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Large deviations for the first exit time on small random
perturbations of dynamical systems with a hyperbolic
equilibrium point

Toshio MIKAMI
(Received October 31, 1994; Revised April 13, 1995)

Abstract. We consider small random perturbations of dynamical systems {X®(t)}o<:
(0 < &) on a d-dimensional Euclidean space R? when the origin o € R? is a hyperbolic
equilibrium point of unperturbed dynamical systems. The first exit time 77, of { X®(t) }o<:
from a bounded domain D(3 o) of R* obeys the large deviations phenominon with a
variable decay rate.

Key words: exit problem, hyperbolic equilibrium point.

1. Introduction

Let X¢(t,z) (t > 0, z € R% & > 0) be the solution of the following
stochastic differential equation:

dXe(t,z) = b(XE(t,z))dt + e %0(X5(t, z))dW (¢),

X¢(0,z) = =z, (1.1)
where b(-) = (b*(-))4, : R — R% and o() = (c;’ij(-));-i’j:1 : R — My(R)
are twice continuously differentiable and have bounded derivatives up to
the second order and o(-) is uniformly nondegenerate, and where W (-) is a
d-dimensional Wiener process (see [10]).

When € = 0, X(t,z) = X°(¢, ) is a solution of the following ordinary
differential equation;

dX (t,z)/dt = b(X(t,z)),

X(0,z) = = (1.2)
The following is known; for any T > 0, v > 0 and z € R?
liI%P( sup |X°(t,x) — X (¢, z)| <’y) = 1. (1.3)
E—

0<t<T

In this sense, {X®(t,7)} o<t cge can be considered as the small random
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perturbations of dynamical systems {X (¢, z)}o<t zcpa, for small € > 0 (see
).

Let D C R? be a bounded demain which contains o. In this paper we
consider the asymptotic behavior of the first exit time of X¢(¢, z) from D;

p(z) = inf{t > 0; X®(t,z) ¢ D} (1.4)

when b(z) = o if and only if x = o.

The weak low of large numbers for 7f,(x) was obtained by Kifer (see
[11]). Let us give notation to introduce his result. Put A; = {z € D;
there exists s = s(x) < 0 such that X(¢,z) ¢ D for t < s and such that
X(t,x) € Dfort >s. X(t,z) — oast — oo}; Ay = {z € D; there exists
s = s(z) > 0 such that X (t,z) ¢ D for t > s and such that X (¢,z) € D for
t<s X(t,z) - oast — —oo}; Az = {x € D; there exist s; = s1(z) >
0 > sy = sy(x) such that X(t,z) € D for t € (—00,s2) U (s1,00), and such
that X(t,z) € D for sy <t < s1}.

The following was the assumption in [11].

(A.D). D has a C2-boundary 8D. b(0o) =0. D = {0} U A; U A2 U A3 and
As U A3 is not empty. The eigenvalues of (9b*(0)/ 8:@)%21 have non-zero
real parts.

Remark 1.1. From (A.D), o is a hyperbolic equilibrium point of dynamical
systems {X(t,z) }o<trecge- Moreover, A = the maximum of real parts of
the eigenvalues of the matrix (8bi(o)/8:cj)§l’j=1 is positive (see [8], Chap. 9).

The following is proved by Kifer (see [11]).

Theorem 1.1 Suppose that (A.D) holds. Then for any v > 0 and = €
AU {o}\OD,

lim P(|rh (z)/log(e™V/®V) = 1] <) =1, (1.5)
E—
and for any v > 0 and x € A2 U A3\OD,

lim P(|75(x)/79(z) — 1] < 7) = 1. (1.6)

e—0

In this paper we consider the large deviations for 7§ (z)/ log(¢~/(2)) for
x € AjU{0}\dD. The large deviations for 7§, (z) /7% (x) for z € AU A3\0D
can be obtained by the routine argument on large deviations (see @, Chap.
3 and 5).



Large deviations for the first exit time 493

Remark 1.2. Though our result can be proved under the weaker assupm-
tion than (A.D), we assume that (A.D) holds for the sake of simplicity.
Put

f(e) = log(e~1/Y), (L.7)

Then the following is our results.

Theorem 1.2 Suppose that (A.D) holds. Then for any x € Ay U {0o}\8D
and 0 < T < 1,

lirr(l)log(— log P(t5(z)/f(e) < T))/loge =T — 1. (1.8)
E—
Theorem 1.3 Suppose that (A.D) holds and that d = 1. Then for any
T>1,
lirr(l) log P(t5(0)/f(e) > T)/loge = (T —1)/2. (1.9
E—
For multi-dimensional case, we only have the following result.

Proposition 1.4 Suppose that (A.D) holds. Then for any x € A U
{o}\OD and T > 1,

lim s(glp log P(t5(z)/f(e) > T)/loge < 0. (1.10)
e
Remark 1.3. Roughly speaking, [1.8)}-{1.10) means the following; im-
plies, as € — 0,
P(rh(2)/f(e) < T) ~ exp(—e" 1), (1.11)
and (1.9) implies, as ¢ — 0,
P(15(0)/f(e) > T) ~ eT~1/2, (1.12)

and (1.10) implies that there exists a positive constant C such that for
sufficiently small € > 0,

P(t5(x)/f(e) > T) > €°. (1.13)

From (4.37) in [11], the following is known; for any T > 1 and = € A; U
{0}\OD, there exists a positive constant C; such that for sufficiently small
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>0,

P(r5(z)/f(e) > T) < €. (1.14)

From Theorem 1.3, we have the following conjecture.

Conjecture 1.5 Suppose that (A.D) holds. Then for any z € A; U
{o}\@0D and T > 1,

lim log P(r5(@)/ f(€) > T)/log

d
Z (M)T/XA —1)/2). (1.15)

Put

u®(t,z) = P(rp(z)/f(e) > 1). (1.16)

Then u®(t, z) satisfies the following PDE;

d
out(t,2)/0t = [(e)[e Y2 o™(@)o (2)[0%u 4, 2)/Owida;) 2

1,5,k=1

+ Zb’ You® (t, ) /6:{;,] fort >0 and z € D,

u*(t,z) = 0 for t>0and z € 0D,
u*(t,z) =1 fort=0and z € D. (1.17)

The theory of viscosity solutions can not be used to consider our problem
(see [4], Chap. 6).

In Section 2, we give lemmas which are necessary for the proof of our
results. In Section 3, we prove Theorem 1.2. In Section 4, we prove
1.3 and [Proposition 1.4, In Section 5, we show that Conjecture 1.5 is true
in Gaussian case, that is, in case b(z) is linear and o(x) = Identity.

We introduce some notation; Db(z) = (8b%(z)/0z;)¢ . =15 C() denotes
a positive constant which depends on “”; ||A|| = [E%:ﬂAm) ]1/2 for A =
(AY)g

,j=1"
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2. Lemmas

In this section, we give lemmas which are necessary for the proof of our
results.

Let II(t,z) (t > 0, x € D) be the solution of the following ordinary
differential equation;

dIl(t,z)/dt = Db(XO(t,z))II(t, z),
I1(0,z) = Id, (2.1)

where Id denotes the d x d-identity matrix.
The following lemma can be found in [8], Chap. 9.

