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A characteristic initial boundary value problem
for a symmetric positive system
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Abstract. We study the simplest maximal positive boundary value problem for sym-
metric positive systems in a bounded open set for which the boundary matrix is not of
constant rank. To be precise, the boundary matrix changes the definiteness simply cross-
ing an embedded manifold in the boundary which is the intersection of the boundary
with a non-characteristic hypersurface. Assuming that the flow passing the hypersurface
compensates for the degeneracy of the boundary matrix on the embedded manifold, we
discuss the existence of regular solutions to the boundary value problem.

Key words: Symmetric positive boundary value problem, characteristic boundary, not of
constant rank, maximal positive boundary condition.

1. Introduction

Let €2 be a bounded open subset of R™ with smooth boundary Q. In
(2, we consider a first order symmetric system

Lu = i A;(z)0ju + B(zx)u,
j=1
Aj(z), B(z) € C*(Q), Aj(z) = Aj(z)

with u = (uy,...,un) and §; = 9/0z;. For z € 6Q we denote by
Ap(z) = Z vjA;(z)
j=1

the boundary matrix where v = (v4,...,1,,) is the unit outward normal to
Q.

In this paper we concerned with the case that A,(x) changes the defi-
niteness simply crossing an embedded n—2 dimensional submanifold ~y of 952
defined as v = 02N {h(z) = 0} where h(z) is a smooth function in a neigh-
borhood of 9€2. Let us make our assumptions precise. Take 7(z) € C*°(R")
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with dr(z) # 0 on 92 so that Q = {r(z) > 0} and let

A,(x) = 3 (057)(2) Ay (x).

j=1
Our first assumption of this paper is stated as
Ar(z) = —h(z)A(z) in VNQ (1.1)

with a smooth definite A(x) where V is a neighborhood of 9.

Since Ap(z) = —A,(x)/|dr(x)| on 0%, it is clear that Ay(x) has the same
definiteness as A(z) on I't = 8QN{h(z) > 0} and the opposite definiteness
on '™ =900 N {h(z) < 0}.

The boundary condition takes the form

u(z) € M(z) for =z €00

where M(z) (z € 09) is a linear subspace of CV. We suppose that M is
maximal positive in the sense that

(Ap(z)v,v) >0, VYred, Yve Mz),
dim M (z) = #{nonnegative eigenvalues of Ay(x)

counting multiplicity}.
Then (1.1) and the maximality condition imply that

() = cN if zeltUy (resp. I~ U~)
|l {0} if zeDl™ (resp. I'")

if A(z) (resp. —A(z)) is positive definite.
We study the following boundary value problem

{(L—i—)\)u:f in

(BVP)
ueM at  Of.

When dimKerA(z) is constant on 8, in Rauch [8], we can find de-
tailed studies of boundary value problems for symmetric positive boundary
conditions, including refined and simplified standard classical results ([2],
[4]). See also the references given there.

When dimKerA(z) is not constant on 952, Rauch [9] studied the L2-
structure of the problem and proved that weak is strong assuming
that, locally, in each component of 9\ v the boundary space M (z) coincides
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with a smooth linear subspace Ngman(z) or Npig(z) (of fixed dimensions)
with Nyman(z) C Npig(z) and KerAdy(z) C Nypig(x) (see also [5), [6], [7])-

Since our case is a special one studied in [9] it follows that weak solutions
are strong. However our main concern is H, regularity of solutions u to

with smooth f, which serves to study non linear perturbations. As
is easily seen, strong solutions u to need not be regular for smooth
f even in our simple case (see Example 2.1 below). Hence, to get regularity
results, we introduce another condition. Let us set

An(z) = Y (07h)(x)4;(z).

Then our second assumption is:
Ap(z) has the same definiteness as A(x) on 7. (1.2)

To visualize the meaning of this condition see Example 2.1 below.

Under the conditions (1.1) and (1.2) we discuss the existence of regular
solutions to [BVP). Main results are described in section 2 and proved in
section 4. Section 3 is devoted to some preliminaries. In section 5 we discuss
the initial boundary value problem

Owu+ Lu= f(t,z) in (0,00) x Q
(IBVP) u(0,z) = up(z) in
u(t,z) € M(z) for (t,x) € [0,00) x ON

and prove the existence of regular solutions to assuming (1.1) and
(1.2) again ((Theorem 5.5)).

The authors thank A. Matsumura for directing thier attentions to this
problem and for several stimulating discussions related to this subject.

