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On Riemannian manifolds admitting infinitesimal
projective transformations

Kazunari YAMAUCHI
(Received December 12, 1984, Revised February 16, 1987)

§ 1. Introduction.

Let M be a connected Riemannian manifold of dimension »>2. If a
transformation of M preserves geodesics then it is called a projective
transformation. Let X be a vector field in M and let {¢;} be a l-parameter
group of transformations generated by X. For each ¢, if ¢, is a projective
transformation then X is called an infinitesimal projective transformation.
A vector field X is an infinitesimal projective transformation if and only if
there exists a I-form ¢; such that £, =d%@p.+ 6%p,;, where £, denotes the
Lie derivation with respect to the vector field X, I'’; are the components of
the Christoffel symbols of the metric tensor ¢ of M and 67 mean the
Kronecker deltas. If @; vanishes identically then X is called an infinitesimal
affine transformation. We denote V, and K;; the covariant differentiation
with respect to the Riemannian connection and the components of the Ricci
tensor.

The main purpose of the present paper is to show the following theorem.

THEOREM 1.  Let M be a connected complete Riemannian manifold with
positive constant scalar curvatuve and satisfying the condition V,.K;;=V,K,..
If M adwmits a non-affine infinitesimal projective transformation then M is a
space of positive constant curvature.

REMARK.  The condition V. K;;=F,K,; in geometrically has
the important meaning that it implies a constancy of the scalar curvature of
M due to the second Bianchi identity. And the examples of Riemannian
manifold which satisfy V,.K;;=F;K,,; but not V,K;;=0 are already known (cf.
(11,[2],[3]). Furthermore it is well known that a conformally flat
Riemannian manifold with constant scalar curvature satisfies V. K, =V;K...
Conversely, in the case of lower dimensions, it is easily shown that if M of
dim M =3 (resp. dim M =2) satisfies V.K;;=V,;K,; then M is a conformally
flat space (resp. a space of constant curvature). Many mathematicians
studied Riemannian manifolds. with the condition V.K;;=V,;K,.; and they

obtained many interesting results: (cf.[1], [2], [3], [4], [8], [9], [10], [11],
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etc.).

In the case that M satisfies the assumption of compactness, the following
results are known.

THEOREM A. (Yamauchi.[15]). Let M be a compact connected
Riemannian manifold with constant scalar curvature (dim M =3). If the
scalar curvature is non-positive then an infinitesimal projective transformation
1S an isometry.

THeEOREM B. (Yamauchi.[16]). Let M be a compact connected and
simply conmected Riemanwian wmanifold with constant scalar curvature K
(dim M =3). If M adwmits a non-isometvic infinitesimal projective trans-
formation, then M 1is isometric to a spheve of radius / n(n—1)/K.

In the case without the assumption of compactness, the following results
are known.

THEOREM C. (Solodovnikov.[12]). Let M be a complete connected
analytic Riemannian wmanifold (dim M =3). If M adwmits a non-affine
infinitesimal projective transformation them M is a space of positive constat
curvature.

THEOREM D. (Nagano. [6]). Let M be a complete connected Rieman-
nian wmanifold with parallel Ricci temsor. If M adwmits a non-affine
infinitesimal projective transformation then M is a space of positive constant
curvature.

Our is a generalization of the above For the
proof of [Theorem 1, the following and Theorem E play important
roles.

THEOREM 2. Let M be a connected Riemannian manifold and let T
(M) be the tangent bundle of M with complete lift metvic. T (M) admits a
fibve-preserving infinitesimal conformal transformation if and only if M
admits an infinitesimal projective transformation.

TueoreM E. (Tanno. [14]). Let M be a complete connected Rieman-
nian manifold. If M adwmits a non-trivial solution f satisfying the following
differvential equations

(*) VkVJﬁ+a(2ﬂgJ,+ﬁgzk+ﬁng):0, (Z:CO%St.>O,

then M is a space of positive constant curvature, wheve f;=V.f.