Lemma 2.1 Suppose that (A.D) holds. Then there exist C7 > 0 and o > 0
such that for any © € A; U {0} and all t > 0,

1XO(t,z)| < C1|x| exp(—at). (2.2)

The following lemma can be obtained from the assumption.

Lemma 2.2 Suppose that (A.D) holds. Then for any v1 > 0, there exists
C = C(v1) > 0 such that

ITI(¢, 2)II(s, z) || < Cexp(A+71)(t — s), (2.3)
for allt > s> 0 and z € A; U {o}.
Proof. From (2.1), we get

d[I1(t, z)II(s, z) 1] /dt = Db(XO(t, x))[[I(t, z)[I(s,z) "] for t > s,
II(s, z)II(s,z) " = Id. (2.4)

For 1 > 0, take the d x d matrix Q@ = Q(v1) so that
< 2,Q7'Db(0)Qz >< (A +m1)l2* (2.5)

for all z € R%(see [8], Chap. 9 and also [9], Chap. 7, Section 1). From
(2.4)12.5), we get
Q™ II(t, )TL(s, =) ||

t d
=1Q7P+2 [ Y < (@ M(w,a)(s,2)™);,
8 J=1

Q 1Db(X(u, z))Q(Q ' (u, z)II(s,2) 1), > du, (2.6)
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where we put A; = (a¥){, for A = (aij)gl,jzl.
From and (2.6), we get

1@ It 2)M(s, z) ||

S .

— lO=1112 ¢ -1 ~1y.
Q7P +2 [ 3 < (@ 'Mua)li(s, )7,
J=1

Q 'Db(0)Q(Q ' (u, x)I(s,z)™1); > du
t d

+ 2/3 3 < (Q7'(u, z)(s,z) "),

i=1

Q' [Db(X(w,2)) — DH(©)}Q(Q " TI(u,)I1(s,2)); > du
<117 +2 [ (v +IRI@ IO X w,2)])
< 1Q M (u, )Tl (s, 2) ! [2du
<11Q71P+2 [ (341 + QU@ (D)ol exp(—am)
< 11Q M (u, )T1(s,2) " |[Pdu, 27)

where C(D?b) is a constant which depends on the second derivatives of b.
From [2.7), we get, by Gronwall’s inequality

QM TI(t, ) 1L(s,2) > < 1|1 (2.8)
exp(2 [ (h+m + [QUIQICWD)Crla] exp(—om)du)

(see [8], Chap. 3). L]

Lemma 2.3 Suppose that (A.D) holds. Then for any x, y, z € R? and
Y > 07

X002 = X006 2) - X°(t.)
< Cn)(je=a—y+C(D%) [[exp(~(nm)o) X5, )l |X° (5,3)lds)
x exp((A+ )t + C(m)C(D?)
< [ 1X%65,2) = X(s,2) = Xo(s,0)

+|X0s, ) + Xo(s,y)l)ds), (2.9)
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where C(v1) is a positive constant in Lemma 2.2, and where C(D?b) is a
positive constant which depends on the second derivatives of b.

Proof. Foranyz,y, z€ R* and t > 0,
Xo(ta Z) - XO(t,x) - Xo(t7y)
t
—z—a—y+ [ Dho)(X*(s,2) ~ X°(5,2) — X°(s,y))ds
0

+ [ [pOX0s,2)) = bX(5,2) + X0s,9)
— Db(X°(s,z) + X°(s5,9))(X°(s,2) — X°(s,2) — X°(s,1))
+ (Db(X(s,z) + X°(s,y)) — Db(0))(X(s, 2)
— XOs,z) — Xs,y)) + 01 do /01 » < D?b(6, X°(s, z)
+62X°(5,9)) X (5,), X°(s, ) > ds, (2.10)

where we put < D2b(z)y,z >= (ij L [0%b (z) ) 0z10x;]y* 27 )L | for = €
Re, and y = (y*)d_,, 2 = (& )J , € R%. Here we considered as follows; for
0<s<tandz, ye R%

b(X°(s,x) + X°(s,)) — b(X(s,)) — b(X°(s,z))
_ /O ' Db(0.X(s,7) + XO(s, ) X°(s, z)d6;

- / 1 dfy Db(0: X°(s,2)) X (s, z)do;
(since b(0) = o from (A.D)) (2.11)
/ a6, / d9s
< D?b(6,X°(s,z) + 02 X°(s,9)) X (s, 2), X°(s,y) > ds.
From (2.10), we get
XO(t, 2) — XO(t, ) — X°(t,y) = exp(Db(o)t)(z — = — y)
+ [ exp(Dbo) ¢ = ) B(X(5,2) — BX(5,2) + X2(s,0)

— Db(X(s,z) + X°(s,9))(X(s,2) = X°(s,2) — X(s,))
+ (Db(X°(s, z) + X°(s,y)) — Db(0))
(X°(s,2) = X°(s,2) — X°(5,9))
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1 1
+ / dé, / dfy < D?b(0; X%(s, ) + 02 X%(s,v))
0 0
XO(s,x), X°(s,9) >]ds. (2.12)

From and [Lemma 2.2, we get, by Taylor’s theorem, the following;
for any v; > 0,

exp(—(A + 1)8)|X°(t, 2) — X°(t, z) — X°(t, )
< Clm)lz =z =yl + COMCD) [ exp(=(A+ 1)) X(s,2)
- XO(S’ x) - XO(S’ y)l
X [[X0(s, 2) — X°(s,3) — X°(s,9)] + |X°(s, 2) + XO(s,))ds

+ C’(’yl)C(D2b)/0texp(—()\ + 71)8)| XO(s, z)|| X, y)|ds, (2.13)

where C(71) is a positive constant in [Lemma 2.2, and where C(D?b) is a
positive constant which depends on the second derivatives of b.
From (2.13), by Gronwall’s inequality,

exp(—(A + 1)) X°(t, 2) — XO(t,2) — XO(t,y)|
<C(m)(jz =z -yl +C0%) |
exp(—(A +71)9)| X°(s,)[|X°(s, y)|ds)

x exp(C(m)C(D?) /0 11X, 2) — XO(s, 2)
= X°(s,9)] + 1X°(s,2) + X°(s,)[)ds) (2.14)

(see [8], Chap. 3). ]

Lemma 2.4 Let f(t) and g(t) (t > 0) be positive continuous functions
such that for allt > 0

f(t) < exp(C /Ot f(s)ds)g(t) (2.15)
for a positive constant C. Then
50 < 9(0)/ (1= € [ g(s)ds) 216

as far as 1 > C [ g(s)ds.
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Proof.  From (2.15),

t
~d[exp(~C / F(s)ds)] /dt < Co(t). (2.17)
0
Integrating both sides of [(2.17), we get [(2.16). ]

Let I'nax denote the eigenspace of Db(0) which corresponds to the eigen-
values whose real part is equal to A. Then there exists a submanifold W,
which is tangent to I'nax at 0 and which is invariant with respect to X°(t, -)
(see [11], p. 77). The following lemma can be found in [11], p. 90.

