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§1. Introduction

In 1916 F. and M. Riesz published the following result : if 4 is a bounded
complex Borel measure on the unit circle T' such that

At =] e ™du(8)=0  for n=—1, ~2,...,

then u is absolutely continuous with respect to the Lebesgue measure onT.
Some forty years later, Helson and Lowdenslager generalized this theorem
to compact Abelian groups with ordered dual ([5]). Since then a number of
related results have been obtained under more general settings ([1], [2], [4],
(61, [10], [15], [17D.

In his papers and Sarason showed that H=(T)+C(T) is a
closed subalgebra of L*(T), and that H*®) + C,(R) is a closed subalgebra
of L~(R). Subsequently, Rudin and Yamaguchi investigated
spaces of type H*+ C on locally compact Abelian groups with ordered dual.

Meanwhile, Hewitt, Koshi, and the author recently presented simple
proofs for results in [I], [2], and and recognized that the embedding
theorem of a locally compact Abelian group into a locally compact divisible
Abelian group is useful in dealing with more general subsemigroups instead
of orders ([7]). In the present paper we continue to use the embedding
theorem and study the relation between the F. and M. Riesz theorem and
spaces of type H*+ C.

In section 2 we describe our notation and state main theorem which gives
a generalization of a theorem of Yamaguchi ([16]]). In fact our result
supplies more information on the relation between the F. and M. Riesz
theorem and spaces of type H®+ C. Some preliminary lemmas are proved
in section 3. We give the proof of our main theorem in section 4.

§ 2. Notation and Main Theorem

Throughout this paper, the symbolsZ, Z,, R, R,, and T will denote the
integers, the nonnegative integers, the real numbers, the nonnegative real
numbers, and the circle group respectively and the term “locally compact
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Abelian group ” means “locally compact Abelian group satisfying
Hausdorff’s separation axiom ”.

Let G be a locally compact Abelian group and let G denote its dual
group. A fixed but arbitrary Haar measure on G will be denoted by m.
Let L'(G) be the space of all Haar integrable functions on G and M (G) be
the Banach algebra of all bounded regular complex Borel measures on G
with convolution multiplication and the total variation norm. As usual, we
identify the measures in M (G) that are absolutely continuous with respect to
m with elements of L'(G). Given a subset E of G, we denote by M. (G)
the set of all measures in M (G) whose Fourier-Stieltjes transforms vanish
on G\E.

Let L®(G) be the Banach algebra of all complex-valued Haar
measurable essentially bounded functions on G under pointwise multiplica-
tion and the essential supremum norm and let C,(G) be the Banach algebra
of all complex-valued bounded uniformly contiunous functions on G under
pointwise multiplication and the supremum norm. (For a compact Abelian
group G, we simply write C(G) in place of C,(G)).

For an element x of G, &, denotes the Dirac measure at x. We denote
the Fourier-Stieltjes transform of a measure x in M (G) by;z and convolution
of measures ¢ and v in M(G) by ux%v. For a closed subgroup H of G,
H* means the annihilator of H. For x ¢ G and y ¢ G, we denote by (, Y)
the value of y at x.

Recall the definition of an ordered group.

DErINITION 1. Let G be an Abelian group. G is said to be mtrad if
there exists a subsemigroup P of G such that

PU(—P)=G and PN (—P)={0}.
For brevity’s sake, we will refer to P as an e < G.
For example, Z. and R, are order in Z and R respectively. It is well
known that an Abelian group G is ordered if and only if G is torsion-free
([6]D. Details on orders in locally compact Abelian groups can be seen in

6]

The following definition is convenient for our purpose.

DerINITION 2.  Let G be a locally compact Abelian group with dual
group G. A subset E in G is said to have #e FUR focterty if M (G)C
L'(G).

The F. and M. Riesz theorem says that Z, in Z has the FMR property.
We can also see that R, in R has the FMR property by the F. and M. Riesz
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theorem for R ([11, Theorem 8.2.7]). A well-known theorem of Bochner

says that Z, XZ, in Z*? has the FMR property (cf. [11, Theorem 8.2.5]).
Now recall a result on the F. and M. Riesz theorem and group
structures. It is due to Hewitt, Koshi, and Yamaguchi.

TueoreM A ([6] and [10]). Let G be a locally compact Abelian group
with ordered dual group G and let P be an order in G which is not dense in
G. Then P has the FMR property if and only if G is isomorphic to Rx A
or TXA, where A is discvete. Moreover, there exists u ¢ Mp(G) which is
singular with respect to mg unless G is isomorphic to RXA or T XA for a
discrete group A.