2. Main results

To fix the idea, in what follows, we assume that
A(z) is positive definite.

Otherwise it is enough to take —h(x) for h(z). We denote the formal adjoint
of L by L*
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L*u = — Z 0;A;(x)u + B*(z)u.
j=1

For u,v € C1(Q), Green’s identity yields

(L + N, 0) 2y = (u, (L + R)0) gz + /8 (Ayu,v) do
The adjoint boundary space M*(z) is defined by

M*(z) = [Ap(z) M (z))*.
From (1.1) it is clear that

{{0} if zel't

M*(z) =
(=) cN if zel"uU~.

We recall the following definition (see [1], [2]).

Definition For f € L?(Q), u € L%(R) is a weak solution to (L + \u = f
in Q,u € M at 0N if and only if the identity

(u, (L* + N¥)r2(0) = (f,¥) 12()

holds for all ¢ € C*°(Q2) with ¢ € M* at 99Q.

We now introduce some function spaces. By Do (Q2,T~) we denote
the set of all functions u € C*°(1) satisfying suppu N (I'" U~y) = . By
X.(Q,I'7),r € Z;, we denote the completion of D(Q,I'") under the
H,(Q) norm where H,(Q) is the usual Sobolev space of order . The space

Do (,T%) and X, (2, T'") are defined similarly. It is clear that
H.(Q) C X.(Q,T%) c H.(Q)

for r € Z where H,.(1) is the completion of C$°(2) under the H, () norm.
We now have

Theorem 2.1 For r € Zy there is a A(r) € R verifying the following
properties: Let u € L?(Q), f € X-(2,T7), ReA > A(r) and assume that u
is a weak solution to (L+ANu=f in Q, u € M at Q. Then it follows that
ue X, (QT7) and

(ReA — A(r))lull i) < L+ Ml g,(0)-
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This theorem is an immediate consequence of the following two results.

Theorem 2.2 For r € Z, there is a A(r) € R wverifying the following
properties: Let f € X,.(Q,I'") and ReX > A(r). Then there exists a solution

u€ X, (Q,T7) to satisfying
(ReAx — A(m)|ull ) < 11l )

If » > 1, we can really take the trace of u to the boundary so that the
trace verifies the boundary condition.

Proposition 2.3 There is a A € R verifying the following properties: Let
f € L*(Q) and ReX > A. Then weak solution u € L?() to (BVP) is
unique.

To get regularity results, the assumption (1.2) could not be dropped in
general. Indeed we have

Ezample 2.1. We work in R2. Let r(z) = (4 — |z|*)(|z|> — 1) and let
h(x) € C*(R?) be so that

h(z) =—z1 if |z|<4/3, h(z)=z, if |z]|>5/3.

Recall that = {1 < |z| < 2}, v = {(0,£1), (0,£2)} and '™ = {|z| =
1, zy > 0} U {|z| = 2,z; < 0}. Let us consider L = &;. Since A, =
—2z1(|z|2 — 1) + 221(4 — |z|?), (1.1) is fulfilled. But since A, = —1 at
(0,£1) and Ay, =1 at (0,£2), (1.2) is not. We now take g € C§°(f2) so that

g(z)>0,g(x)#0 if z1<0,z2=1
and define v(z) in 2 as

(@) JEg(s,z)ds  if x>0, |z2| < 1
v(z) =
7t g(s,z2)ds otherwise.

Let A € C and set u(z) = e *1v(x) and f(z) = e **1g(x). Then it is easy
to see that f € C°(R), (L+A)u= finQand u=0o0nI", so that u is a
weak solution to [BVP). On the other hand, working near (0,1), it is clear
that u ¢ H1(Q).

We make a comment on the space X,.(Q,I'"). To obtain regularity
results we could not replace X,.(Q2,I'7) by H,.(2) in [Theorem 2.1 in general.
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Ezample 2.2. As in Example 2.1 we work in R?. Let r(z) = 1 — |z|? and
h(z) = 1 sothat Q = {|]z| < 1}, v ={(0,£1)} and T~ = {|z| = 1, 1 < 0}.
Take L = 0;. Since A, = —2z; and Ay = 1 then (1.1) and (1.2) are
fulfilled. Let A € C and set ¢(z) = (1 — 23)/2 + z1, u(zx) = e **1¢(x) and
f(z) = e7**1, Noting that L¢ = 1 in Q and ¢ = 0 on I'" it is clear that
u is a weak solution to (BVP). On the other hand, we have u ¢ H»({2) in

spite of f € C>®(Q).

