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Introduction. Throughout this paper every ring is assumed to have the
identity, and all subrings of a ring will contain the identity of the ring,
unless otherwise stated. Let B be a strongly primitive ring and A an
H-separable extension of B, and suppose A is left B-finitely generated
projective. In it is shown that in this case A is also strongly primi-
tive if and only if A3AN B=3, where 3 is the socle of B. The aim of this
paper is to detail the structure of A and B which satisfy the above condi-
tion. Let furthermore 7 and m be faithful minimal left ideals of A and B,
respectively, and denote the double centralizers of 4/, s/ and sm by A%,
B and B*, respectively. Then there exists a ring isomorphism ® of B*
to B(SA*) such that ®(»)=5 for each bEB, and A* is an H-separable
extension of B(=B*) (Theorem 3.3), that is, the right full linear ring A*
is an inner Galois extension of the right full linear ring B* (See Theorem
4 -) We will also treat the inner Galois theory of full linear rings in
§4. Let A be a right full linear ring with its center C, D a simple C-
subalgebra of A with [D: C]<oco and B= V(D). Denote the class of
right full linear subrings R of A such that R contains B and the simple
left ideal of A is a finite direct sum of faithful simple left R-modules by
¥, and the class of simple C-subalgebras of Via(B) by @. We already
know that there exists a duality between & and @. We will show that a
right full linear subring R of A containing B is in ¢ if and only if A is
left or right B-projective (Theorem 4.1). §1 is the preparation for § 2,
and in §2 we will introduce some fundamental properties of strongly
primitive rings. Let R be a ring and M a flat left R-module, and denote
the Gabriel topology of R consisting of right ideals a of R such that aM =
M by 3. As K. Morita showed in [5], there is a ring isomorphism & of
Ry, the ring of quotients of R with respect to §, to a subring of R*=Bic
(M) In the author gave a simpler proof of this theorem. Here we
will determine Im 6 completely, and show that Im € consists of elements
r* of R* such that ar*CR for some a in % where R is the image of the
canonical map of R to R* (Theorem 1.1). By applying this theorem to
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the strongly primitive ring, we can obtain a generalization of the last part
of Theorem 3 [1], that is, if R is a strongly primitive ring with its socle 3
and a faithful minimal left ideal m, the above map @ induces the isomor-
phism of End(3z) to R*=Bic(zm). This means that, regarding R as a sub-
ring of R* by the canonical map, 3 becomes a left ideal of R*, and the
map ¢ of R* to End(zz) such that o(r*)(a)=7*a, for each »*€R* and a
€3, is an isomorphism (Theorem 2.7)).

1. Let R be a ring and M a left R-module. Assume that M is R-flat,
and let § be the set of right ideals a of R such that aM =M. Then & is a
Gabriel topology on R, and as is shown in we can construct the rings
R(y,):ErEaegHom (ar, Rz) and Ry=lim .5 Hom (ar, R/t(R)r), where ¢ (R)

is the §-torsion submodule of R, namely, ¢{(R)={xER|xa=0 for some a<
%). For any mEM and xERs, if x is represented by &:ar—R/t(R)z
with aE$, then we have m=2Xam; with a;€a and m: €M, since mEM
=aM. Then we can define xm=23€(a:)m., and by this definition we can
make M a left Ry-module such that Rz@zM=M, via x@m—xm, for xE
Rs; and mEM, and Hom(z:M, rsN)=Hom(zM, pN) for any Rzmodule N.
(See [11]). Let S= Hom(zM, M) and R*= Bic(zM)= Hom(Ms, Ms).
There exists a ring homomorphism @ of Ry to R* such that 6(x)(m)=
xm, for x€ERs and mEM, since S=Hom(r:M, z:M). 6 is an injection,
since +#(R)=Ann(zM). Denote the canonical ring homomorphisms of R to
R* and R to Rs by ¢ and ¢, respectively. Then (=6¢. Now we have
the completion of theorems 1.4 and 1.6 as follows (See also Theorem

1 [11]).

THEOREM 1.1.  With the same mnotation as above, Rgs is isomorphic to
the subving of R* consisting of all elements v* of R* such that r*aClIm ¢

for some aEF, namely, Im0=r""(t(R*/Im ¢)), where n is the canonical
map of R* to R*[Im .

