Then, if we set pr=X, XK and

S(X’ X) — g_(P_ISbo* X, ¢>l< X) = g-(T, ¢>l< X) .
Therefore, by [Lemma 3. 3, we see

SMS(X, X) v, =z, X5 =0,

which implies that X=0 and so r=0.

Next, we show that the derivative of the map: (§, ¢)—(pr)"E at (o, ¢)
is surjective, which completes the proof. By [Lemma 3.2, we see that Im 3
is closed and has finite codimension. Therefore it is sufficient to prove
that the orthogonal complement of Imy coinsides with K. In fact, then,
the image is closed and dense owing to Palais [7, Chapter VII Theorem 7].
Let » by any H™"!-1-form along ¢, which is orthogonal to M at each point
of M. Since ¢ is an imbedding, there is an H"-function f on M such
that —1/2«tr(¢o.Go)-df=7. If we note that £ is constant on ¢y M, then we see
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1

iy 30-€) = Z{0 X8 5 0 X X0 )

= g_0(7]: 5) ’

where {X,} is an orthonormal basis of (M, g). Therefore Imy contains
such 7. Hence, if Z is orthogonal to Im y then Z is tangent to M at each
point of M. Let A be a symmetric bilinear form on M and set g[:o*h:ﬁ.
Then

Ph) (X, 2)— 57 2h) (X, X)
= X[h(X, 2)|-h(TxX, 2)—h(X, 7 Z)
21

1
2
(X,

(X, X)|+h X, X)
=Txh) (X, 2)+h(WxX, 2)+h(X, V3 Z)—h(T 3 X, Z)

+h(1Z X1, X)— 5 2B (X, X)~F (72X, X)

=h) (X, Z)— % 2h) (X, X)—h(a(X, X), Z> .
And

o 1 ~
0={y(h), Z) = 5M<Vahab-2b— SR h“a) v,
_S‘ Hab<VaZb—é—Vch'gab> Ug.
M

Since this equation holds for all A, the 2-tensor VaZb——é—Vch-gab is skew-
symmetric, 1.e.,
Vo Zo+VyZ))—VeZyoQar =0. Q.E. D.
Set ker f=dJ. The above proof implies
CoROLLARY 3. 6.

(3.9) Im g =[ H=*(T, M)|",
(3. 10) Imy =[H(T, M|,

where | 1Y and | 1Y% mean the orthgonal compliments of J and K,
respectively.

Proor. To show the formula (3.10), it is sufficient that the vector
space of all elements of Imy which is tangent to M contains a closed and
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finite codimensional subspace of H''(T, M). (See the proof of Theorem
3.4) Let & be an H'''-vector field on M and denote by the same letter
¢ an extension of ¢y & to M. Set h;;=V;&;,+V ;€. For a vector field Y on
M, we have

G5 h), Y) = 5375, 1) (Ko Y) = - 7k (Ko Xo)
= S X[ 2 (X, V)| 1Pz, X0y ¥) = 1 (Xe, T, Y}

_% ; {Y[h(Xa, Xa)]—Zh 7y Xa Xa)}

I
=[]

(X[ 0o7x,8 Y)+ 00X, 7x )] —[ 86 Py 2,6 )

+ 007 x, Xor 7v8) |~ 007,86, P, ¥) + 0ol X, T, v9)]
— Y[ o7 5,6 X)]+[ 077y 2,6 X+ GoTr Xr 7,8)]}
= o( S78) (X X, Y)+ 2 o Xeo Ro( X, ¥) £)

This equation shows that the differential operator: é—y(h) is elliptic. Par-
ticularly, the image of this map is closed and has finite codimension in
H~Y(T, M). Q.E.D.

LemMma 3.7. The image of the projection: T, , & " —Ts M" coin-
sides wtih y~["(T, M)]*’. The image of the projection: T ., %"
T, 2 coinsides with H*'(T, M).