Lemma 2.5 Suppose that (A.D) holds. Then there exists § > 0 so that
for any y1 > 0, there exist C = C(v;) > 0 such that

(C) el exp((A = m)t) < 1XO(t,)| < Cla|exp((A+m)t), (2.18)

as far as & € Wpax and X°(s,z) € Us(D) for all0 < s < t, where Us(D) =
{y € R%; dist(y, D) < 6}.
Put

T, = inf{t > 0; X°(t,a) & Us(D)}, (2.19)

The following lemma can be proved from Lemma 2.5.

Lemma 2.6 Suppose that (A.D) holds. Then for any v4 and s > 0 for
which T > 4, 75, there exists eg > such that

Sup{lXO(t, y) - Xo(ta Cl,) - Xo(t + f(6)75ax)|a
[y —a = X°(f(e)ys, 2)| < TH0/2,
a € Whax(la| = eT7)/2) ¢ € 4, U {0}, 0<t < T,}
< emin(ya,075/(2X))/2 (2.20)

for e < gy.

Proof.  From Lemmas 2.3 and 2.4, for any ; > 0, there exists C(y;) > 0
such that for any ¢t > 0, and y € R% a € Wpax(la| = eT-7)/2) and
z € Ay U{o} for which |y —a — XO(f(e)vs, z)| < eT+)/2,

X0t y) — X°(t,a) — X°(8, X°(f(e)vs, @)

< Cm)(ly - a— X°(f(e)s, )



500 T. Mikami

t

+0(0%) [[exp(=(+1)8) X (s, )| X (5, X°(f (<), )l

x exp((A + )t + C(3)C(D) /O " 1X%(s,a)
+ X(s, X°(f(€)75, 7))lds)
x [1 =10 C(D)(|y - a = X°(f(ehs, @)
+0%) [[exp(=(+ 109X s ) X s, X°(1 €)1, )

<exp((+ )+ C)CD) [ 1X°s,0

+ X5, X°(f(e)s,2))lds)| (2.21)

for a positive constant C(D?b), if
1> tC(1)*C(D%)(Jy —a ~ X (F()35,2)| + C(D*)
[ expl=(h+ 1)) X0(s,0) X (s, X0 (e), ))1ds)
x exp((A+ 1)t + C(3)C(D*)

X /O “1X0(s,0) + XO(s, X° £(e)7s,7))lds). (2.22)

Let us show that holds for t = Ty, if ly—a—X°(f(e)7s, x)| < eT+7)/2,
a € Whax(la| = E(T_'Y4)/2) and r € A; U {o}; from Lemmas and 2.5,

T.C(n)*C(D?)(ly — a = X°(f()15,2)

Ty
+C(D%) [ expl(=(+ 1)) X°(s,0)|[X°(5 + S(€)s, )lds)

Ta
< exp((0-+10)Ta + COmCDH) [ 1X%(s.0)

+ X%s + f(e)s, a:)|ds)
T,

< T,C(m)2C(D) (6TH9)/2 + C(D%) /0 " exp(—(A 4+ 71)s)

x C(y1) exp((A + 'yl)s)s(T_”“)/?
x C1|z|exp(—a(s + f(e)fy5))d3)
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< exp(3-+ )T+ MO [ 1Xs,a)lds

+ /O " Gl exp(=als + f(£)35))ds| ). (2.23)
From Lemma 2.5, for € > 0 sufficiently small compared to y; > 0,
C(n)C(D?) /0 " 1X(s, a)|ds < Ty, (2.24)
In fact, put for v; > 0,
Sy, = inf{t > 0;|X°(s,a)| = 11/[2C(m1)C(D?b)]}. (2.25)

Then there exists C(D) > 0 such that

Te
C(m)C(D%) /O 1X0(s, a)|ds
< S8,,m/2+ C(m)C(D*)(T, — S,,)C(D) (2.26)
< Ta'yl,

for € > 0 sufficiently small compared to v; > 0, since from Lemma 2.5,

To — Sy, < [log(C (1) max{|y[;y € OUs(D)}

x 2C(m)C(D?b) /y1)l/ (A = ), (2.27)
and
T, > [log(dist(o, 8D)/[C(v1)lal])]/ (A +71)- (2.28)
Since
T, < [log(C(m) max{|yl;y € 8Us(D)}/|al)]/ (A = m), (2.29)

we get, from (2.23), [2.24),
T,C(1)*C(D*)(ly — a— X°(f(e)5, )
(%) [ expl~(r-+ 7)) X0(s, | X(s + F(e)s, )l ds)
x exp((A + )T + C(1)C(D?) / b 1X%(s, a)

0
+ X5 + f(e)rs, ) ds)
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< TO(n)*C(D%) (£T+0/2
+ C(D2b)é(71)8(T—74)/201|$|€(avs)/(2/\)/a)
X exp(()‘ +27)Ta + C(Wl)C(DQb)Cl|x|€(avs)/(2>\)/a)
< gmin(ra,es/(24))/2 (2.30)

if 71 is sufficiently small compared to 4 and s, and if € > 0 is sufficiently
small compared to v; > 0.

From {2.21)-2.22), (2.28), and [2.30), we get (2.20). ]

3. Proof of Theorem 1.2

In this section we prove [Theorem 1.2. We devide the proof into the
following two steps; for any z € A; U{0o}\O0D and 0 < T < 1,
lim sup log(—log P(7p(z)/f(e) < T))/loge < T — 1, (3.1)
e—0
lim iglf log(—log P(t5(z)/f(e) < T))/loge > T — 1. (3.2)
£—

Proof of Let X;(t,z) be the solution of the following:

Xi(t, x) =/OtDb(X0(s,:B))X1(s, x)ds +/0ta(X0(s,a:))dW(s). (3.3)

Put C(D,z) = info<; dist(0D, X°(t,z)). Then for any ~; > 0, there exists
a positive constant C(-y;) such that there exists C(D?b) > 0 so that

P(rh(z) < f(e)T) < P(C(D,)/2 < exp|(A +71) f(e)T]

X sup exp[—()\+71)s]|81/2X1(3,:1:)|)
0<s<f(e)T

+ P(C(D,)/2 < exp[(A +m) f(e)T] . exp[—(A + 711)s]

x [TI(s, z)e!/2 /0 (u, 2) [0 (X (u, 2))
— (X (u, z))|dW (u)]), (3.4)
for any C(D,z) > 0 for which
0 < C(D,z)/[1-C(m)C(D*)C(D,z)/(A+ )] < C(D,z). (3.5)
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(For any compact subset K C D, C(D,z) and accordingly C(D,z)™! can
be taken uniformly bounded in z € K.)

The first probability on the right hand side of can be considered
as follows: there exists C(C(D, x)) > 0 such that

P(C(D,)/2 < expl(A+m)f(e)T] _sup
0<s<f(e)T
x exp[—(A+ 71)s]le"/2 X1 (s, )|

< P(C(D,x)/3 < sup =TTV (s)))
0<s<1
(for some 1-dimensional Wiener process W (-))

< exp(-C(C(D,x)) [e1-T=2mT/V), (3.6)

for sufficiently small v; and £ > 0 (see [6], Chap.3).
The second probability on the right hand side of can be considered

as follows: there exists C1(C(D,z)) > 0 such that

P(C(D,a)/2<expl(A+m)fET] _sup  expl-(A+y)s

X |H(s,:v)€1/2 /Osﬂ(u, ) Ho(XE(u,z)) — cr(XO(u,a:))]dW(u)|)

< P(C(D,)/3 < Oiugl6(1—T'271T/)‘)/2|W(3)|)

(for some 1-dimensional Wiener process W (-))
< exp(—C1(C(D, 2)) /XTI, (37)

for sufficiently small v; and € > 0 (see [6], Chap. 3).