PROOF. Since Coky is F-torsion and Oy =¢, Imé/Ime is also F-
torsion. Thus ImOCx Y (t(Cok:)). Let r*&n '(¢t(Coke)). This means
that there exists a€% such that r*aCImc. But we have Imc=R/t(R),
since Kert=Ann(zM)=t(R). Therefore, for each a<a there exists an 7
€R/t(R) such that 7m=(r*a)(m)=r*(am) for each mEM, that is, »*a
=7ER/t(R). Thus we have an R-homomorphism £ of a to R/t(R) such
that &(a)=r*aSR/t(R). Let x be the element of Rj represented by ¢&,
and let m=2Xam: with a:€a and m.€M. Then xm=23&(a:)m:=
S(r*a)ymi=r*(Zam:)=r*(m), for each mEM. This means r*=x&
Im@. Thus we have 7~ (¢(Cokt))CImb, and consequently, Imf=
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7 ' (t(Cokt)).

COROLLARY 1. 1. (Proposition 8.5 XI [6]). If M is R-}initely genevat-
ed projective, then 0 is an isomorphism, i. e., Rs=Bic(zM).

PROOF. Since M is R-finitely generated projective, we have R*®:M
=M, via r*@m—r*(m), for any r*R* and mEM. Thus we have
R*[Imc@rM =0, which means that R*/Im¢ is $-torsion. Then we have
that /mf=R* by [Theorem 1. 1.

COROLLARY 1.2. Let M be a faithful finitely gemerated projective
R-module, and o the trace ideal of M in R. Then we have an isomor-
phism o of Hom(ag, ar) to R* such that o(&)(m)=3&(a;)m: for each EE
Hom(ax, ar) and mEM, where m=Zam; with a:<a and m:SM. Move-
over, a is a left ideal of R*, regarding R as a subring of R* by the usual
way, and the inverse map o of o is given by o(r*)(a)=r*a, for each r*ec
R* and a<a.

PROOF. Since M is R-projective, we have a*=a and aM=M. a is
contained in every right ideal belonging to & Hence we have Rg=Hom
(ar, az). But t(R)=Ann(z:M)=0, since M is R-faithful. Therefore we
have R*=Rz=R= Hom(ar, az). Next, since R*/R(=R*/Im¢) is §-
torsion, we have »*aCR for each r*€R*. But a=a®. Hence r*a=(r*a)a
CRa=a. Thus a is a left ideal of R*. Note that »*a=bEq, for a<a,
means that »*(am)=bm for each mEM. Therefore if we define o(#*)(a)
=7r*a for r*€R* and a<a, we have (po(»*))(m)=Zo(r*)(a;)m;=
2(r*a:)(m:)=r*(Zam;)=r*(m) for each »*€R* and mEM, where m=
2am; with a;€a and m;€EM. Thus we have po=1z and o=p .

2. Now we will apply the results of §1 to the theory on strongly
primitive rings. For a few moments we do not assume that all rings have
the identities. A ring R is said to be strongly primitive if R has a faithful
minimal left ideal. In this case R has also a faithful minimal right ideal,
and the left socle of R coincides with the right socle and is the smallest
non zero ideal of K. It is shown in Lemma 2 that the typical exam-
ples of strongly primitive rings are subrings of a left (or right) full linear
ring which contain the socle of it. Here we will give a generalization of
it with a simpler proof.

PROPOSITION 2.1. Let R be a strongly primitive ving with the socle 3.
Then every subring of R which contains 3 is also a strongly primitive ring.

PROOF. Let [ be a faithful minimal left ideal of R. [ is a left ideal
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of 3. Let n be a non zero left ideal of 3 contained in L 3 is faithful as
right R-module. Hence 3r is a non zero left ideal of R with ynCnClL
Then we have sn=n={Thus [ is a minimal left ideal of 3. Then [ is a
faithful minimal left ideal of every subring of R containing 3. (See §2. 4[4]).

The next theorem is a generalization of the last part of Theorem 3

THEOREM 2.1. Let R be a strongly primitive ring with the socle 3
and | a faithful minimal left ideal of R. Denote the double centralizer of
<l by R*. Then 3 is a left ideal of R*, and the map o of R* to Hom(3x,
3r) defined by o(r*)(x)=r*x, for ¥r*ER* and xE3, is an isomorphism.

