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Triangular forms of subdiagonal algebras

Guoxing J1, Tomoyoshi OHWADA and Kichi-Suke SAITO*
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Abstract. In this note, we study the triangular forms of subdiagonal algebras and
discuss the triangular decomposition of subdiagonal algebras.
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1. Introduction and Preliminaries

In [1], Arveson introduced the notion of subdiagonal algebras to give
a unified approach to the theory of non-selfadjoint operator algebras. The
algebra is not only a noncommutative analogue of weak *-Dirichlet algebras
but also a generalization of the work of Helson-Lowdenslager in [4]. Thus,
the algebra has many analytic properties as the algebra of generalized ana-
lytic functions. Several concrete examples were considered in [1]. Further,
Loebl-Muhly [7] and Kawamura-Tomiyama [6] gave systematic examples of
subdiagonal algebras from the theory of spectral subspaces determined by
flows on a von Neumann algebra. We refer the readers to [1} for the elemen-
tary properties of subdiagonal algebras. On the other hand, the notion of
nest algebras was introduced by Ringrose [8] to study the triangular forms
for operators. The structure of nest algebras was studied by many authors
and we refer the readers for the details to Davidson’s book [3]. Our aim in
this note is to study the triangular forms of subdiagonal algebras related to
the theory of nest algebras.

At first, we start by giving the definition of subdiagonal algebras. Let
M be a von Neumann algebra on a complex Hilbert space H and let ® be a
faithful normal positive linear map of M onto a von Neumann subalgebra
D of M which is idempotent, that is, let ® be a faithful normal expectation
of M onto D. A subalgebra 2 of M, containing D, is called a subdiagonal
algebra in M with respect to ® if

(i) ANA* =D;
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(ii) @ is multiplicative on 2; and

(iii) A+A* is o-weakly dense in M.
The algebra ® is called the diagonal of A. We say that 2 is a maximal sub-
diagonal algebra in M with respect to @ in case 2l is not properly contained
in any other subalgebra of M which is subdiagonal with respect to ®.

Although subdiagonal algebras are not assumed to be o-weakly closed
in [1], the o-weak closure of a subdiagonal algebra is again a subdiagonal
algebra ([1, Remark 2.1.2]). In this note, we assume henceforth that our
subdiagonal algebras are always o-weakly closed.

Let 2 be a subdiagonal algebra in M acting on a Hilbert space H and
put Ao = {X € A : &(X) = 0}. Then it is clear that Ay is a o-weakly
closed two-sided ideal of 2. For every n € N, we define the closed subspace
Hy = [AGH], where A = {A1A2--- A, 2 A; € 2y (1 < i < n)} and, for a
subset S of H, [S] is the closed linear span of S. Further, we set Ho = H
and Hoo = Nneo Hn, respectively. For every n € NU {0, 00}, let P, be the
orthogonal projection from H onto H,. Then it is clear that the family
{P, :0 < n < oo} of projections is a decreasing sequence in M, such that
P, | Px. Then we define the following notion.

Definition 1.1 Keep the notation as above. Then a subdiagonal algebra
A is said to be pure if Py, = 0. Further, if P, = I, then the subdiagonal
algebra 2 is called to be non-degenerate.

In this note, we investigate the purity of subdiagonal algebras. In §2,
we consider the case that it is on a finite dimensional Hilbert space. If 2 is a
subdiagonal algebra in M, more generally, 2 is a subalgebra of M such that
A+A* = M, then we show that 2 is a nest subalgebra of M ((Theorem 2.1)).
In particular, every subdiagonal algebra in the finite dimensional case is
pure in the sense of Definition 1.1. In §3, we shall show that a subdiagonal
algebra 2 of M is pure if and only if 2 is a nest subalgebra in M determined
by {P,:0<n <oo}, thatis,d={AeM:(I-P,)AP, =0,0 <n < oo}
(Theorem 3.2). Finally, we shall discuss the triangular decomposition of a
subdiagonal algebra A of M ([Theorem 3.3)).