Let us prove [3.4)3.7).
We first show that is true.

t

Xe(t z) — XO(t,2) — /2 X, (t, ) = /0 [b(x*(s,2))
— b(X(s,z)) = Db(X(s,2))(X*(s,z) — X°(s,2))]ds
+ /0 t Db(X°(s,z))[X5(s,z) — XO(s,z) — e¥/2 X, (s, z)]ds

+el/2 /0 0(X5(5,2)) — (X (s, 2))]dW (s), (3.8)
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and hence
Xe(t,x) — XOt, x) — €Y% X, (8, z)
— T1(¢, z) /0 t (s, )" { [b(X*(s, 2)) — b(X"(s,))
— Db(X°(s,2))(X®(s,z) — X(s,x))]ds
+ e 2[0(X(s,2)) — o (X(s, )] dW (s) } (3.9)

(see Section 2, for notation). By way of Taylor expansion, for any
v1 > 0, there exist C(v;) > 0 so that there exists a positive constant
C(D?b) and for z € A; U {o},

| XE(t,z) — XOt, )| < |2 X1 (t, z)] (3.10)

+0() [ exp(h+ 3t - SCDH) X" (s, 7) ~ X°(s, ) ds

+ jn(t,a:)elﬂ OtH(s, ) o (X5 (s, ) — o(X°(s, z))]dW (s)

)

from and Lemma 2.2.
From (3.10), we get

exp[— (A + 1)t X°(¢, =) — X°(t, z)|
< exp[—(A + 1)t]|e'* X1 (t, z)|
+Cn) [ expl-(+ IO X (s, 2) - XO(s, ) s
+ exp[— (A + v1)t]|TI(t, z)e'/?
x /0 (s, 2) o (X5(s,2)) — o (X°(s, 2))]dW(s)|.  (3.11)
From (3.11), by Gronwall’s inequality,
| Xe(t,z) — X°(t, z)|
<exp|(A+m)t+C() /O O(D%)|X% (s, 2) — XV, z)|ds]

X sup {exp[—()\ +1)s8]|e/2 X1 (s, z)|
0<s<t

+ exp[—(A + 71)8][11(8, z)e/? x /O (u,z)~"

x [0(X(u, 7)) — o(XO(u, x))]dW(u)'} (3.12)
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(see [8], Chap. 3). If

C(D,2)/2 > expl(A+m)f(e)T] sup

0<s<f ()T
x exp[—(A + 71)s][e}/2 X1 (s, z)], (3.13)
and if
C(D,x)/2 > exp[(A+m)f(e)T] sup exp[—(A+m)s]
0<s<f(e)T
x [11(s, 2)e? /0 T (u, 2) Vo (X° (u, ©)) — o(X0(u, 2))]dW (u)],
(3.14)
then from and [3.12),
sup | X(t,z) — X°(t, 2)| (3.15)

0<s<f(e)T
< C(D,=z)/[1 - C(m)C(D*)C(D,z)/(A +m)] < C(D, x).

This implies that 75,(z) > f(e)T.
Next we show that is true. For 73, 71 > 0, and Q in Lemma 2.2,
by the Ito formula,

(exp[2(% + m)s]|Q 7 X1 (5,2) 2 + %)1/2
— M 4 / exp[—2(A + 71 )u]
0

X (exp[—Q()\ + v1)u)|Q 1 X (u, x)|? + 5273> 2

X (= +1)1Q 7 Xa (u, ) Pdut < Q7 Xi (u,2),
Q™ Db(X(u, 2))QQ ™ X1 (u, x)du + QLo (X°(u, 2))dW (u) >)
+ [ expl=2(n + m)ul (1@ o (X°w, )| = exp[-2(1 + )1l
X |(Q o (X°(u,2)))" Q7 Xa (u, z)
/(exp[—2(A + 1)ul|Q 1 X1 (u, z)[2 + £2) )
/(exp[—2(A +1)ullQ 1 X1 (u, z)? + £2)1/2du/2
<ev+ [T QUIX (o)
x (exp[—2(\ +71)u]|Q ' X1 (u, 2)[* + €2%%)/2du
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+ sup [|Q7 o (X (u,2))|| sup W (u)|/[2(A+ )]
0<u<oo 0<u<1

+ [ expl-20+ i@ o (X0, 2) P/ 2)du,  (3.16)
0
for some 1-dimensional Wiener process W (-) (see [10], Chap. 2, Section 7)

and for a positive constant C(D?b), in the same way as in Lemma 2.2.
From (3.16), by Gronwall’s inequality (see [8], Chap. 3),

(exp[=20 + 15| QX1 (5,0)|2 + £2) /2
<exp( [ COBIQI- QI - X (w,2)du)

X (5’)’3 + sup ||Q_1b(X0(u,$)) sup1 |W(u)|/[2(/\+’71)]1/2

0<u<oo H 0<u<

+ [ "exp[~2(0 + 1)l |Q o (XO(u,2) [Pdu/(267)).  (3.17)

Let 71, v3 > 0 sufficiently small depending on T" and A. Then we get [3.6),
from [Lemma 2.1.
(

Finally we prove which can be proved in the same way as in
(3.16)—(3.17). In fact, put

S

Z%(s,z) = exp[—(A + 71)s]TI(s, z) /O T(u, 2) " [o( X% (u, 7))
—a(X°(u, ))]dW (u). (3.18)
Then there exist positive constants C(D?b) and C(||Q~'c||) such that
(1Q 22 (s, 2)|2 + £2)1/2
<t 1071 25w )P +e) 2 (<0 + I Q7 27w, 2) P
+< Q7' Z%(u,2), Q7 Db(X°(u, 2))QQ 7 Z5 (u, z)du
+Q " exp[-(Am)u)(0(X®(u, )~ (X(u, w)))dW(U)>)

+ /OS exp[—2(A + m)ull| @} (0(X°(u, 7)) — (X (u, )))||?

[(1Q7 2% (u, z) | + €¥7%) /2 du /2
<ev+ [CeOB)IQ IQUIX°(, o)

(1Q71Z%(u, z)? + £¥°) " ?du
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+20(1Q7all) sup W (u)l/[2(A + )l

+ [ expl=2(+ mpuic(iQ ol /(257 du, (3.19)

for some 1-dimensional Wiener process W () in the same way as in (3.16)-
(3.17).
By Gronwall’s inequality, in the same way as in (3.17),

(1Q71 25 (s, z)[? + ™)1/
<exp( [ COB)QU- 17 - 1X°(w,2)du)

x [+ C(IIQ 7 al)(2/(A +m))? sup [W(u)

0<u<1
+C(1Q7 al)?/ (47 (A +m)))- (3.20)
Let 71, v3 > 0 sufficiently small depending on T and A. Then we get ,
from Lemma 2.T. [
Next we prove .