In fact, if M admits an infinitesimal projective transformation then T°
(M) admits a fibre-preserving infinitesimal conformal transformation by
Theorem 2. Using this fact and V. K,;;=F;K,:;, we can show that there exists
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a non-trivial solution of the differential equation (k) in Tanno’s Theorem E.

Following this introductory section, in § 2, we shall recall the complete
lift metric of the tangent bundle T (M) of M. 1In§ 3, we shall give the proof
of and find a tensor equation which plays important roles in the
proof of [Theorem 1. In § 4, we shall prove [Theorem 1. Lastly, in § 5, we
shall consider infinitesimal projective transformations in 7 (M) and prove
the following theorem.

THEOREM 3. Let M be a complete connected Riemannian manifold. If
the tangent bundle T (M) with complete lift metrvic of M adwmits a non-affine
infinitesimal projective tramsformation them M is a locally flat.

§ 2. The complete lift metric in the tangent bundle of a
Riemannian manifold.

In this section we shall recall definitions and properties concerning the
complete lift metric in the tangent bundle of a Riemannian manifold
following Yano-Ishihara [19].

Let = be the natural projection of T(M) to M and {U, x"} be a local
coordinate neighborhood of M, then each #'(U) admits the induced
coordinates (x”, y*). If {U’, x*} is another coordinate neighborhood of M
and UNU’%x¢, then the induced coordinates (x”, y*) in z'(U") will be
given by

ax”
ox?

2.1 x"=x"x), y"=

Putting x"=y" x"=9", we often write the equation (2.1) as xZ'=x7(x).
The indices @, b, ¢,..., h, i, j,... run over therange 1, 2, 3, ..., »n and the
indices A, B, C, ..., P, @ R, ... run over therangel, 2, 3,..., n, 1, 2, 3,
.., 7. The summation convention will be used with respect to this system
of indices.

Suppose that we are given a Riemannian metric §in 7 (M) having local
expression §.pzdx “dx®=2g;:dx’dy’ with respect to the induced coordinates
(x", "), where o&y"=dy"+ Nhdx?, N%=yT:. We call this metric the
complete lift metric of g. Thus § has components

en =5 )

and contravariant components

2.3  (g%= (go ag;.i)
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with respect to the induced coordinates in T(M), where g’ denote the
contravariant components of g and o0 =y%9,.

We have already known that the Riemannian connection defined by g
coincides with the complete lift of the Riemannian connection of g. Thus the
components I'4. of the Christoffel symbols of § are given by

(2.4) Dh=r% T'h=0, T'%=0, Th=0aT%,
f‘f’;i———I‘ﬁ-, f‘f;:l“j’i, f‘]}%—:O, f‘f-;—:o,

with respect to the induced coordinates in T (M ).

§ 3. Fibre-preserving infinitesimal conformal transformations
in T(M).

In this section we shall prove and find a tensor equation which
plays important roles in the proof of [Theorem 1l.

Let the tangent bundle 7 (M) be endowed with the complete lift metric
of M. A transformation of T(M) is said to be fibre-preserving if it sends
each fibre of T(M) into a fibre. Let X be a vector field with components

X" . ) ) ~
< X’;> with respect to the induced coordinates in T°(M). If X generates a

local l-parameter group of fibre-preserving transformations then it is called
a fibre-preserving infinitesimal transformation. A vector field X is a
fibre-preserving infinitesimal transformation if and only if the components X ”
of X depend only on the variables x”* with respect to the induced coordinates
(x" v in T(M). 1If there exists a function p in 7T (M) such that

G.D L2 d=2pg

then X is called an infinitesimal conformal transformation in the tangent
bundle T(M), where £, denotes the Lie derivation with respect to the
vector field X.