We give another definition to state our main theorem.

DerFINITION 3. Let G be a locally compact Abelian group with dual
group G and let P be a subsemigroup of G such that PU (=P)=G. We
define H}(G) and H¥(G) as follows:

HH(G)={f e L'(G): fiy)=0for y & P};
H7(G)=lge L%G): [ f(0g(x) dmo(x)=0for f e HA(G)}.

Let H'(R), H*(R), H'(T) and H=(T)denote the usual Hardy spaces.
If G=Rand P=R,, then H}(G)=H'R) and H¥(G)=H>(R). If G=T
and P=Z_, then H}(G)=HXT) and Hy(G)=HZ(T), where Hy(T)={f
e H*(T): £0)=0}. Note that H5(THC(T)=H=(T* C(T). H=(T*
C(T) and H*(R)+ C,(R)are a closed subalgebra of L*(T)and a closed
subalgebra of L=(R) respectively ([13], [14].

Yamaguchi showed the following theorem, which generalized an earlier
result of Rudin.

TueorREM B ([16]). Let G be a locally compact Abelian group with
ordered dual group G and let P be an ovder in G which is not dense in G.
Then HE (G)+ C,(G) is an algebra if and only if G is isomorphic to RX A
or TXA, where A 1s discrete.

Rudin ([12, Theorem 3.6]) proved B for the case where G is
compact.

From Theorems A and B we can see that an order P in G which is not
dense in G has the FMR property if and only if H¥(G)+ C,(G) is an
algebra. Our purpose in this paper is to prove this equivalence under a more
general setting that P is a subsemigroup in G such that PU(—P) = G. Our
treatment seems to supply directer and simpler one to relate two properties.
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The key to our arguments is to connect these two properties through certain
conditions concerning measures.
We now state our main theorem.

TureoreM. Let G be a locally compact Abelian group with dual group G and
let P be a subsemigroup of G which is not dense in G such that PU(—P)=
G. Then the following statements are equivalent.

(1) HPE(G)+C,(G) is an algebra.

(i) w*Cyv) € L'(G) for each u € Mp(G), v e M _p(G), and vy ¢

P

Gil) u*(yv) € L(G) for each u and v € Mp(G) and y € G.
(iv)  P°€ has the FMR property.

(v) P has the FMR property.

(vi) G is isomorphic to RXA or T XA, where A is discrete.

ReEMARK 1. It is easy to see that H7 (G) is a weak*-closed translation
invariant subspace of L*(G). Hence Hy (G)+ C,(G) is a closed subspace
of L*(G) by [12, Theorem 3. 3].

Finally recall the embedding theorem of locally compact Abelian groups
mentioned in section 1.

TueoreM C ([8, (25. 32) (a) and Theorem (A.15)]). Let G be a
locally compact Abelian group. Then there exists a locally compact divisible
Abelian group G, which contains G as an open subgroup.

Note that G, is torsion-free ([9, Theorem (24.23)]) and therefore Co 1s
ordered.

§3. Some Lemmas
The following fact is easily seen; so we omit the proof.

Lemma 1. Let G be a torsion-free Abelian group and let S be a
subsemigroup of G such that SU(—=S)=G. Then SN(—S) has an order
and, for any such ovder P, the set (S\(—S))NP is an order in G.

Lemma 2.  Let G be a locally compact Abelian group and let u be an
element of M(G). Then u ¢ L'(G) if and only if uxL>(G)CC,(G).

Proor. We can see that 4 ¢ L'(G) implies uxL=(G)C C,(G) by [8,
(20.16)]. Conversely, suppose u*L*(G)CC,(G). Then we in
particular have

M (x—FE) :ll*XE<x> € CU<G>
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for any Borel subset E of G, where x, denotes the characteristic function of
E. By [8, (19.27)], we have u ¢ L'(G).

LEMMA 3. Let G be a locally compact Abelian group and let P be a
subsemigroup of G satisfying PU(—P)=G.

(a) If fe L™(G) and p ¢ M _p,(G), then fru ¢ HF(G).
(b) If he HP(G) and v e M _p,(G), then hxv=0.

Proor. (a) For g ¢ HE(G), we define §(x)=g(—x). Then, since
5(y)=g(—y)=0for all y 4 —P, u+g=0 and so u+*G=0. Hence we have
Lo 009G dmo(o= [(Foud) @~ dmg(o)

= ()@ 0
= *(uxg)0)
=0.