Proof of (3.2) For min(1 — T,T) > 44 > 0, take a = a(e, T,7s) € Wiax
(see before for notation) such that

la| = eT—4)/2, (3.21)

For T' > v5 > 0, put

X°(t,2) if 0 <t < fle)ys—1,
()= 06 - 3.22)
a(t—f(e)rs+1)+X(t, ) if f(e)ys—1 <t < f(e)ys.
Then
P(rp(z) < f(e)T)
>P( sup |XS(t,z)— o(t)] < TT1)/2)
0<t<f(e)s
sup | X°(t, )= X°(t—F (€) 75, X°(f(e)75,2))| < 76)
f(e)rs<t<Tat+f(e)vs
>P( sup |X(t,z) — p(t)] < eTH10/2)
0<t<f(e)rs
X inf P( sup |X%(t,y)—X°(t,y)| < ¥6),
ly—a—X0(f(e)ys,z)|<e(T+74)/2 (Ogtngal (t,9) (t:9)] < %)
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(3.23)

for sufficiently small v > 0 compared to ¢ (in Lemma 2.5), from
2.6 (see for notation). O

The following together with (3.23) completes the proof;
lim iglf log(—log P( sup |X°(t,z) — ¢(t)] < €(T+’y4)/2))

0<t<f(e)vs
[loge =T —1, (3.24)
and
lim inf P( sup |X%(t,y) — X°(t,v)| <
e—0 |y_a—X0(f(€)’Ys,fE)|<€(T+74)/2 (OStSpTa l ( y) ( y)| ’yﬁ)
= (3.25)

Let us first show that is true. Put
t
X#E(t,z) = p(t) + 61/2/ (X% (s,z))dW (s). (3.26)
0

Then there exist positive constants C(o) and C(Db) > 1 such that

P( sup |X°(t,@) - p(t)] < TT9/2)
0<t<f(e)s

fle)s
= Blexp([[ 7 <o(X9%(5,2) 7 (b(X7%(s,2)
— dp(s)/ds), e 2dW (s) >
fe)rs . 4 . 9
- /0 (X9 (s,2)) N (B(X (s, 2))—dp(s) /ds) Pds /2] /¢ )

sup | X9€(t,m) — p(t)] < £TH/2]
0<t< f(e)ys

> exp([—¢" — 5C(0)*C(Db)* f(e)yse!T 1] [e)
f(e)rs
x P( / < o(XP%(s,2)) " (b(X* (5, 7))
0

— dp(s)/ds),eY2dW (s) >> —€T,

sup |X¢’E(t, :I?) — Qp(t)| < 8(T+’74)/2)
0<t<f(e)vs

> 1/2exp([—¢" = 5C(0)*C(Db)* f(e)yse™ ™)/ e), (3.27)

for sufficiently small € > 0.
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In fact, if supg<i<f(e)ys [XO°(t ) — @(t)] < e(T+14)/2 then

/Of(a)vs |0(XP5(s,2)) T (X P55, 2)) — dep(s)/ds)|*ds
< 9C(0)*C(Db)* f(e)yse T (3.28)
for some positive constants C'(o) and C(Db) > 1, since
b(X % (s, x) <,0(s)/ds]

|b( X‘pE (s,2))—=b(p(s))] if 0 <s < fle)ys—1,

K< (1) et RN
( (S,IL')) llff(€)75 1S Sf( )757

<CD (T”‘*)/z + lal) + lal
< 3C(Db) (T=v4)/2 (3.29)

for some constant C(Db) > 1 by the mean value theorem.
The last probability in can be considered as follows;

f(E)rs
P( /O < o(XP(s,2)) " (B(XP(s, 2))
— dp(s)/ds), W (s) >> —&T,

sup [ X2E(t,z) — p(t)] < TH/2)
0<t<f(e)s

= P( sup | XP°(t,z) — o(t)| < €(T+74)/2)
0<t<f(e)s
fe)vs
_P(/ < O'(X‘p’e(s’a:))_l(b(XLp,g(s,:L‘))
0
— dy(s)/ds),e/2dW (s) >< —¢”,

sup [ XP(t,2) — p(t)] < eTH/2). (3.30)
0<t<f(e)rs

The first probability on the right hand side of (3.30) can be considered
as follows;

P( sup X9t 2) — (t)] < eTH74)/2)
0<t<f(e)ys

t
=1-P(_swp [V [ o(X%(s0))aW (s)] > eTH2)
0<t<f(e)rs 0
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f(e)r
> 1= =T ] [T o (X9%(5,2))| s

—1 (ase—0), (3.31)

by the martingale inequality (see [10], Chap. 1, Section 6).
The second probability on the right hand side of (3.30) can be consid-
ered as follows;

f(e)rs
P([7 <olxo(s,2) 7 ((x**(s,2))
— di(s)/ds),e2dW (s) >< —€T,

sup | X (t,2) — (t)| < «TH)
0<t<f(e)rs

< PBC(r)C(DH)ET f(e)1)"/2 sup (W (0] 2 1)

(for some 1-dimensional Wiener process W (t), from [3.29))
< exp(—e~(17T—1)/2) (3.32)

for sufficiently small € > 0 (see [6], Chap.3).

Next we prove that is true; for y for which |y—a—X°(f(e)vs, z)| <
(T+va)/2
€ 3

P( sup [X°(t,y) — X°(t,9)] <)

0<t<T,

> P(exp[()\ +71)T,] sup
0<s<T,

{exp[= (A + )] (Ie/*Xa(s,9)| + IT(5, y)e 2
/0 Ti(u, )~ [0 (X*(u, ) ~o (X*(u, 9))ldW (w)])} < 77), (3.33)

for sufficiently small 7 comapred to ¢ in the same way as in [3.12)~(3.15).
The last probability in (3.33) converges to 1, as € — 0, uniformly in y for
which |y — a — XO(f(¢)ys, z)| < eT*+74)/2 ] in the same way as in and

from |(2.24), since
Ta
[ X0, )lds
0

Ta
< / 1X%(s,y) — XO(s,a) — X°(s + f(e)ys,x)|ds
0
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To Ta
+ [TIXOa)lds + [ IXO(s + flehrs, )lds
0 0
S Tasmln(’Y4,0!’Y5/(2A))/2 + Ta’)’l
Ta
+ A Ch|z|exp(—a(s + f(e)7s))ds, (3.34)

for sufficiently small € > 0, and ; > 0 from Lemma 2.6, (2.26) and
2.1, and since from (2.29)

To < log(C(y1) max{|y|;y € OUs(D)}/|al)/(A — m1)
< f(e)T, (3.35)

for v; > 0 sufficiently small compared to v4 > 0.

4. Proof of Theorem 1.3 and Proposition 1.4

In this section we prove [I’heorem 1.3 and [Proposition 1.4. We first
prove [Theorem 1.3, that is, 1-dimensional case.