Let X be an infinitesimal conformal transformation. Then using (3. 1),

we get following formulas (3.2) and (3.3) by the relation o\ZXf"%c:%JAE

{ V(20 p0) P o (S5Gme) —V p(£5Tpe) } and by the definitions of Lie
derivative of § and T :
(3.2)  X"0ufpc+Juc 04X + Jpp 9 X* =200 ,
(3.3)  30.X 4 XPo,I e — 50 9pX + T 0,XE +T 5 0. X"
=08pc+ ¢~ Gpc A
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where 5. means V5, V. denotes the covariant differentiation with respect to
the Riemannian connection defined by § and p%=g*%5,.

Proor oF THEOREM 2. Let T(M) admits a fibre-preserving infinite-

h
simal conformal transformation X with componens ( ) Then the first »n

Xh
components X * of X depend only on the variables x” and the formula (3. 3)
holds. Putting A=#%, B=j and C=17in (3.3) and taking account of (2.2),
(2.3) and (2.4), we can show the function p in T (M) depends only on the
variables x*. Thus we can regard p as a function in M. When we regard
it as a function in M we express it as p. Since X is a fibre-preserving
infinitesimal transformation in 7(M), it induces a vector field X with
components X ”in the base space M. Next, putting A=h, B=jand C=1iin
(3.3) and taking account of (2.2), (2.3) and (2.4), we obtain &£,I'};=d"
pi+ 0%, where &£, denotes the Lie derivation with respect to the induced
vector field X in M and p,=F.p. This shows the induced vector field X in
M is an infinitesimal projective transformation. Therefore if 7(M) admits
a fibre-preserving infinitesimal conformal transformation then M admits an
infinitesimal projective transformation.

Conversely, let X be an infinitesimal projective transformation with
components X *in M, that is, there exists a I-form @, in M such that £,T'%;=
S+ 0tp;. We put ;[le“lVaX 2=p. Then from the classical relation on the
Lie derivative of the Christoffel symbols: £,I';=V;V; X"+ K,;;"X ¢, we get

(3.4) ViV X"+ Kq;:" X °= 6%+ 8,

where K, ;;" denote the componets of the curvature tensor of M. Contracting
h and 7 in (3.4) we have @,;=V;p, thus (¢”") = (¢"p.) is a gradient vector
field of p. Now we put A?=2pd%— ¢"*£+9:¢ then they are the components of
a (1,1) tensor field in M. Using this tensor field, we define X=

h ~
(y“(a §h+Ah>>- Then we can show, by using (2.1), X is a vector field in

T(M). Thus X is a fibre-preserving infinitesimal transformation in 7°(M).
Using (2.2) and the left hand equation of (3.2), we compute the Lie
derivative of § with respect to X. For example,

£2G5:= X "Om(¥%0ag;i) + ¥y (0a X ™+ AD 0,:(¥°0ug;:)
+ ¥%0agni0;X "+ gnidi{ ¥ (8. X "+ AD } +¥902gim0: X ™
+gim@:i{ ¥4 (3. X"+ AD }
=y 9a £ngi+gmiVjAZzn+ IimV:AG+ gmi AT fa+ gimATT o}
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=yUVa(8x95:) + T8 E&x Gmi+ T i 8ex Gsm+ gni(2p;07
_gme'(£Xgab>> +9in(2p: 05— mei(£Xgab>>
+ gmi AT fa+ gim AT o}
=y"%Va(£x95) —Vi(8£x9gai) —Vi(8xGai) +2pigai
+2p'gaj+(£Xgmi+gn W7 +(£Xg,m+gn w7
=YY —29an&x Ui+ 2pigai+ 2p:9as+ 2p gl &5+ 2p giml G}
=2py*94g;:
=2pJj:-

Then we obtain £z§=2pg. Thus if M admits an infinitesimal projective

transformation then 7 (M) admits a fibre-preserving infinitesimal conformal
transformation. This completes the proof of [Theorem 2. Q. E. D.

Next we find a tensor equation which plays important roles in the proof
of [Theorem 1|, that is, we show the following proposition.