2. Finite dimensional case

In this section, we assume that the Hilbert space H is finite dimensional.
Then we shall study the structure of subdiagonal algebras in M, more



Triangular forms of subdiagonal algebras 547

generally, subalgebras of M satisfying % + 2* = M. At first we have the
following theorem.

Theorem 2.1 Let A be a subalgebra of M, containing the identity, such
that A+ A* = M. Then 2 is a nest subalgebra of von Neumann algebra M.

To prove this, we need the following lemmas.

Lemma 2.2 Keep the assumptions as in Theorem 2.1. If 2 g M, then
there exists a non-trivial projection P in M such that P € Lat2, where
Lat 2 is the lattice of all A-invariant subspaces of H.

Proof. If M is not a factor, then we may take a non-trivial central
projection P in M. Thus we may suppose that M is a factor. Since H is
finite dimensional, M is a type Ix-factor for some k. By [5, Theorem 6.6.1],
there exists a *-isomorphism © from M onto B(K) for a Hilbert space
K with dimK = k. Since O(2) is a proper subalgebra of B(K), by |2,
Proposition 2.12], there is a non-trivial projection @ in B(K) such that
Q € LatO(2). Putting P = ©7'(Q), P has the desired property. This
completes the proof. ]

Lemma 2.3 Keep the assumptions as in Theorem 2.1. If P € MNLat4,
then P € .

Proof.  If a projection P € M and 2 + A* = M, then there exists an
element C' € A such that P = C + C*. Considering the Hilbert space
decomposion H = PH & P1H, we can write the matrix representation of
C as follows:

O - Ci1 Cr2 .
Since P = P*, we have C12 =0, C11 + C}; = Ipy and Cyy + C5, = 0. Thus
C11 and Cy are of the forms

1
011 = -2—1137-[ + 7K1 and 022 = ZKQ

for some self-adjoint operators K; € B(PH) and Ky € B(P'H). This
implies that C is a normal operator in 2 with o(C) = o(C11) U o(Cs2),
where o(A) is the spectrum of an operator A. Since o(Cy1) C {5 +iA: A €
R} and a(Ca) C {iX : X € R} respectively, we have o(C1;) N o (Cog) = 0.
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We now choose two bounded open subsets 2; and €29 in C with the following
properties:

(1) 0(011) C Q7 and 0(022) C Qo;

(2) ©NQ =0; and

(3) (2 UQy)¢ is connected.
Put f = Xa,> where x,, is the characteristic function of €2;. By the func-

tional calculus and [9, Theorem 13.7], we have f(C) = P € A. This com-
pletes the proof. l

Proof of Theorem 2.1. 'We may assume that 2 # M. By [Lemma 2.2, there
exists a maximal nest A in M N LatA. We set N = {Qx}}_, satisfying

0=Qo< Qi1 <Q2<---<Qy=1

Since A/ C 2% by Lemma 2.3, it is enough to prove that A = MNalg V. It is
trivial that A C M Nalg . Put B, = Qr — Qx—1 (k =1,2,...,n). By the
maximality of ' and Lemma 2.2, we have E}y € A and Ex2AE, = Ex MEj.
Let T € MnNalgN. Then ExTE; =0 for k > j. Since A+ A* = M, we
take A and B in 2 such that A + B* = T. By a simple calculation, then
we have EyTE; € A (k,5 =1,2,...,n) and so T € . This completes the
proof. ]

Let 2 be a subdiagonal algebra in M with respect to ®. As in the
proof of [Theorem 2.1|, there exists a finite nest N' = {Qx}}_; in M such
that A = M NalgN. Further, we easily show that ®(X) = > y_; Ex X Ek
for every X € M and 2§ = 0. Thus we have the following corollary.