3. Preliminaries

In this section we introduce a weight function ¢(x) which plays a crucial

role in proving the existence of smooth solutions to (BVP). Let
m(z) = (h(z)? + 2ur(z))"/?,  ¢(z) = m(z) + h(z)

where p is a small positive constant which will be determined in
below. Note that ¢ =0 on I'” and ¢ > 0 on I'" U Q. Let us set

d’n(x) = ¢($) -1, Qn =Qn {¢n > 0}
L(Uas) = ¢;SL¢;9)7 >(kn,s) = ¢;L*¢;s

for n > 0 and s € R. Note that Q2N {¢, = 0} is a union of smooth surfaces
if n > 0 is small enough.

We write (-, -)q, and ||-||q, for the inner product and the norm in L?(£2,,)
respectively. By D,.(Q,I'7), r € Z,, we denote the set of all functions u €
H, () with suppun(I'~Uy) = 0. The spaces D,.(Q,T'") are defined similarly.
The following two lemmas are easily checked by standard arguments.

Lemma 3.1 Ifu € Do(Q,T7) and (L+N)u € L?(Q2), then we can choose
a sequence {uc} C Do (2, T7) such that ue — u, (L + Nue — (L + XNu in
L3(9).

Lemma 3.2 Letu € Do(Q,I'7), f € L?(Q) and assume that (L+\)u = f
in Q. Then u is a weak solution to (BVP).

We now set,

n

G(z) = D _(9;9)(x)A;(x).

=1

Then we have
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Lemma 3.3 Let G(x) be as above. Then
(i) G(z)=m(z) 1 (pAr(z) + ¢(z)An(z)). In particular,

G(z) = m(z) H(—ph(z)A(z) + ¢(z)An(z)) in VNQ.
(ii)) G(zx) is bounded in S2.
(iii) L(n,s) =L+ S(ﬁ;lG.

Proof.  Since 9;¢ = m™1(ud;r + $0;h), the first assertion of (i) is clear.
The second assertion of (i) follows from (1.1). Since ¢/m and h/m are
bounded in V N, G is also bounded there. The assertion (iii) is clear.

]

Our assumptions imply that G(x) is positive definite near I'". Indeed

Lemma 3.4 We can choose u > 0 and a neighborhood W of I'” U~ so
that

G(z)> 6 in WNQ

with some 6 > 0.

Proof. By (1.2) we can choose a small neighborhood Wi C V of « such
that Ap(z) is positive definite in W; N Q. Then we can find 1 > 0 so that

81 Ap(z) € pA(z) € §2Ap(z) in WiNQ
with some 0 < §; < 8 < 1. If z € W1 NQ and h(z) > 0, then we have
G(z) > m™ Y (—62h + ¢)Ap > Ap > 61

with some § > 0. On the other hand, if z € W; N Q and h(x) < 0, then we
have

G(z) > m Y (=61h + @) Ap > 61 A, > 61.

This proves that G(z) > 61 in W; N Q.

Since A, is positive definite on I'” and ¢ = 0 on I'", we can choose a
neighborhood Wy of '™ \ Wi so that G(z) > 6I in Won Q. Thus W =
W1 U W, is a desired neighborhood of I'™ U 7. L]
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4. Proof of main results

To prove main results we first show that for every f € D,(Q,T~) there
exists a u € D,(92,T'™) which solves (BVP). We start with

Lemma 4.1 We can choose a A\g € R verifying the following properties:
Let >0, se€ R, A € C and u € C1(Q,) withu = 0 on QN {¢, = 0}.
Then we have

Re((Lp,s) + Nu,u)a, > (Red — Xo)llullg, + s(u, 6, Gu)q,.

Proof.  Let us set Z(x) = 3{(B + B*) — Y.7_,(8;A4;)}. Then it is clear
that Z(z) > — Aol in Q with some \g € R. Now Green’s identity yields

(Lu,uw)q, = (u, L*u)q, + (Appu, u)do
%,

where A, denotes the boundary matrix in ©,,. It follows from L* = —L+2Z
and that

Re((L(p.s) + Mu,u)q, = (u, Zu)q, + S(’U;,d),;lGU)Qn
1
Re\||ul|2 —/ A pu, u)do.
+Refully, +5 [ (A u)do

Since the boundary term is non negative, the proof is complete. ]

Corollary 4.2 There is a A € R such that if A € C and u € C1(Q) with
u € M at 0N) then it follows that

(ReA — A)ljulla < [I(L + Nullo.