ProposITION 3.1. Let M admits an infinitesimal projective transfor-
mation X with components X". Then the following tensor equation holds

(3.5) AZKajih*‘AthJz = thPz+gszJp

where A% are the components of the (1,1) tensor field defined in the proof of
Theorem 2, K,;/" denote the components of the curvature temsor of M and

1
h__ ha — — a
P =9"pa, pa=Vaip, p= 1l7X

Proor. Since M admits an infinitesimal projective transformation X =
~ Xh
\ . . .
(X", the vector field X in T (M) with components <ya(aaXh+AZ> 1s a
fibre-preserving infinitesimal conformal transformation by means of the
proof of [Theorem 2. Thus the formula (3.3) holds. Putting A=#, B=j
and C=17in (3.3) and taking account of (2.2), (2.3) and (2.4) we obtain

(3.6 AZK’lajz»h—Athﬂ%VVAuF AL+ T4, AL
+ak<£XF >+<Fk1gaz zgya>/3 _O-

On the other hand, from the definition of A% and the commutation formula for
£x and V., we get (3.7) and (3.8), by using &£I'%=d%0,+ 5%p;,

3.7 VA= —8kpi—grip”
(3.8) ak(ocxrjli) = é\?(Vk/)i"i"FZipa) + §?<Vkpj+rgjpa>-

Substituting (3.7) and (3.8) into (3.6), we obtain (3.5). Q. E. D.
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§4. Proof of Theorem 1.

In this section we assume M be a complete Riemannian manifold with
positive constant scalar curvature K and satisfying the condition ¥V, K;;=
V;K... And let M admits a non-affine infinitesiaml projective transfor-
mation X with components X”. Then by definition, there exists a I-form p;
such that

(41) £XF§21':<)‘?P1'+ é\?/)j,

where p,=F;p and p:h—}*_—lVaX“. Since X is a non-affine infinitesimal

projective transformation, p is a non constant function in M. We shall show
this function p is a solution of the differential equation (%) in Tanno’s
Theorem E.

Using the relation on the Lie derivative of the curvature tensor:
Sy K nit=V, (L T%)—V,(LyT'%,), wWe can prove

(4.2) £X ji:_<7l—1>7j/3i-

By means of the commutation formula for ¥, and &, and by (4.1), (4.2)
and the Ricci identity for V,;V, p;,—V.V,;p;, we get

0= £X<Vk[(ji_Vijz’>
=(n—1 Kkjiapa_pkKji+ijkz'-

Thus we obtain the following equations :
1
(4.3) Kkjiapa = m(PkKji_PijJ,

K
4.4) ﬁpa:—h—pk.

To prove we prove the following proposition.
ProprosiTION 4.1.  The following equations hold

2n+ DK
n(n—1)

(n+3)K _n+l 1 1 -
(4.6) Vil ;pn +—n<n_ 1) P9 = 7 1/3kth+ 1 1Pthk+ —1 lthkj— 0,

(4.5) dp+ p = constant,

wherve Ap=V,p°.

Proor. Since M admits an infinitesimal projective transformation,
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from Proposition 3. 1, the equation (3.5) holds. Transvecting (3.5) with
¢ we get AKh—AK?=0. Applying V, to the both sides of this equation

and using (3.7), (4.4) and VaKi(:é—VkK> =(, we obtain

4.7) A%, K, =0,
where A7"=¢“Aj. On the other hand, from the definition of A} we get

(4.8) AW Ky, = (2/)gab+ <£Xgab>VaKbk
= —gab£x<VaKbk>

2(n+ DK >
n(n—1) R
Thus from (4.7) and (4.8) we have (4.5). Next, we apply ¢'¥%, to the
both sides of (3.5) [the index % being lowered]. Then we can get (4.6) by
means of (3.7), (4.3), (4.4), (4.5) and V,K,;,'(=V.K;»—V;K:») =0.