ProOF. By Theorem 1 we have [=Re for some primitive
idempotent e of R. Hom(zRe, xRe)=eRe and RCR*=Hom(Recre, Reere).
Of course, Re is R*-faithful. Let R’ be the subring of R* generated by
R and the identity of R*. Then we have R"R=RR’'=R, and consequent-
ly, R"e=Re, and see that Re is faithful minimal left ideal of R’. Thus R’
is also strongly primitive. Next, let R’f be any minimal left ideal of R’
with f:(=f€R’. Since R'e=R’f, there exist x, yER’ such that f=
fyeexf and e=exffve. Then fER'RR'=R, and R f=RfCj3. This
means that the socle of R’ coincides with 3. Moreover since Re=R’e, we
have eRe=e¢R’e, and see that the double contralizer of »R’e coincides
with R* while Hom(3z, 327)=Hom(3#, 3z7). Therefore we can assume that
R has the identity. Then [=Re is R-faithful finitely generated projective,
and 3 coincides with the trace ideal of #! in R, since every two minimal
left ideals are isomorphic. Now we can apply [Corollary 1.2,

COROLLARY 2.1.  With the same notation as Theovem 2.1, we have
that 3R* coincides with the socle of R*.

PROOF. Let 3* be the socle of R*. Since 3R* is an ideal of R* by
Theorem 2.1, we have 3R*D3*. Let f be any primitive idempotent of K.
Then Re=Rf and R*f=R*®iRf=R*®rRe=Re as R*-module. Thus
R*f is a minimal left ideal of R*, and we have f &3*. This means that 3
C3* and 3R*C3*. Now we have 3R*=3*

LEMMA 2.1. Let R be a left primitive ving and M a faithful simple
left R-module. Then, for each non zero idempotent e of R, eM is a faith-
ful simple left eRe-module. Thus eRe is also left primitive.

PrROOF. It is obvious that eM is eRe-faithful, since M is R-faithful.
Let N be a non zero submodule of zeeM. Then 0#+=ReNCM, and we
have M=ReN, since M is R-simple. Then eM=eReN=N, which means
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m which contains no non zero ideal. Let a=Tr(As), the trace ideal of
Ag. Under our hypotheses we have a=0. If Am=A, we have f(A)=
f(Am)=7(A)mCm for any f in Hom(As, Bs). This means that 0+aCm,
a contradiction. Thus we have Am=# A, and there exists a maximal left
ideal L of A such that AmCL and LNB=m. Suppose that L contains a
non zero ideal I of A. Then we have I=A(INB) or I=(INB)A by
Theorems B.1 and BT [8]. Hence we have 07 N BCm, a contradiction.
Thus A has a maximal left ideal which contains no proper ideal.

PROPOSITION 3.1. If R is a left (or right) primitive ring, then for
any finitely gemerated projective left R-module M, End(:M) is also a left
(vesp. right) primitive ring.

PROOF.  This is clear by and [Theorem 3.1, since Mn(R)

is an H-separable extension of R.

PROPOSITION 3.2. Let B be a left (or right) primitive ving and A
an H-separable extension of B. Assume that A is left B-finitely generated
projective. Then D(=Vu(B)) is a semiprime ring without proper central
idempotent. In particular if C is a field, D is a simple artinian ring.

PROOF. By assumption End(zA) is a left (resp. right) primitive ring.
Therefore it has neither non zero nilpotent ideal nor proper central
idempotent. But there exists a ring isomorphism 7 of D®cA° to End(zA)
such that 7(d®a°)(x)=dxa for any a, x€A and dED, since A is H-
separable over B. Then if a is a nilpotent ideal of D, a®A° must be
zero in D®cA°. Therefore, for each a<a, 7(a@1°)(A)=aA=0. This
implies a=0. For the same reason we have that, if e is a central
idempotent of D, e=7(e®1°)(1)=0. The rest of the proof is obvious,
since D is finitely generated as C-module.

The next lemma is a paraphrase of Proposition 4 [13].

LEMMA 3.1. Let A and B be strongly primitive rings with their
socles S and 3, respectively. Suppose that A is left (or right) B-projective.
Then we have either BNS=0 or BNS=3 and S=A;A.

PROOF.  Suppose that BNS=+0. Since S and 3 are the smallest non
zero ideal of A and B, respectively, we have S CA3A and 3CBNS. On
the other hand we have BNSC; by Proposition 4 . Hence we have ;
=BNSCS, and A3ACS. Then we have S=A3A.

THEOREM 3.2. Let A, B, S and 3 be as in Lemma 3. 1. Assume
Jurthermore that A is an H-separable extension of B. Then we have 3=
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that eM is eRe-simple. (See Proposition 3.7.1 [4]).

PROPOSITION 2.2. Let R be a strongly primitive rving with the socle 3
and e a non zero idempotent of R. Then eRe is also a strongly primitive
ring with the socle eje.