Proof of ([heorem 1.3. We devide the proof into the following two steps;
for any T > 1,

lir?j(l)lplog P(tp(0)/f(e) > T)/loge < (T —1)/2. (4.1)
liIEn_)i(l)’lf log P(tp(0)/f(e) > T)/loge > (T —1)/2. (4.2)

(Since we consider 1-dimensional case, the set A; U A3 is empty.)
We first prove (4.1). ]

Proof of (4.1) For any 1/2 < r < 1 and v > 0, and sufficiently small
v >0,

P(rp(0)/f(e) > T)

> P< sup | XE(t,0)| < er+72)/2) sup | X<(t, o)
0<t<f(e)(T—r) FENT-r)<t<f(e)T

= X°(t = f(E)T = 7), X (f(E)T = 1),0))| <)

> P( sup | X4(t,0)| < 6(T+72)/2)
0<t<f(e)(T—r)

X inf P( sup | X°(t,y) — X°(t,y)| < 'y) (4.3)
lyl<e(r+72)/2  No<t< f(e)r
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for sufficiently small € > 0, since for |y| < g(rt72)/2

sup | XO(t,y)| < £72/* (4.4)
0<t<f(e)r

for sufficiently small € > 0, from [Lemma 2.5.
The following together with completes the proof;

lim sup log P( sup | X5 (¢, 0)| < E(r+72)/2)
e—0 0<t<f(e)(T—r)

[loge < (T —1)/2, (4.5)

lim inf P( sup |X%(t,y) — X°(t,y)| <v)=1. (4.6)
e 0lyl<e 22 0<i<f(e)r

Since (4.6) can be proved in the same way as in (3.13)}3.20), we only prove

(45)

Put

o (1) = /O o (X%(s,0))2ds /o (0)2, (4.7)

Yo(t) = X°((¢") 7' (1), 0). (4.8)
Then there exists a positive constant C; (o) such that

P( sup | X(t,0)| < a(’”’”)/z)
0<t<f(e)(T—r)

= P( sup Ye(t)| < 6(T+72)/2)
0<t<pe (f(e)(T—r))

> P( sup Ve(t)| < e(rH72)/2), (4.9)
0<t< f(e)(T—7)(14C1(0)e(r+72)/2)

This is true, since in (4.9) we can assume the following; there exists a
positive constant C3(c) such that for any z,

lo(z) — a(0)| < Ca(0)el™2)/2, (4.10)
and since there exists a positive constant C;(c) such that
©°(t) < t+ C1(0)el™2)/2¢ (4.11)

from and [4.10).
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Put
g(e) = fe)(1 + Cy(o)elmt2)/2), (4.12)
Then the last probability in (4.9) can be considered as follows;

P( sup 1YE(t)] < elm+72)/2)
0<t<f(e)(T—r)(1+Cy (0')5(7“"72)/2)

— Blexp /O T o) (b(e/2X1(s,0))
[0(0)/o(eY2X1(s,0))]? — AeY/2 X1 (s, 0)), e /2dW (s) >
[ o0 (X s o) 2 5,0
— A2 X1 (s, 0)) [2ds/2] /);

sup eV/2X1(t,0)| < €(r+72)/2]
0<t<g(e)(T—r)

> 1/4P<’/09(6)(T~7‘) < 0(0)_1 % (b(sl/zXl(S,O))
[0(0)/o (2 X1 (5,0))] = AeV/2X1(s,0) ), dW (5) >| < /2,

sup /2 X1 (¢, 0)| < s(rﬂz)/z) (4.13)
0<t<g(e)(T-r)

(see (3.3) for notation), since 1/2 < r, and since
dY<(t) = b(Y<(t))[o(0)/o(YE(t))]2dt + /%0 (0)dW (t) (4.14)
from .
The last probability in can be considered as follows;
P(|[" < ot0) (B2 X, 0o 0) (e 2 X 5,00
— A/2Xy(s,0)), dW (s) >' < el

sup e /2 X, (¢, 0)| < 6(”72)/2)
0<t<g(e)(T—r)

=P( s €12 X1 (¢, 0)| < £r+12)/2)
0<t<g(e)(T—r)

B P(‘/Og(e)(T—T)<O_(O)_1 (b(81/2X1 (s, 0))[0(0)/0,(61/2)(1(8’ O))]2
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— )\51/2X1(s,0)),dW(3) >‘ > el/?)

sup  [e!/?X;(t,0)] < e T72). (4.15)
0<t<g(e)(T—r)

The first probability on the right hand side of (4.15) can be considered

as follows:

P( sup e/ X, (t, 0)| < E(H'”)/Q)
0<t<g(e)(T—r)

> P(|e/2X,1(g()(T — r),0)] < e/

maxe2exp(Ak)  sup
paic] k—1<t<g(e)(T—r)

| / t exp(—As)a(0)dW (s)| < elr+72)/2 /4)
k—1
= P(|e1X:(g(e)(T = ), 0)| < 72/ /2)

—P (1?1(;%( e!/? exp(\k) sup
k=1 k—1<t<g(e)(T—r)

[ exp(-rsoto)dw(s)] > e a), (4.16)

where n(e) — 1 denotes the integer part of g(¢)(T — 7). This is true, since
for t € [0,g(¢)(T — r)], denoting by k — 1 the integer part of ¢,

e/2 X (t, 0)]
= ¢l/? exp(At)|/O exp(—As)o(0)dW (s)]

9(€)(T—1)
< e'/%exp(At)| / exp(—As)o(0)dW (s)|
0
9()(T—1)
+ M2 exp(At)| exp(—As)o(0)dW (s)|
k-1

+ /2 exp(Mt)) /k t_l exp(—As)o(0)dW (s)|

9(e)(T—r)
<eV2expQge)(T -l [ exp(-As)olo)dW (s)

/s 9(e)(T—r)
+ et/ exp()\k)|/ exp(—As)o(0)dW (s)|
k—1
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¢
+el/? exp()\k)|/ exp(—As)o(0)dW (s)|. (4.17)
k-1
The first probability on the last part of (4.16) can be considered as follows;
for sufficiently small € > 0,
P(leY2X1(g(e)(T —7),0)| < er™12)/2/2) > T-V/24%  (418)
The second probability on the last part of (4.16) converges to 0 exponentially
fast;

P (I?l(% e'/2exp(\k)  sup
k=1 k—1<t<g(e)(T-r)

t
|| exp(=As)o(o)dW (s)| 2 e+/2)4)
k-1

< n(e)P(72)/2 sup [W(t)| > 1)
Olet<1

(for some 1-dimensional Wiener process W (t))
< exp(—e~(17m=372)) (4.19)

for sufficiently small € > 0 (see [6], Chap. 3).
The second probability on the right hand side of also converges
to 0 exponentially fast;

P(|[* 7 < o0) (B2 X165, 01 (0) o2 Xa 5,00

— )\51/2X1(s,0)),dW(s) >l > el/2,

sup €12 X, (t,0)| < 6(r+’72)/2)
0<t<g(e)(T-r)

< P(a(r+72/2_1/2) sup |W(t)| > 1)
0<t<1

(for some 1-dimensional Wiener process W (t))
< exp(—e~ (1) (4.20)

for sufficiently small € > 0 (see [6], Chap. 3). Here we used the following;
sup{|b(z)[c(0) /o (x)]* — \z|/|z|*;z € R} < o0 (4.21)
from (A.D). []

Next we prove (4.2).
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Proof of (4.2) For 1/2 < r <1, 2 > 0 and sufficiently small € > 0,

P(rp(o)/f(e) > T)

< P( sup | X*(t,0)| < 6(’"_72)/2)
0<t<f(e)(T—r)

+ P( sup |XE(t,0)| > elr2)/2)
0<t<f(e)(T—)

sup | X5 (2)