Proor. The first half is reduced to Corollary 3.6. It is trivial that
if y(A)+p(V)=0 and heH(S?M) then VeH™(T, M). Conversely, if
Ve H*(T, M) then p(V)e[H (T, M)]*” owing to the formula (3.9). On
the other hand, K is contained in J by the following Corollary 3.9. There-
fore the formula (3.10) implies that there is he H"(S? M) such that y(h)+
g(V)=o. Q. E. D.

To state Corollary 3.9, we show

LEmMA 3.8. Let I denote the isometry group of (M,q) if n+2, or
the conformal transformation group if n=2. Then I preserves ST 4. e,
if (G, ) E L and yE1 then ({, poy) EL.

Proor. Denote by a and z, the fundamental from and tension field
of ¢ with respect to §, respectively. Then

agbor(X’ Y) = 7X{¢* 7% Y)—¢* 7% VY
= {Vx<¢* (rs Y)) — sV (7% Y)} +{¢* V(s Y)—dxrsVx Y}
=a,;(rx X, % Y) + s, (X, Y).
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If y*g=expf-g, then
T¢°T — epr' T¢Or+¢* TT *

Assume that 7,=0. By easy computation we see

1
0l X)= 5 (2—7) Xf
Therefore, if n=2 or f is constant then 7,,=0. Q.E.D.

CoroLLARY 3.9. B(K)=0.

Proor. If X&K then exptXe&l Therefore, if we define a variation
¢(t) of ¢ by ¢(t)=g¢oexptX, then 7,5, =0, and so 7' =0. Q. E.D.

shows that we have to consider the coset space & "/l
But the action of I on .&"* is not differentiable, hence & ™%/ does not
become a Hilbert manifold. Here, we consider a submanifold of _& "¢ instead
of sz s/ Let (§o, ¢)E-% and W be a sufficiently small neighbourhood of

(Goy ¢ho) In 7%, The set 4 7% is defined by
(8.11) 7 ={(g, P NW; ¢ =exps,Eogy, £€ H (T, M), &, K> =0} .

ProposiTiON 3.10. Assume that s>n/2+3 and r>s+na/2—1. If W

is sufficiently small then 4775 becomes a Cr—~"_Hilbert submanifold of
75 We denote this manifold by 4°7.

Proor. We define the map: (g, exp; o) E& "*—EX, where £¥ is the
K-component of & This map is C"*""2 and the derivative at (g, ¢o) 1s
surjective owing to [Lemma 3. 7. Apply the implicit function theorem on
this map. Q.E.D.

We denote by Z° the H*-diffeomorphism group of M and & the C*-
diffeomorphism group of M. (See Omori [5, 1.8 Lemma].) Let §) be a
finite dimensional Lie algebra of C®-vector fields on M. Then, by Palais
[8, Chapter IV Theorem III], there is a Lie transformation group H whose
Lie algebra is Y.

LemMa 3.11. Assume s>n/2. If Y and H are as above then the
inclusion : H—2° is an imbedding.

Proor. There is a neighbourhood W of if in H such that exp™
|[W: W—Y is a diffeomorphism onto an open set of §). Owing to Omori
[5, 1.15 Theorem], for each positive integer k there is a sufficiently large
integer ¢ such that exp: H{(TM)—2° is C*. Therefore the inclusion: W—
25, which coinsides with expo(exp™!|W), is C®. We easily see that the
derivative of the inclusion at id= H is injective. Since the right multiplica-
tion of €% for &¢ is C* (see Ebin [1, Proposition 3.4; 2, 4.18 Théoreme
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fondamental]), the above information implies that the inclusion: H—Z* is
an immersion.

To show that the inclusion is a homeomorphism onto its image, we
use Palais [8, Chapter IV Theorem VI], that is the topology of H coinsides
with the compact-open topology. Since s>n/2, the topology of Z* is strong-
er than the compact-open topology. Q.E.D.