This implies f*u ¢ Hy (G).
(b) Letke L'(G). Asin (a) we consider the function % defined by
E(x)=k(—x). Then we have
/G(h*v) (x)k(x) de(x):fG(h*v)(x)E(—x) dms(x)

= (Che )+ B (O
= Ch (e ) (O)

— [h0) e B (—x) dmg()
— [ () (B "x) dmg(x).
Since
() D () =0(—y)k(y)=0
for all y &4 P, we have (vx£) ¢ H}(G). This implies

/;(h* v) () k(x) dmg(x)=0.

Since % is an arbitrary element of L'(G), we have h+xv=0.

LemMMA 4. Let G be a locally compact Abelian group and let u and v be
elements of M(G). Then (yyu)*(yw) &€ L'(G) for all yi and v, € G of
and only if |u|*|v| e L'(G), where |u| denotes the total variation measure
of u.
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PrOOF.  Suppose | |*|v]| e L'(G). If A is a subset of G with mg(A) =
0, then (Ju|*|v]|)(A)=0 and therefore

| Ly * Cyav ) CD 1= (e [* [yev DA = [# | v ) (A) =0.

Hence, (yu)*(y,v) belongs to L'(G).

Conversely, suppose (yu)*(y,w) ¢ L'(G) for all y, and . ¢ G. Then
we have (pyu)+*(pv) e L'(G) for all trigonometric polynomials p, and p. on
G. Now choose sequences {p,} and {g,} of trigonometric polynomials on
G such that

iif?o | prpe — |2 | 1=0 and lim lg.v—|v]]=0.

(Note that the set of all trigonometric polynomials is dense in L'l ),
where L'(|u|) denotes L'-space with respect to |x|.) Then we have

iif?o I Conpe ) * (@nv) — g |+ [v || =0.

Since (pu)*(gw) e L'(G) for all » and L'(G) is a closed subspace of M
(G), we have |u|*|v| e L\(G).

LEMMA 5. Let G=RXK for a compact Abelian group K and let P be
a subsemigroup of G which is not dense in G such that PU(—P)=G. Then
P satisfies the following (a) or (b):

(a) P={(r,k) e RXK: r>0and ke K}UPN{0}XK));

(b) P={(r,k) e RXK: r<0and k¢ K}UPN{0}xK)).

Proor. Let z denote the projection from G onto R. Then r is a closed
mapping because K is compact ([8, Theorem (5. 18)]). Hence P=x(P)
is a closed subsemigroup of R, where P denotes the closure of P. Moreover,
P is proper in R. Indeed, choose x ¢ Psuch that —x 4 P Then, noting
that a closed subsemigroup of a compact group is a subgroup ([8, Theorem
(9.16)]), we have —x & P+ ({0} x K). If P=R, then

RxK=n"'(P=P+ ({0} xK).

But this is a contradiction because —x & P+ ({0} x K). Thus Pis a proper
closed subsemigroup of R satisfying PU(—P)=R. Now suppose that P
contains both a positive number and a negative one. Then the following
three cases are considered : (a) Phas both a positive minimum element and
a negative maximum one; (b) P has neither a positive minimum element
nor a negative maximum one; (c) neither (a) nor (b) holds. Clearly
(c¢) is impossible. If (a) holds, then it is easy to see that P=c¢Z for ¢=
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min {PN(R\{0)} but this is a contradiction because PU(—P)=R. If
(b) holds, then we can easily show that Pis dense in R. Since Pis closed,
we have P=R. But this is a contradiction because Pis proper in R. Thus
we saw that PC [0, +c0) or PC (—oo, 0]. Butsince PU(—P) =R, we have

P=[0, +c0) or (—o0,0].
Let P= [0, + ). Then it is clear that
PC{(r,k) e RXK:r=0and k ¢ K}.

Letr>0and ke K. If (,k) ¢ P, then (, k) ¢ —P, andso (—7, —k) ¢
P. But this contradicts P= [0, +c0). Thus we have (a). If P=(—o0, 0],
we can show (b) by the same argument.

REMARK 2. By an argument similar to the one used above, we can
prove the following. Let G=Z X K for a compact Abelian group K and let
P be a subsemigroup of G which is not dense in G such that PU(—P)=0_.
Then P satisfies the following (a) or (b):

(a) P={(n k) e ZXK: n>0and ke K}U(PN{0}xK));

(b)) P={n k) eZxXK: n<0and ke K}UPN{O0}xK)).