Proof. with n = 0, s = 0 gives
(ReX = Xo)llullgy < Re((L + AN, u)a < (L + Nullallulla
which proves the assertion. L]

Lemma 4.3 For any r € Z, there is a A(r) € R such that if u €
D.(2,T7), (L+ XN)u € H.(R) and X € C then we have

(ReA — A(r))l|ull @) < (L + Mull o, (g)-

Proof.  We proceed by induction on r. We first consider the case r = 0.
Using we choose {u.} C Doo(2,I'7) such that u — u, (L +
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MNue — (L + A)u in L2(2). Since we have u. € C1(Q) with u, € M at 99,
it follows from [Corollary 4.2 that

(ReA — A)fluella < [I(L + Muello-

Letting € | 0 we get the assertion for r = 0.
Inductively assume that the statement is true up to r — 1. Let u €

D,(Q,T7) and (L + A)u € H,(Q2). Since dxu € D,_1(2,T' ) and

(L + A)Oku = Ok(L + A)u— Y _(0rA;)05u — (8xB)u € H,_1(%),
7=1

it follows from the inductive hypothesis that
(ReA—A(r—1))lOrullg,_1 @) < I(L+N)0kullH,_, ()
< 10k(L+Mullg,_, @) tellullg,@
with some ¢ > 0. These estimates prove the assertion for r. ]

Lemma 4.4 We can choose ng > 0, cg > 0 and c; > 0 verifying the
following properties: For any s > 1/4 there is a ¢(s) € R such that if
0 <n <o, Red > ¢(s) and u € C§°(Qy) then we have

(Rex — c(s))[lulld, + cols — 1/4)léy " ul,

< cillgy/ 2 (L ey + Nulld,-

Proof.  Take a neighborhood W of I'” U~ as in [Lemma 3.4. Then we have
QN {¢,» <0} C W with some n* > 0. Choose 9; € C3°(R"), i = 1,2 such
that

OS%SL ¢1+¢2:1in9’
suppys C W, 2 =01in QN {¢,= < 0}.
From Lemma 4.1 we obtain

(Red — Xo)llullg, + s{(¥1u, ¢, " Gu)q, + (You, ;' Gu)a, }

(4.1)
< Re((L(n,s) + )‘)u’ u)Qn

It follows from that

(Y1u, ¢, Gu)g, > 61 ¢, Y 2ulf?, .
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We turn to (¢u, ¢;1G'U,)Qn. Since G is bounded in 2, we get
(2u, ¢, Gu)a, > —callry 6, 2ullf,

with some cz > 0. Note that if € suppye N Q and 0 < 7 < 7*/2 then we
have ¢, (z) > n*/2. Thus it follows that

cs v *ulla, < Iy’ 67 " ulla, < eslly*ulla, (0<n <u'/2)
with some c3 > 0 which is independent of u and 1 and hence
_ 1/2 1/2
($2u, 8,  Gu)a, = 81|y "6y ullf, — eallry*ul,

with some ¢4 > 0. Thus the second term of the left-hand side of (4.1) is
bounded from below by

8ll¢, ?ulf, — callulla,. (4.2)
Now noting that
Re((L(y,s)+A)u, u), = Re(y, (L{, »+Nu)q,
< —5”¢1/2UHQ 87 by 2 (L) Nl
(4.1) and prove the assertion. [

Applying the Hahn-Banach theorem we get

Lemma 4.5 We can choose 9 > 0 and A € R wverifying the following
properties: Let 0 < n < no and ReX > A. If f € L%(,) then there is a
u € ¢y L*(y) such that (L + Nu = f in Q.

Proof.  Let us set
E = {¢y/*(L{y1/2) + N5 ¥ € C§°(2)}
and study the map
T:E 3 ¢3/*(Liy o + MY = (6,79, f)a, € C.
From with s = 1/2 we get
(6020, Pa, I < llby20l3, 1 £13,
< 2c5 ealln/ 2 (L)1 0y + MY 1R, IF11R,
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for 1 € C§°(f2y,). By the Hahn-Banach theorem there is a w € L%(2,) such
that

(672, Fa, = (852 (L1 /2y + Mo, w)g,
for every ¢ € C§°(£2,). Set u = ¢,w. Then we have u € ¢,L?*(€,) and

(67720, o, = (852 (L2 + N, 67 w)a,
= (W, (L2 + Ny u)a,.