REMARK 3.12. For the case that H is the isometry group, see Ebin
[1, Corollary 5.4; 2, 7.6 Théoréme].

CorROLLARY 3.13. Denote by I the isometry group of (M,q) if n#2,
or conformal transformation group if n=2. Then I becomes a submanifold
of Z*¢ for all s>n/2.

Now, we give two lemmas which make clear the meaning that we may
consider 477 instead of &7/

LemMA 3.14. Assume that t>n/2+43, s>t+n/2 and r>s+7a/2—1.
Then the composition c¢: ¥ X [—_gt {s Cot—w/2-1

Proor. 4775, . and I are submanifolds of 4" X .25, M"X 2" and
" respectively. Therefore the proof reduces to the differentiability of the
composition : 2 X Z'—. 2!, But it is easy to check owing to [Lemma 2.5

Q.E.D.

ReEMARK 3.15. The composition ¢: 477 X [->_% " is continuous owing

to Ebin [1, Lemma 3.1; 2, 4. 3 Proposition].

LEmma 3.16. Assume that t>n/2+43, s>t+n/2 and r>s+a/2—1.
Then there is a local C—+"2~\imap d: & 4"t X I such that cod is
the identity map.

Proor. Let {K,} be basis of K. Difine a function on .#* by

Gpl¢) = SM Jo(Px Ky, 95 K Uy, -

We see that G,, are C* owing to Lemma 2.4. The map which corresponds
r€l and ¢ H(T, M) to £ H (T, ., M) is given by

EX = o 7% pz(; qu<¢’0°7’) <& Pox T Kp> Ky,

where (G),) is the inverse matrix of (G,,). Since G,, are C* owing to Lem-

ma 2.4, this map is a C*-submersion of the vector bundle 7.#%,.; over

¢ool to the subbundle U ¢y, 7% K of the tangent vector bundle of ¢y0ol. Hence
rel

the kernel bundle v is a C*-bundle over ¢pol. The fiber of v at ¢, is
[HS(T¢0 M))¥% and the derivative of Exp; |v at ¢ is the identity and surjective
onto T, .#*. Therefore Exp, [v is a local diffeomorphism.
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Define a map n: 2—I by
¢ = (Expy, o(Expy, [v) () odipor(¢) .

Since the map: y—¢yor is injective immersion, r is C*. Then the decom-
position : ¢— (go(n ()™, n(¢)) €2 X [ is C*~1=/A~1 pear ¢, owing to
3.14. We define the map d by

d(g, ¢)= (7, ¢=(=(9)) ), =(9)) Q.E.D.

4. Variations of harmonic mappings caused by deformations of
riemannian metrics

In this section we assume that s >n/2+3, »r>s+7/2—1 and so Theorem
3.4 and Proposition 3.10 hold. First we consider the case that (g, ¢o) =&
has the property that J=K.

LEmMmaA 4.1. Assume that (Go, ¢o) =% has the property that J=K.
Then the differential of the projection n: ¥ ™—_M" at (Go, ¢o) 15 bijective.

Proor. Owing to and the formula (3. 10), the projection :
T, g9 =Ty M" is surjective. Therefore, for each he H"(S?M) there
is VeT, 2 such that (h, V)& Tg, , ™, and so (h, V)& T, ;.4 where
V¥E means the [H*(T, M)]"%-component of V. On the other hand, if (0, V)
€T, 407" then V&J. But here V is orthogonal to J, and so V=0.

Q.E.D.

THEOREM 4. 2. Assume that s>n/2+43 and r>s+a/2—1. If (§o, o) E
7 satisfies J=K, then the projection m: ¥ —>M" is a local Cr—s"/2.
diffeomorphism around (g, ¢y).