The following lemma holds under a more general setting ; see [9].

LEMMA 6. Let G be a torsion-free locally compact Abelian group and let
P be a subsemigroup of G which is not dense in G such that PU(—P)=0G.
Then therve exist an element x, in G and an order Py in G which is not dense
in G such that x,+ P 1s included in P,.

Proor. If PN(—P)={0}, then we have only to put F,=P. Let PN
(—P)={0}. Then, by Lemma 1|, there exists an order P, in G such that

P\(—P)CPF.CP.

Of course P, is not dense in G because P is so. Choose and fix any x, ¢ P\
(—P). Then we can easily show that P, contains x,+ P.

LEmMMmA 7. Let G be a locally compact Abelian group and let H be an
open subgroup of G. Let E be a subset of G/H" and put E=n""(E), where
% denotes the natural homomorphism from G onto G/H” . If u e M. (G),
then (u,, y)*0-x & Mg(H) for all x € G, where u,.  denotes the restriction
of u to the coset x+ H.

Proor. The proof of this lemma is based on the argument in |15, pp.
114-115]. Since x4 has o-compact support, there exists a sequence {x,}
consisting of elements in G such that
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M8

My H and xl-I—H :txj‘i‘H (Zi])

1

MH=

i

n

Note that

lel= 2 iyl

We have only to show that
s ) *0—r, & Mp(H)

for all n. We first claim that
Mern € Mp(G)

for all n. To show this claim, let f be a function in L'(G) with supp (f) C
E<, where supp(f) denotes the support of £ Then we have

0=J, A7 () dma(y)
=fcf(x) du (%)
:n§1<ﬂx,,+H>@'

Fory, & H*, wedefine f, e L'(G) by f, (y)=f(y—v.). Then, since H*+
E°CE*®, we have supp(f, )Y CE“. Hence

0= 3 (o) (D)
=3 (=5 70700 duy, @
= 2 (— %, 7 [0 d Gty )0
= 3 (i, ¥ Gt ) D,

where x, ¢ X, ¢ G/H. Since y, is an arbitrary element in H*, we have

0= pCi) (i) D
= o@D dmg, (%)

for all trigonometric polynomials p on G/H, where ;zk(f) =Wy m) O?) with
x € ¥. Since the function ¥——u;(#) is an element of L'(G/H) and the set
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of all trigonometric polynomials on G/H is weak*-dense in L*(G/H), we
have (u, . ;) (H =0 for all n. Hence

o) F ) dme=[ Fx) day i)

= <ﬂx,.+H> Cf)
=0

for all ». Since f is an arbitrary function in L'(G) with supp(f )CE*°, we
have

foin € Me(G)

forAall n. Thus we showed the claim. Now recall that the dual group of H
is G/H*. Asameasurein M (H), each (u,,,)*d0_, hasa Fourier-Stieltjes
transform constant on cosets of H*. Thus we may write ((u, ,,)*d_,)
(y+H*Y fory ¢ G. For y+H* with y ¢ E°, we have

Gt )*6-0) oy + HO= [ (= y+HS d((u, . )+6_) (k)
= [~z 9 duro-)@
:fcfc (=x=3,9) dQ ) (Ddo_,, ()

=t 1) [ (=5 9) i)

=%, ¥) (ty i) ()
=0.

Hence we have

(s 1) *0 .y, € Ma(HD
for all .
§4. Proof of Main Theorem

(1)=>(ii) : Suppose that there exist y ¢ M,.(G), v ¢ M _p(G), and vy,
e Gsuch that u*(yow) & L'(G). Then, by Lemma 2, there exists f ¢ L*(G)
such that '

frux(yov)) & Cu(G).

Since v ¢ M _p,.(G), we have (7#f)*v ¢ HF(G) by (a). We
claim that

Yor ((Fof)*v) & HE(G)+ Cu(G).
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Since y, € C.(G) and (yof)*v ¢ HF(G), we obtain that Hy (G)+ C,(G) is
not an algebra. To prove the claim, suppose

Yoo (o f)*xv)=g+h
for some g ¢ C,(G) and h e Hy(G). Then we have
(Yor ((Pof)*v))*u=gru+ h*pu.

Since h ¢ H3(G) and u ¢ Mp(G)CM _p(G), we have hxu=0 by
3 (b). Since g ¢ C,(G) implies gxu ¢ C,(G),

Fr(uxCyov)) = x(yov ) *u = (yos (P f ) *xv))*u &€ Cu(G).