Tlry2) /2SSy 2 H I (0 )

(r—v2)/2
0 £ E(E
- X (t - T(r—’yz)/2’ X (T(r—'yg)/2))| > 6)

< P( sup | X*(t,0)| < e(r_”’?)m)
0<t<f(e)(T—)

+ sup P sup |X(t,y) — X°(t,9)] > 6) (4.22)
|y|:g(r_'72)/2 OStSTy

(see for natation), from Lemma 2.5. Here we put
Th /2 = If{t > 05| X°(t, 0)] = 2)/2}, (4.23)
together with the following completes the proof;

lim inf log P( sup | X(t,0)| < e(T_W)/2>/ loge
€0 0<t<f(e)(T~r)

> (T-1)/2, (4.24)

lim inf log[ sup P( sup |X°(t,y)—X°(t,y)| > 'y)]/logs
e—0 ly|=e(r=2)/2  O0<t<Ty

= 0. (4.25)

We first show that [(4.24) is true; there exists a positive constant C1 (o)
such that

P( sup | X5(t,0)| < e(m72)/2)
0<t< f(e)(T—r)

= P( sup Yo(8)] < e 2)/2)
0<t<e (§(e)(T—r)

< P( sup V()] < er™2)/2) (4.26)
0<t<f(e)(T—7)(1—-C1(0)e(r—72)/2)

in the same way as in (4.9).
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Put
g-(e) = f(e)(1 = Ci(o)e"/2). (4.27)
Then the last probability in (4.26) can be considered as follows;

P( sup YE(t)| < 5(’"_72)/2)
0<t< f(e)(T—r)(1-Ca(0)e(m=72)/2)
<P( sup  [yipl<eR
0<t<g_(e)(T—r)
g—(e)(T—r)
/ < 0(0) " (b(Y*(s))lo(0) /o (Y<(s))IF ~ AY¥(s)),
2wy >+ [0 fo(o
(B (N0 /o (Y () = AY(s) ) *ds/2 > ¢)
)

+ E[exp([/og—(e)(T_r < o(o)™! (b(51/2X1(s,0))

[o(0) /(€2 X1 (5,0))” = Ae'/2 X1 (s, 0)) /%AW (s) >

[ oo (e,
x [o(0)/o(eY2X1(s,0)))2 -Aal/2)(1(s,o))|2ds/2]/s);

sup |€1/2X1(t, 0)| < 6(”_72)/2,
0<t<g—(e)(T—r)

g-(e)(T—r)
[ < otor (e 5,00 x o o) o2 X s, o))

g (&) (T—r)
-—AEV%Xﬂs¢»)¢4ﬂdqu)>-/' (o)~
0

(b(sl/ZXl(s, o))[o(0)/a (€2 X1 (s, 0))]2—Ae/2 X, (s, o)) 2ds/2< s]
< P(s(r_%rl/?) sup |W(t)] > 1)
0<t<1

+ 3P< sup |e/2X1(t,0)| < 5(7"_72)/2)
0<t<g—(e)(T—r)

(for a 1-dimensional Wiener process W (t), from [4.21))

< P(E(T_Qw_l/z) sup |W(t)| > 1)
0<t<1
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+3P(|e"/2X1 (9 (¢)(T — 1), 0)| < r=m)/2)
S exp(—g“(2r—5’y2—1)> 4+ €(T_1_2’-Y2)/2, (4'28)

for sufficiently small v > 0 and € > 0.

can be proved as follows; the following holds uniformly in y for
which |y| = e(r=72)/2,

P( sup |X°(t,y) — X°(t,y)| > 7) < exp(—e~(77)/%) (4.29)
0<t<T, '

for sufficiently small € > 0, in the same way as in the proof of [Theorem 1.2,
since

Ty
lim(sup [ X p)ldy/Ty) = 0 (see [220)),

€20 || =e(r—72)/2 JO

sup Ty, < f(e)r (4.30)
lyl:g("'_’ﬂ)/:’
for sufficiently small vy, > 0, from [(3.35). (]

Next we prove [Proposition 1.4|

Proof of 1.4 Put

Z0%(t,z) = XX 02)e(p) (4.31)
(see for notation).

Then there exists a positive constant C(o, Db) such that for z € A; U
{oY\OD, T > 1, and ¢y, cg > 0,

P(rp(x)/f(e) > T)

> P( sup |X(t,z) — XO(t, z)| < c1e'/?)
0<t<f(e)T

)T
= E[exp([/o < (2% (s,z)) 1 (b(Z2% (s, 2))
— b(X (s, z))), e/ 2dW (s) >

[T
[ 1025 (5,2)) (G20 5, 2)) (X (5,2)))Pds 2] )

sup | 29€(¢,) - X°(t,3)| < ere'/?]
0<t<f(e)T

> exp[~(C(0, Db)et + ) f()TIP( sup |2°(t,2)
0<t<f(e)T
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f@T
_ XO(t,2)| < c1eV?, /0 < 0(2°%(s, 2)) "} (B(Z2° (s, 2))
— b(X(s,))), dW () >> —cae'/2 f(e)T)

— E(C(a,Db)c%—|—C2)T/(2)\) [P( sup lZO,e (t, :L‘)—XO (t, $)|< 0181/2)
0<t<f(e)T

— P( sup  |Z2%¢(t,z) — XO(t,z)| < c1et/?,
0<t< f(e)T

f(e)T 0 1 0
[ <oz (s,2) 7 02 (s:2)
0
— b(XO(s,2))), dW (s) >< —coe2f(e)T) . (4.32)
together with the following completes the proof;

limsuplog P( sup |Z%(t,z) — X°(¢,z)| < c1et/?) loge
e—0 0<t<f(e)T

< 00, (4.33)

and for sufficiently small € > 0,
0 0 e [FET 0 1
P sup |2°%(t,2)-X°(t,2)| < cae / <o (2%(s,))
0<t<f(e)T 0
x (b(Z%% (s, 2))—b(X (s, x))), dW (s) >< —coe'/? f(s)T)

<P( sup |2°%(t,2) - X°(t,2)| < c1e'l?) /2 (4.34)
0<t<f(e)T

if ¢, is sufficiently large compared to c;.
Let us first prove [4.33). There exists a positive constant Cj(o, Db)
such that

P( sup  |Z2%(t,z) — X°(t,z)| < clsl/z)

0<t< f(e)T
t

—P( sup |2 / o(2°¢(s,))dW (s)| < c1e"?)