PROOF. By Theorem 1 [1], Re contains a faithful minimal left ideal
{ of R. Then by the above lemma e{=ele is a minimal faithful left ideal
of eRe. Thus eRe is strongly primitive. Let a(=eae) be any non zero
ideal of eRe. Then ReaeR contains 3. Hence we have ezeCeReaeRe=
a. Thus eze is the smallest non zero ideal of eRe. Then eze coincides
with the socle of eRe.

Hereafter we assume again that all rings have the identities.

PROPOSITION 2.3. Let R be a strongly primitive ring and M a
finitely generated projective left R-module. Then End(zM) is also a strong-
ly primitive ring.

PROOF. M(R), the nX n-full matrix ring over R, is an H-separable
extension of R and R-free of rank #% Moreover, M(3) is the smallest
ideal of M.(R) with M.(3)NR=3, where 3 is the socle of R. Therefore
Mn(R) is a strongly primitive ring by Theorem 1 [13]. By assumptiom M
is a direct summand of a free R-module of rank # for some %, and there
exists an idempotent e of M.(R) such that End(:M)=eMn(R)e. Then
End(zM) is also a strongly primitive ring by [Proposition 2. 2.

3. In this section we will deal with H-separable extensions of strong-
ly primitive rings. We will use the same notation as the author’s previous
papers. In particular for an R-R-module M we denote M*={mEM|rm=
mr for any »ER}, and for any subring S of R Vk(S)=R?®, regarding R
as an S-S-module. Throughout this section A will be a ring with the
center C, B a subring of A and D= V4(B), the centralizer of Bin A. A
is an H-separable extension of B if and only if D is C-finitely generated
projective and the map 7 of AQzA to Hom(cD, cA) defined by 7(a®b)(d)
=adb, for a, b€ A and d€D, is an isomorphism.

THEOREM 3.1. Let B be a left primitive ring and A an H-separable
extension of B. If furthermove A is right B-finitely genevated projective,
or B is a right B-divect summand of A, then A is also a left primitive
ring.

PROOF. A ring is left primitive if and only if it has a maximal left
ideal which contains no non zero ideal. Thus B has a maximal left ideal
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SNB and S=A3A=3A=Soc(zA).

PROOF. Since A is H-separable over B and left B-finitely generated
projective, we have S=(SNB)A by [Theorem 3.1 [8] Hence SN B0,
and we have 3=SNB, S=3A=A3A by Lemma 3.1. That 3A=Soc(z(A)

follows from the next lemma.

LEMMA 3.2. Let R be a strongly primitive ving with the socle 3 and
M a projective left R-module. Then we have Soc(iM)=3M. Every R-
submodule of M is faithful.

PrROOF. By assumption there exist ;,€Hom(zM, xR) and m:EM, for
some index set /€A, such that for each mEM f(m)=0 for almost all
€A and m=2Xf(m)m:. Let N be any non zero R-submodule of M, and
suppose Ann(rN)#0. Then 3CAnn(xN) and ;N=0. There exists at
least one 7 such that f:(N)#0. Then fi(N) is a faithful left ideal of R.
But we have 3/{(N)=/:(3N)=7:(0)=0, a contradiction. Thus every non
zero R-submodule of M is faithful. Then if N is a simple R-submodule of
M. we have 0#3N=N. Hence NC3;M, and Soc(xM)CT3M C Soc(zM).

In it is shown that, in the case where A is an H-separable exten-
sion of a strongly primitive ring B and is left B-finitely generated projec-
tive, A is also strongly primitive if and only if BN A3A=3 holds (Theo-
rem 1 [13]). In this situation we will detail the structure of A and B.

THEOREM 3.3. Let B be a strongly primitive ving and A an H-
separable extension of A. Assume that A is also strongly primitive and left
B-finitely generated projective. Let I and m be faithful minimal left ideals
of A and B, respectively, and denote the double centralizers of 4l and sm
by A* and B*, respectively. Still more let B be the double centralizer of
sl.  Then we have

(L I zé—)m for some positive integer v, and End () is a simple arti-
nian ving.

(2) There exists a ring isomorphism ® of B* to B such that ®(b)=b
for any bEB.

(3) DRcC* is a simple artinian ring and isomordhic to Va(B),
where C* is the center of A¥*.

(4) A* is an H-separable extension of B(=B¥*).