But this is a contradiction.
(1)< (ijii) : For ¢ ¢ M(G), we define elements ¢’ and & as follows:

o' (E)=0(—F) and 6(E)=0(—FE)

for any Borel subset £ of G. Then it is easy to see that

(60 (»=8(~y), (& (=560,
and therefore

(®) (»=6C—y)
for any y ¢ G.  Also note that

ol =15l=lc"|=lcl’ (oD '=]al,
and so we have [(&)'|=]|c|. Thus we obtain that ¢ ¢ M _p,.(G) if and
only if (&) & Mp.(G). Sljppose that u*(yv) e L'(G) for all u ¢ Mp.(G),
ve M_pG), and y ¢ G. Then

(yw)* (yaw) =y1e(ux(nyw)) € LU(G)

forall g € Mp(G), ve M _p,(G), and y, and y: & G. Hence, by
4, we have

lul*xlv] e L'(G) and so |u|*|(®)| ¢ L'(G)
for all u ¢ Mp.(G) and v ¢ M _p,(G). Again, by Lemma 4, we have
ur(y(MH e L'(G)

forally e Mp(G), ve M_p(G), andy ¢ G. Sinceo e M _p,(G) if and
only if (&) & Mp.(G), we have



The F. and M. Riesz theovem and some function spaces 91

uxCyv) € L'(G)

for all  and v ¢ M,.(G) and y ¢ G. Thus (ii) implies (iii). To prove
that (iii) implies (ii), we have only to trace this argument conversely.

(i) = (vi) : By C, there exists a locally compact divisible
Abelian group G, such that G is an open subgroup of G,. Then G, is
torsion-free. Suppose that G is neither of the form RXA nor T XA for a
discrete group A. Since an open subgroup of RXA (I'XA) has the form of
RxA’ (resp. TxA") for a subgroup A’ of A, we see that G, is neither of the
form RXxA nor T XA for a discrete group A. Put

P=z"(P),

where 7 denotes the natural homomorphism from G, onto G,/G*. (Recall
that the dual group of G is G,/G*.) Then P, is a subsemigroup of G, which
is not dense in G, such that B,U(—P,)=G,. By [Lemma 6, there exist Yo &
Go and an order P, in G, which is not dense in G, such that P, contains Yo+
Fy. Since Gy is neither of the form Rx A nor TX A for a discrete group A, we
can find ¢ ¢ Mp.(G,) such that ;2 & C(Gy), where Cy(Gy) denotes the space
of all continuous functions on G, which vanish at infinity ([10]). Of course
this measure x is included in M, , »,.(G,). Now consider the measure v=

v € M(Gy). Then v is a measure in M,.(G,) such that v & C(Gy and

therefore v+v & L'(G,). Since v has o-compact support and G is an open
subgroup of Gy, there exists a sequence {x,} of elements of G, such that

y= 21 Vo, and x,+Gxx+G (ixj).

Note that the above series converges to v in the total variation norm. Put
Vn=V, ,c*0_,,

for n=1, 2,---. Then by we have
v, e Mp.(G)

for n=1, 2,---. Since

VAU= 2]  Up*Up*0, *0,,
m, n=1

and this series converges in the total variation norm, we can find s, and #,
such that

Vmo* Vno*()\xmof':é\xnn é L1<GO>
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Thus v,, *v,, is a measure in M (G) such that v, *v, & L'(G,). Since G is an
open subgroup of G,, we have v,,*v,, & L'(G). Thus (iii) implies (vi).

(vi)= (iv) : The proof of this implication is included in [4, section
2]. But his proof seems to be obscure. A very simple proof can be seen
in [9].

(iv)=>(vi) : This implication has been already proved in the
implication “ (iii)=(vi) ”.

(vi)=(i): Suppose G is isomorphic to BRXA or TXA for a
discrete group A. Let K be the dual group of A. Thus K is compact.
We first consider the case where G is isomorphic to RXA. By
5, we may suppose

P={(r,k) e RXK: r>0and ke K}UPN{0}xXK)).
We claim that

HRXA)={f e L'(RxXA) :f(s,d) e H'(R) for each d € A}.
To show this claim, let » ¢ Rwith »<0 and let f ¢ H}(RXA). From
the form of P we have (7, k) & P for each £ ¢ K. Thus

[(—d B, d) dmgxdm,(d)

=, Ji- G D, L RDF G ) dmgodm(d)

=/ (r, b))
=0.