Proor. Apply the inverse function theorem to Lemma 4. 1.
Q.E.D.
CoroLLARY 4.3. Under the above assumption, let §(t) be a deforma-
tion of @y, i.e., a C®-curve in M" such that §(0)=¢q, Then for sufficiently
small t, there exists unique ¢(t)E.2° such that (§(t), ¢{t))E4" 5. Moreover
O(t) 1s a C" ™2 cyrve in P, and if we set §(0)=h and ¢/ (0)=V then

@1 pW+pvVI=0,  Ve[H(T, M]"

holds.

Next we consider the case that (§y, ¢y) % has the property that J2
K. Let S be a finite dimensional C®-submanifold of -#£” containing ¢,.
Assume that joy|T3.S: T, S—J¥X is an isomorphism, where j is the pro-
jection map to the J-part.



210 N. Koiso

LEMMA 4.4. Let © be the projection: ¥ 75— M". Then there is a
neighbourhood W of (o, ¢o) in 477 such that == (S)NW is a finite dimen-
sional Cr—s"U" 2 sybmanifold of 7. The tangent space of = *(S)NW at
(Jo» o) s (0, JVE),

Proor. Set (T, 4y 7) (T, 9% ) =E. Owing to and the
formula (3. 10), H"(S? M) is the direct sum of E and T, S. Therefore there
is a local diffeomorphism ¢: MA"—H"(S?M) around ¢, such that ¢(5) is
contained in 7.5 and Tj ¢ is the identity. Then, if we denote by p:
Hr (S? M)—E the projection with respect to the decomposition H"(S?M)=T; S
@E, 77(S) coinsides with (pogor)~1(0). Since the differential of pogor at
(Jo, &) 1s surjective, there is a neighbourhood W of (g, ¢) such that z7(S)
NW is a submanifold of & Let (h, V)ETq, ¥ I T, (pogon)
(h, V)=0, then heTy (S). But here Theorem 3.4 and the formula (3.9)
implies that [r(h)]”=0. Therefore A=0, which implies that the tangent
space of 7~ 1(S)N W is (0, J¥K). Q.E.D.

Set z (S) N W=." and (z|.S")—go=7%. 7(Jo, ¢o)=0 and Ty, 4, 7=0.

LEmMA 4.5. Let (§(t), ¢(t)) be a curve in S" such that (§(0), ¢(0)) =
(Gos o). If we set §'(0)=h and ¢ (0)=V then

(4.2) S {4R(V, Xo) P, V4, Ro) (V, X)) V4+(7yRo) (V, Xo) X
+r(h) =0,

where R, is the curvature tensor of §, and {X,} is an orthonormal frame
of M.
Proor. If we set ¢ (t)=h(t) and ¢ (()=V(t) then, by Theorem 3.4,

we have

Taw, ¢(t))< (t )> + Baw o <V(t>> =0.
We give the differential of this equation at (fy, ¢y). The differential for the
direction to 4" is given by 7(#'(0)) and the differential for the direction
to #* is given as Vy[Bq, 0 (V())]. We compute this form. Omit ¢ in
the following computation. Recal the definition (3. 4).

(77‘/) (X, X) :VXVXv—‘VVXXV,

and
Vy(ﬁXﬁxv) — _<V X) VXV-l—VxﬁVVXv
V, X)PxV+Px(R(V, X) VA7 27, V)
V, X)PxV+FxR)(V, X)V+RF =V, X) V+R(V, V2 X) V
+R(V, X)Px VAT £V V>V .
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And
PorxV)=R(V,VxX) V+T; 17V V,
7y(R(V, X)X) = (v R) (V, X) X+ RV, X) X+R(V, 7y X) X
R(V,X)PvX
=FyR)(V, X)X+R(V,7xV) X+R(V, X)Fx V+R{F,V, X) X .
Therefore
7 [(WV) (X, X

4R(V, ) (7 R)(V,X) V+(FvR) (V, X) X477 £+ V)
—V5 27y V)+ +R(7,V, X)X
=4AR(V, X)PxV+WFxR) (V, X) V++R)(V, X) X+, V).

Set X=X, and take summation over a. Q.E.D.