0<t< f(e)T 0
>P( sup [eM?W(t)] < Ci(o, Db)ese™/?,

0<t< f(e)T

t d g

sup | / S 80(2°(s, ) /02

0<t<f(e)T VO jkp=1
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. d
x W (5) (20 (s, )M dW* (5) ) <’ /3)

= P( sup  |e2W (t)| < C (o, Db)clel/2)
0<t<f(e)T

— P( sup  [eY2W (t)| < Cy (o, Db)cyet/?,
0<t<f(e)T

sup | / 80 (2°%(s, z))1 /0

0<t<f(e)T 3.k, 0=1
. d
x el/2 Wi (5)51/20(20’6(3,x))kdeQ(s)) ._1] > 0151/2/3) (4.35)

for sufficiently small € > 0 from Lemma. 2.1, since fori =1,---,d,
t d .. .
/ /23 o (20%(s, 2)) AW (s)
0 ¢
71=1

d
Za Z%(t, ) el 2Wi (1) / Z 80 (Z°%%(s,2))" |Ozpe'/2W ()
j=1 0 k=1

d
X (bk(XO(s, z))ds + /2 Z o(Z% (s, w))kedWe(s))

=1
¢ d
¢ /0 K]—,k,;n:l 0%0 (2% (s,z))/

02k 02ma (2% (s, x))* o (2% (s, a:))me) V2 W (s)

d
+ Z 30(Z0’€(s,x))ik/azma(ZO’E(s,x))mk]ds/2 (4.36)

km=1

by the Ito formula (see [10], Chap. 2, Section 5), and since
x
/ 1B(XO(s, 2))|ds < oo (4.37)
0

from Lemma 2.1.

With respect to (4.35), we have the following; there exists a positive
constant C such that as € — 0,

P( sup |eV2W(t)| < Cyi(o, Db)cie'/?)
0<t<f(e)T

~ exp(=Cf(e)T/[C1(o, Db)er]?)
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_ (CT/(2AC1(0,Db)e]?) (4.38)

(see [10], Chap. 6, Section 8). We also have the following; for sufficiently
small € > 0,

P( sup  |eY?W(t)| < Cy(o, Db)cie'/?,

0<t<f(e)T
t d .
sup ’(/ Z 30(Z0,€(3,x))w/82k
0<t<f(e)T O k=1

. d
x el /2 W (3)81/20(Z0’5(s,w))kedWe(s)) ._1\ > 0151/2/3>

< P( sup £¥/8|W(t)| > 1)
0<t<1

(for some 1-dimensional Wiener process W (t))
< exp(—e1/?). (4.39)

can be proved as follows; there exist positive constants C; and
Cs(o, b) such that for sufficiently small € > 0,

P( sup |2°¢(t,x) - X°(t,2)|<cre"?,
0<t<f(e)T

fe)T
/0 <o (2% (s, )" (B(Z% (s, )
—b(X%(s,x))),dW (s) >< —0251/2f(5)T)

< P sup (Ca(erbherfen) (F()T) M2 (0)] = 1)

(for some 1-dimensional Wiener process W (t))

< exp(—Ci(c2/[Ca(o,b)cr])? £ (€)T)
— C1(c2/[Ca(o,b)er])?T/(23) (4.40)

(see [6], Chap. 3). Take c; sufficiently large compared to c;. Then we get
(23] =
5. Example for Conjecture 1.5

In this section we show that Conjecture 1.5 is true when b(z) = Db(o)x
and when o(z) = Identy.

Example 5.1. Suppose that (A.D) holds, that b(z) = Db(o)z and that
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o(z) = Identy. Then for any z € A; U {0}\0D and T > 1,

lim log P(5(¢)/ /(¢) > T))/ loge

= Zmax M)T/X—1)/2). (5.1)

Proof.  We first show the lower bound. There exists a constant C(D) > 0
such that

P(rp(z)/f(€) > T) < P(|X*(f(e)T,0)| < C(D)), (5.2)
since for t > 0 and z € RY,
Xé(t,x) = X°(t,0) + X°(¢, z). (5.3)

Let {A,(;)}i=1 be the eigenvalues of Db(0) whose real parts are positive.
Let A; denotes the eigenspace which corresponds to A,;y and put d; =
dimA; for i =1,---,v. For 4 > 0 take a d X d-matrix @ so that

< Q7 1Db(0)Qz,z >> (Re(Ap)) — v1)|2|?,
forze A (i=1,---,v) (5.4)

(see [9], Chap. 7, Section 1). Then
P(|1X*(f(e)T,0)| < C(D))
< PIQT'X(f(e)T, 0)l < [IQ7MIC(D))

- /Efof(E)T |exp(Db(0)*s)(Q~1)*y|2ds<||Q~||2C(D)?
x exp(—|y|*/2)/(2m)*2dy

<J
e [T 1Q" exp(Db(o) 5)(@ )" y[ds<||Q* |2 |Q~[*C(D)?
x exp(—|yl?/2)/(2m)?dy

< Hfi/=1/ f&T
e[, 7 1Q* exp(Db(0)*s)(Q~1)*yi|2ds<||Q*||?|Q~||2C(D)? yi €A
x exp(—|yil*/2)/(2m) % 2 dy;

< Hizl/ f(eT 2 “|12||0-1]|2 2 1 EAs
e f577 exp(2(Re(Ap(i))—)8)lys| 2ds<[|Q*|12]|Q||2C(D)2 yi €A
x exp(—y:|*/2)/(2m) % *dy;
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< I, /
61—(Re(>\(p(¢))—271)T/>‘!yi|2<”Q*||2||Q—1 [2C(D)?,y: €A

x exp(—|yi|?/2)/(2m)%/ 2 dy;
< H,li/=1€di max([(Re(A,(:))—371)T/A~-1]/2,0) 7 (5.5)

for sufficinetly small € > 0.
Next we show the upper bound. There exists a constant Cy(D) > 0
such that

P(rp(z)/f(e) >T) > P(()qS(l;Iz " | X5(¢, 0)| < C1(D)), (5.6)

from [5.3), and

P( sup |X®(t,0)| < C1(D))
0<t<f(e)T

> P( sup |QTIX(t,0)| < C1(D)/|IQI) (5.7)
0<t<f(e)T
for Q in (5.4).
Let (Q 1X%(t,0))+ and (Q 'X%(t,0))_ denote the components of
Q~1X%(t,0) which belongs to the eigenspace corresponding to the positive

and negative eigenvalues, respectively. Then the right hand side of (5.7)
can be considered as follows;

P( sup [|Q7'X*(t,0)| < C1(D)/|IQI|)

0<t< f(e)T
>P( sup |[(Q@'X°(t,0))4| < C1(D)/(2/IQID)
0<t<f(e)T
—P( sup |(Q7'X*(t,0))-| > C1(D)/(2lIQII)). (5.8)
0<t<f(e)T

The first probability on the right hand side of can be considered as

follows;

P( sup |(Q7'X®(t,0))+| < C1(D)/(2IQII))

0<t<f(e)T
> P( sup |(exp(—Q ' Db(0)Qt)Q X*(f(e)T,0))+|
0<t<f(e)T
< C1(D)/(4IQI))) — exp(—e~*/3), (5.9)

for sufficinetly small € > 0, in the same way as in (4.16), (4.17) and [4.19).
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In the same way as in [5.5),

P( sup |(exp(—Q ' Db(0)Qt)Q ™' X (f(e)T,0))4]
0<t< f(e)T

< C1(D)/(4]|Q|])) > My ek max(l(Re(o)+3m)T=11/20) - (5 10)

for sufficinetly small e > 0. This is true, since (exp(—Q~1Db(0)Qt)y), is
bounded in ¢.

The second probability on the right hand side of can be considered
as follows;

P( sup [(Q7'X°(t,0)-| = C1(D)/(2/1QI]))

0<t<f(e)T
< exp(—e~1/?) (5.11)
for sufficinetly small € > 0 (see [6], Chap. 4). []
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