Hence the uniqueness theorem implies
[ ef (5 d) dma(x)=0

for each d & A because A is discrete. Thus we have f(-, d) ¢ H'(R) for
each d ¢ A. Conversely, suppose that f ¢ L'(BRXA) and f(+,d) ¢ H'(R
foreachd e A. Then (f(+, d)) (0)=0Dbecause (f(+, d))  is continuous on
R. Let (r,k) & P. From the form of P, we have »r<0. Thus

fm<—<x, d), (r, EOf(x, d) dmg (%, d)
=f4<—d, k) fRe""”f (x, d) dmg(x)dm,(d)

ZL(—d, k)0 dm,(d)
=0.
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Hence we have f ¢ HF(RxA). This proves the claim. By the claim, we
can easily see that

HE(RxA)={g ¢ L"(RXA): g(»,d) ¢ H>(R) for each d & A}.

Once we obtain these, we can proceed in the same methods as Yamaguchi’s
([16, Theorem 21]).

We next consider the case where G is isomorphic to T7XA. By Remark
2, we may suppose

P={n k) e ZXK: n>0and ke K;UPN{0}xXK)).

Since P is dense in {0} X K (cf. [8, Theorem (9.16)]), we can easily verify
that PDO{0} x K if PPN ({0} x K) ¢ and ({0} x K) \P is dense in {0} X K if
P°'N{0}x K)=¢, where P° denotes the interior of P. By using these facts
and the above arguments for G=RXA, it is easy to see that

H}TXxAN)={feL' (TxA): f(s,d) ¢ HXT) for each d € A}
or

Hp(TxA)={f e L'\(TXA): f(-,d) ¢ H(T) for each d € A},
where HY(T)=1{f ¢ H'(T): f(0)=0}. Thus we have

Hy(TxA)={ge L*(TxA): g(-,d) ¢ H5(T) for each d ¢ A}
or

Hy(TxA)={ge L*(TxA): g(-,d) e H*(T) for each d e A}.

Hence we can proceed in the same methods as Yamaguchi’s ([16, Theorem
20)).

(iv)&=(v) : Note that P has the FMR property if and only if — P has the
FMR property. Thus we see that M,(G)CL'(G) implies Mp.(G)CL'(G).
Conversely, suppose Mp.(G)CL'(G) and u ¢ M _p,(G) and fix y, & —P.
Then we have P+y,C(—P)°. Hence

(Fou) (¥) =y +y0)=0
for all y ¢ P, and so yu € M,.(G), where ¥, denotes the complex conjugate

of yo. By our assumption, yu ¢ L'(G) and therefore we have u ¢ L'(G).

RemArRk 3. If G is a locally compact Abelian group with ordered dual
group G and if P is an order in G which is not dense in G, then the implica-
tions “ (iii)=>(vi) ” and “ (iv)=>(vi) ” can be easily proved by using only
and Theorem 1 in [10].
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The proof of Theorem 3 in is incomplete. But the following is true:

THeoreM ([18, Corollary]). Let p and p, be numbers in the closed
interval [1,2]. Suppose u ¢ M(RY) (N=2) satisfies the following two
conditions ;

(a) there exists a function f ¢ L"(RY) such that

EO=Ft) mp—a e te {t=(t) ¢ RV : =0},
and
(b) for each 1,<0,
@t w=f(u) mp—a e ue RVN?

for some f, ¢ [»(RN™1).
Then u is absolutely continuous with respect to the Lebesgue measure m g
on RN,

Proor. Let x be a measure satisfying our assumption. By the
condition (a) and [2, Main Theorem], there exists a function % in L'(R")
such that

GO=ht) mp—a. e te {t=(t) ¢ RV: £,>0).

Since 2 and % are continuous on RN and the subset {t=(#) ¢ RY: >0} is
open, we have

2)=h(t) on {t=(t) ¢ RV : ,>0}

and hence on {t=(#) ¢ RY: #>0}. By the condition (b) and [8,
Theorem 31.33], @(t, «) ¢ (L*(RY"Y))" for each #<0. Since A(t, ) &
(LY(R"-Y))" for each ¢, ¢ R, we have

pCt, ) —ht, +) e (L'(RV-D))"

By [18, Theorem 1], the measure (u—#%) is absolutely continuous with
- respect to mgv. Then, of course, g is absolutely continuous with respect to

mRN-
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