LEmMMA 4.6. Let ¢: R*—RP be a C-map (r=2) such that ¢(0)=
and dp(0)=0. Set 2¢(v)=(Hess ¢) (v, v), where Hess ¢ is the Hessian of ¢
at the origin, i.e., (Hess ¢) (v, v')=v [v'(¢)]. Assume that Im ¢ contains an
open set of RP. Let w be an element of RP such that ¢ (w)={%Va}1<ax,
Jor some q and that the linear map: v—(Hess ¢)(v,, v) is non-degenerate
Jor each a. If w(t) is a Cr-curve in RP? such that w(0)=0 and w (0)=w,
then there are a neighbouhood W of 0 RP and Cr'-curves v,(t) in RP?
such that v,(0)=0, v, (0)=v, and
(4.3) 67 (wl(e) N W= {va(£0)} _,._

=q
holds for sufficiently small t>0.

Proor. We may assume that w(#?) =#?w, by changing coordinate system
of R? if necessary. Let {2} and {y’} be the coordinates of the domain
and the image, respectively. By the consition of ¢ we can assume that ¢
has the form as ¢*(x) =¢*;; 227, where ¢*;; are C'~2-function. Moreover we
see easily that the equation ¢*;;(x) 2¥2/=w" for (2) has 2p solutions depend-
ing C~2-ly on x, which coinsides with {£v,} at £=0. Let 2,(x) be a solu-
tion such that 2,(0)=v,. We may assume that 2.(x)#0 for all 7 if z is
sufficiently small. In fact this is satisfied by changing coordinate system of
{y?} if necessary. Set ti(x)=2aY/2(x). Then ¢/ are C"2-functions and the
transformation matrix (0¢//0x%) at 0 is non-degenerate. Therefore there are
curves {,(¢) in RP such that £2({,(¢))=¢. {.(¢) satisfies

Ge)=t-2(Cl)  for any a
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and
¢+ (Calt) = ¢4 (Ca®)) - L20)- 2200

= ¢ (Lalt)) -2 24 (Cal®) -2+ 24 (Lal0)
=12ewk. Q.E.D.

TueoreMm 4.7. Assume that s>n/2+3 and r>s+a/2+1. Let (Go, ¢o)
be an element of & such that J2K. Denote by O®(V,W) a J"(-valued
symmetric 2-form on J¥K associated with (4.2), that is,

(4. 4) OV, W) = —2{41‘3 (V, Xo) Py W, Ro) (V, X)) W
+TvR) (W, X)) X+ AR(W, X) 7, V.
+Px, Ro) (W, Xo) VAHFwR) (V, X) X},

and set ¢(V)=(1/2) ®(V, V). Let heC>(S*M). Assume that Im ¢ contains
an open set of J. If ¢ Uly(W)))={*Vi}i<asqs has the property that the
linear map : V—0(V, V) is non-degenerate for each a, then, for a C®-curve
git) in A" such that §(0)=g, and § (0)=h there are a neighbourhood
W of (Go ¢o) tn 477 and Cr—s"2A~Lcyrves ¢o(t) in W such that ¢,(0)=qy,
0a(0)=V, and

(4. 5) =1(ge) N W ={(g(e2, RE)
Sfor sufficiently small t>0, where n is the projection: 4" — M".

ProoOF. Since the condition implies that [y (h)]”+#0, we can construct
the set .S introduced above [Lemma 4.5, so as to include {G(¢)}. Then,
by and Cemma 4. 5, the proof reduces to Lemma 4. 6.

Q.E.D.

REMARK 4.8. When the variational completeness is satisfied, this theo-
rem cannot be applied. In fact, Hess = vanishes in this case.

ADpDED IN ProOF. After this paper was written, the auther received
a preprint of J. Eells and L. Lemaire: Deformations of metrics and associ-
ated harmonic maps (to appear in the Patodi memorial volume). Some of
the results have overlap with this paper.
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