Q. E. D.

= (n—l)Vk<Ap+

ProoF OF THEOREM 1. By the Ricci identity for V.FV;p.,—V¥.p» and by
(4.3) and (4.6), we can prove

(4.9) PrGin=p;Grn,

where we define Gjh:th—%gjh.

Using (4.4) and (4.9), we can easily show p,G;»=0. Thus (4.6) is
rewriten in the form

K
ViVpn+ m (2prgintPigne+ prgr;) =0.

This shows the function p is the solution of the differential equation (%) in
Tanno’s Theorem E. And this solution p is non-trivial because it is a non
constant function. Therefore M is a space of positive constant curvature by
Theorem E. This completes the proof of Theorem 1. Q. E. D.

§ 5. Infinitesimal projective transformations in tangent bundles.

Let the tangent bundle 7 (M) be endowed with the complete lift metric
of M. A vector field X in T (M) is called an infinitesimal projective
transformation if there exists a function p in T (M) such that &£ Xf‘,};c:
0apc+ 080, where /30:17 cp. And if p is a constant function then X is
called an infinitesimal affine transformation.

In this section we shall prove Theorem 3. And to prove Theorem 3, we
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show the following fundamental proposition.

ProrosITION 5.1.  Let X be an infinitesimal projective transformation
h

with components ( X h) Then X", X" and § are expressed in the following

forms :

(D X"=y®Ai+B’,

() X'r=yi9(—Tt AL+ 84ps) +y*(8uB"+CH + F7,

(3) ﬁ:ya¢a+ "ﬁ,
where A%, C"are the components of (1,1) tensor fields in M, B*, F"are the
components of contravaviant vector fields in M,  a function of x" only and
@:=V.A%. And furthermove the following equations hold :

4 V;A=3d%.,

(5) Vjc?:_(y?wi;

<6> Vj ¢i:O)
(7> ijizo)
(8 &£I'5=0,

(9) cS:B]-—‘;zi:d\?Wi_" (5‘?1/0,
(10) AgKajih:AZKkjia:A?Kkjah:O,
(11) CZKajz'h: CgKkjia: C?Kkjah;

where ¥.=VAy and S5 $p denote the Lie derivations with respect to B=(B")
and F=(F"), respectively. Conversely, let A%, C% are the components of
(1,1) temsor fields in M, B*, F" are the components of contravariant vector
fields in M and ¢ a function in M. If they satisfy (4)~ (11) then the vector
field X whose components ave defined by (1) and (2) is an infinitesimal
projective transformation in T (M), that s, § defined by (3) satisfies
$xT e = 08pc+ 0865

This Proposition 5. 1 will be proved by simple but long computation of
£:T44. The detailed proof is omitted here.

The following lemma is useful to prove [Theorem 3.

LemMA. (cf. [5]). If M is a complete connected Riemannian manifold
which is not locally flat, then every homothetic transformation of M is an
isometry.

PrOOF OF THEOREM 3. Let M be a complete connected Riemannian
manifold and 7 (M) admits an infinitesimal projective transformation X.
Then, by Proposition 5. 1, (1)~(11) hold. Now, we define the contra-
variant vector fields Z=(Z") and W =(W ") as Z"=Alkp®and W'"=—Ciy?°,
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respectively, where ¢@"=g¢"p, and ¥"=g"*y,. Using (4), (5), (6) and (7)
we obtain

(5.1 8£29::=2(@ap® g;; and @, *=constant,
(5.2) Lwgii=2( Y g;; and Y= constant.

Thus Z and W are infinitesimal homothetic transformations. Therefore, by
Lemma, Z and W are infinitesimal isometries if M is not locally flat. If Z
and W are infinitesimal isometries then by (5.1) and (5.2) we obtain ¢,;=
0 and ¢,=0. This shows p=constant by (3). Thus X is an infinitesimal
affine transformation. This completes the proof of [Theorem 3. Q. E. D.
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