Thus we obtain (L, 1/2) + A)qﬁ{l/zu = 771/2]‘ in €2,,. Since L, 1/2)¢;1 /2 _

on “121, it follows that (L+ MNu = f in Q, which is the desired assertion.
]

Proposition 4.6 There is a A € R verifying the following properties: Let
f € Do(2,I7) and ReX > A. Then there exists a u € Do(Q2,T'™) such that
(L+XNu=f in Q.

Proof. Tt follows from f € Do(Q2,T'7) that suppf C €, with some 7 > 0.
Using we find u € ¢,L?(Q,) satisfying (L + A)u = f in §,,. Let
u? be u in 2, and zero elsewhere. We prove that (L + A\)u® = f in (2 that
shows the assertion since it is clear that u® € Do(2,T'7). To do so it is
sufficient to show that

(@, (L* + NY)a = (f,¥)a =
for every v € C3°(€2). Choose x(t) € C§°(R) so that suppx C (—1,1) and
x = 1 near t = 0 and set xc(t) = x(e71t) for € > 0. Let ¢ € C$°(2). Then
we get

W, (L*+N)Y)a~(f,9)a = (v, (L + Np)a, = (f,¥)e,
(u, (L* + A)(l - Xe( n))¥ ) (4.3)

Since (1 — xe(én))¥ € C§°(£2y), the right-hand side of (4.3) is

(f7 (1 - Xe(ﬁbn))w)(ln - (fa w)Qn + (u> (L* + X)Xe((bn)w)ﬁn
= _(fa X6(¢77))¢)Q1; + (u, X6(¢n)(L* + X)iﬁ)nn

= 2 05 (xe(¢n) As¥)a,

I
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=1+ I+ Is.

The Dominated convergence theorem shows that I and I5 go to zero when
€ | 0. We turn to I3. Note that

Iy = = 3 (X (76,)(06) A9,

j=1
= —(u, e X' (7 ¢n)GY)q, -
Since u = ¢,w with some w € L?(§,), it follows that

Iy = —(w,e ' dpx/ (e by)Gib)a, -

Noticing that |tx'(t)| < ¢ with some ¢ > 0 and G is bounded in Q the
Dominated convergence theorem again proves that I3 — 0 as € | 0. This
completes the proof. ]

Proposition 4.7 For any r € Z there is a A(r) verifying the following
properties: Let u € Do(Q,I'7), f € D.(Q,T7), ReX > A(r) and assume
that (L + A)u = f in Q. Then we have u € D.(Q,T7).

Proof.  Let u € Do(€2,I'"). Then we have suppu C §2,, with some 79 > 0.

Note that €, N (I'"Uv) = 0. Thus we can repeat the same reasoning as in
Tartakoff to conclude the assertion. ]

We now give the proofs of [[heorem 2.2 and [Proposition 2.3.

Proof of Lheorem 2.2.  We first suppose that f € D,.(Q2,I'"). By Propo-
sition 4.6 there is a u € Do(Q2,I'7) satisfying (L + A)u = f in Q. It follows
from [Proposition 4.7 that v € D,(2,I'"), in particular, v € X,.(Q,I'7). In
view of u is a weak solution to [BVP). Moreover by

we get

(ReA — A(r))lull ) < 1L+ MNullg, @ = 1 fll#. @)

Let f € X,.(2,I'7). Since D,(2,T7) is dense in X,.(Q,T'7), the assertion
can be proved by standard limiting arguments. []

Proof of [Proposition 2.3, Assuming that u € L?(Q) is a weak solution
to with f = 0 we show u = 0. Let g € Do(Q,I'"). Repeating
the same arguments in [Proposition 4.6| we can find v € Do(Q,I't) such
that (L* + A)v = g in Q. We choose {ve} C Duo(Q,T') satisfying ve —
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v, (L* + XN)ve — g in L2(Q). Note that v, € M* at 9Q and hence

(u, (L* + X)ve)q = 0.
Letting € | 0 we get (u,g9)q = 0. Since Dy(Q,T'") is dense in L?(Q), we
conclude that u = 0 and hence the assertion. []

5. Initial boundary value problem

Let 1, L and M be as described in the preceding sections. We consider
the following initial boundary value problem

Ou+ Lu= f(t,z) in (0,00) x Q
w(0,7) =wo() in O
u(t,z) € M(z) for (t,z) € [0,00) x ON.