PrROOF. (1). [ is B-finitely generated, since A is left B-finitely
generated, while we have /C3A by [Theorem 3.2, where 3 is the socle of
B. Hence we have (1). (2). This is immediate from (1), since there
exists a canonical ring isomorphism of Bic(zm) to Bic(z®m). (3). Put A
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=End(4/), T=End(s/) and A=End(Z). A and B are subrings of A, and
we have A*=TV s(A)=A and A =V ,(B)=T. It is obvious that the center
of A coincides with C¥*, the center of End(/.)(=A*). Since A is H-
separable over B, we have a ring isomorphism g of DQcA* to A® such
that g(d®A)=dA for each d=D and A€A*. This means that T=D&®cA
=(D®c:C*)Qc+A. Then since T is simple artinian and A is a division ring
with its center C*, we have that D&® C* is simple artinian by well known
Noether-Krosch Theorem. Next, since B= Va(Va(B)), we have Vi(B)=
VA( VA( VA(B))): VA(B):F. Then, VA*(B):Hom(BIA, B]A)ZEnd(]A)ﬂEnd
(B[):A*QF:A*H VA(B): VA*(E), While C*: VA(A):End(AI A): VA*(A)
On the other hand since A is an H-separable extension of B, we have a
ring isomorphism D®¢Va(A)= Va«(B) defined by the same way as the
above map g. Then we have D®cC*= Va(B). (4). Since B= V()=
VA(D A)= Va(D) N Va(A)= Va(D) N A*= Va-(D), we have Va-(a+(B))=B.
Furthermore, Va«(B) is a simple C*-algebra with [Va«(B): C*]=
[DR:C*: C*¥]<oo by (3). Of course A* and B(=B*) are right full lin-
ear rings. Then by Theorem 4 [11], A* is an H-separable extension of
B.

REMARK. With the same notation as Theorems and B.3 let /=
@i-im; with m;=m as left B-module and f; the B-isomorphism of m; to m
for each 7. The isomorphism ® of B* to B in [Theorem 3.3 (2) is given
by ®(6*)(Zm.)=2(b*(m.f:))fi', for each b*<B* and m:Sm;. On the
other hand there is a ring isomorphism ¥ of End(3s) to a subring of End
(3®5A44) such that ¥(f)(a®x)=F(a)®x for f€ End(3s), aS3 and xEA.
But we have 3&zA=3A=S, since A is right B-flat. Then we obtain by
¥ a ring isomorphism ¥ of End () to a subring of End (S.) such that
V() Zax:)=3f(a:)x: for each fEEnd(3s), a:€3 and x;=A. Moreover, by
Theorem 2.1 there exist ring isomorphisms ¢ and ¢’ of A* to End(Sa)
and B* to End(3s), respectively. For each x&1 let x=Xm; with m:E
m;, and m:=Xa;m; with a;€3 and m;Em; (=3m;). Then by direct
computations we have ®(¢'7'(&))(x)=2:,E(a;)m;=(0""¥(E))(x) for each &
End(zz). Thus we have the following commutative diagram

* X
B S A
7| o]
End(zs) T »End(S,)

4. In this short section we will deal with H-separable extensions of
right full linear rings, which have closed relations with inner galois theory
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of full linear rings (See [1]).

Let B be a right full linear ring and A an H-separable extension of B.
Then, A is also a right full linear ring, D is a simple C-algebra with [D :
C]<oo and B=Va(D) (See Theorem 4 [13]). Let I be a faithful simple
left ideal of A. Denote the class of right full linear subrings R of A such
that R contains B and [ is a finite direct sum of faithful simple left
R-modules by &, and the class of simple C-subalgebras of D by @. Then
by Theorems 36.2 and 36.4 [2], we obtain mutually inverse 1-1-
correspondences between & and 2, namely, if RE ¥, then ViR EYD
and R=Va(Va(R)), and conversely if EE ¥, then Vi(E)E 9 and E=
Va(Va(E)). Concerning with this inner Galois theory we have.

THEOREM 4.1. Let A, B, 'Y and 2 be as above. Then for any
vight full linear subrving R of A which contains B, the Jollowing three
conditions are equivalent ;

(@) A is left R-finitely generated projective.

(b) A is right R-finitely generated projective.

(o0 Rey

PROOF.  Firstly note that A is both left and right B-finitely generated
free (See Theorem 4 [11]). Let S, 3 and 3* be the socles of A, B and R,
respectively. By Theorem 2 we have S=3A and ;3=SNBCSNR
+0. Now suppose (a) or (8). Then in either case SNR=3 by
3.1. Then, 3C3'CS, and S=3AC3ACS. Thus we have S=3"A, which
implies R&+ . That (c) implies (@) is due to Theorem 36.2 [2], while
that (¢) implies (b) is shown in Theorem 4 [11] Now we have proved
the theorem.
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