To solve this initial boundary value problem (IBVP) we apply the Hille-
Yosida theorem. Let us regard L as a linear operator L : X,.(Q,I'7) —
Xr(92,T7) with domain

D(L) ={ue X, (QT7); Lue X.(2,T7) and
(u, L*¥)q=(Lu, ¢)q for every peC>®(Q) with e M* at Q }.
We write simply X, for X,.(Q,T7).
Proposition 5.1 Letr € Z,. Then —L generates a Cy semi-group.

For the proof we note that

Lemma 5.2 Letu € X, and f € X,. In order that u € D(L) and (L +
Au = f it is necessary and sufficient that u is a weak solution to (BVP).

Proof.  Since

(u, (L* + X))o — (f,¥)a = (u, L*¥)q — (Lu,¥)g

for every v € C*°(Q2) with ¢ € M* at 9Q and hence the assertion. ]

Proof of |Proposition 5.1. In view of the Hille-Yosida theorem (see for
example), it is enough to check the following two conditions:

(1) L is a closed operator with domain D(L) dense in X,.

(2) Thereis a A(r) € R such thatif ReA > A(r) then we have —)\ € p(L)
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and
(Red — AL+ M7 <1

where p(L) denotes the resolvent set of L.

Since Dy (2,T7) C D(L) then D(L) is dense in X,. Now let {u,} C
D(L), u € X,, f € X, and assume that u, — u, Lu, — f in H.(9).
Since u, € D(L), it follows from that u,, is a weak solution to
with the right-hand side f, = Lu, and A = 0. It is clear that u is
a weak solution to and hence, in view of Lemma, 5.2, we conclude
that v € D(L) and Lu = f which proves (i).

We turn to the assertion (ii). Assume that v € D(L) verifies (L +
A)v = 0. From v is a weak solution to with f = 0. By
IProposition 2.3 we have v = 0. This proves the injectivity of the mapping
(L+X):D(L) — X,. Let f € X,. From [Theorem 2.2 there exists a weak
solution u € X, to such that

(ReA — A(r))lull &, ) < Ifla,0)- (5.1)

From it follows that v € D(L) and (L + A\)u = f. Hence the
mapping (L + A) is surjective. The desired estimate follows from .

L]

Let {T'(t)}:>0 be a Cp semi-group with generator —L obtained by
IProposition 5.1. Then we have

Proposition 5.2 Letr € Z; and T > 0. Assume that uy € D(L), f €
Co([0,T); X,), f(t) € D(L)(0 < t < T) and Lf € C°[0,T]; X;). Then
(IBVP) has a unique solution u € C*([0,T]; X,.) which is given by

u(t) = T(t)uo + /O “T(t—$)f(s)ds (0<t<T) (5.2)

Corollary 5.1 Letr € Z, and T > 0. Assume that ug € X,11, f €
C%([0,T); Xr4+1). Then (IBVP) has a unique solution u € C*([0,T]; X,)
which is given by (5.2). Furthermore, u satisfies

[u(®ll ) < Aol o)
t
+ [ @) @pds 0<t<T)  (53)

where A(r) € R is independent of ug, f and T
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Proof.  Since X,11 C D(L) then the first part is clear. To get the estimate
(5.3) it suffices to note that |T'(t)|| < eAMt (¢ > 0) follows from the Hille-
Yosida theorem and the proof of [Proposition 5.1l. [

Theorem 5.5 Letr € Z,, r > 1. Assume that uy € X, f € C°([0,0);
X;). Then there is a unique solution u € C°([0,00); X;) N C1([0, 00); X;—1)
to the initial boundary value problem (IBVP).

Proof. Fix T > 0. Since X,41, C°([0, T]; X,41) are dense in X,., C°([0, T7;
X, ) respectively, we can choose {ug,} C X,11 and {f,} C C°([0,T]; X;+1)
so that

uo, = up in Hy(Q), fo—f in C°[0,T);X,).

By Corollary 5.4 there is a solution u, € C1([0,T]; X,.) to replaced
ug, f by uop, fn. Applying the estimate (5.3) to u, — u,, we find that {u,}
is a Cauchy sequence in C°([0,T]; X,.). Let u € C°([0,T]; X,.) be the limit
of {uy,}. Now u, satisfies

Un(t) = Ugy, + /Ot{—(Lun)(S) + fn(S)}dS (0 <t< T)

Letting n — oo we obtain

ut) = o+ [ {~(Lu)(s) + F(e)}ds (0 <T)

which shows that u € C°([0,7]; X,) N C*([0,T); X,_1) is a solution to
(IBVP). The uniqueness follows from Corollary 5.4. Since T > 0 is ar-
bitrary we get the desired assertion. ]
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