Corollary 2.4 If 2 is a subdiagonal algebra in M with respect to @, then
2A is a nest subalgebra of M with a finite nest, in particular, 2 is pure in
the sense of Definition 1.1.

In [10, Theorem 2], the third author and Watatani showed that if D is
a subfactor of a finite dimensional factor M, then there exist no maximal
subdiagonal algebras of M with diagonal © unless ® = M. More generally,
we have the following corollary.

Corollary 2.5 Let M be a finite dimensional von Neumann algebra and
let ® be a subfactor of M. Then there exist no subdiagonal algebras in M
with diagonal ® unless © = M.

Proof. Let 2 be a subdiagonal algebra in M with diagonal ®. By Theo-
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rem 2.1, 2 is a nest subalgebra of M with a nest A/ in D ND’. Since D is
a subfactor of M, we have N' = {0, I} and so ® = % = M. This completes
the proof. U

3. Pure subdiagonal algebras

In this section, we investigate the purity of a subdiagonal algebra in
M acting on an infinite dimensional Hilbert space H. Note that P, is the
orthogonal projection from H onto [A7H] defined in §1. At first we have
the following proposition.

Proposition 3.1 For every n in NU{0,00}, P, is a central projection of
D.

Proof.  Since {P,:0<n < oo} C Lat2 C D, it is enough to prove that
{P,:0<n < o0} CD. To do this, we need only to prove that ®(F,) = P,
forevery n = 0,1,2,...,00. Putting E, = P, © P4+ (n > 0), then we have

o0
I= (Z @En> ® Pso.
n=0

Since AgHp C Hny1, we have E,2%0E, = 0. Since X — ®(X) € 2y for every
X € A and A + A* is o-weakly dense in M, it follows that

E.XE, = E,®(X)E, (n >0)
for every X € M. In particular,

0, n#k

E,, n=k.

E,®(Ey)E, = {
Thus we have

B(E) = Y. EnB(B) + Pud(EY)

n=0

00
= Z Enq)(Ek)En + Pooq)(Ek)Poo
n=0

= FEi + Poo®(Ek) P

which implies that ®(Ey) > Ej (k > 0). Since @ is faithful and idempotent,
®(Ey) = Ei (k > 0) and so ®(Py) = P, (k > 0). This completes the proof.
O]
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Our goal in this section is the following theorem.

Theorem 3.2 Let 2 be a subdiagonal algebra in M. Then 2 is pure if and
only if there exists a finite or infinite decreasing nest N = {Q, : 0 < n < oo}
in M such that A = MnNalgN.

Proof. (=) Suppose that 2 is pure. Put N' = {P, : 0 < n < oo}.
Since Py, = 0, as in the proof of [Proposition 3.1, we have E, ME, C D C 2
for every n > 0 and

B(X) = i E.XE, (X e M).

n=0

Since P,H (= [APH]) is A-invariant, it is clear that A C M NalgN.

Conversely, if T € M NalgN, then it is clear that E;TE; = 0 for
j<kandT =35, E;TEy in the o-weak topology. We next prove that
E;TE, € A. We know E;TE; € ® (k > 1) by Proposition 3.1]. When
j > k, there are two nets {A,} and {B,} in A such that T' = lim, (Ay + BY)
o-weakly. Since 4 C M NalgN we have E;BiE, = 0 for j > k. Then
E,TEy = limy EjA.E, € A for 5 > k. Thus T' € 2 and we show that
A=MnNalgN.

(=) Suppose that there exists a decreasing nest N' = {Q, : 0 <n <
oo} in M such that 2 = M NalgN. Thus we have ® = N'N M and
O(X) =320 FuXFy, where Fj, = Qn © Qny1 (n > 0). Since 2p may be
regarded as the strictly lower triangular algebra with entries in M, we have

[A5H] C QnH,

which implies that 72 [2A5H] = {0}. Thus 2 is pure. This completes the
proof. [

In general, taking a projection E € ®, we define the faithful normal
expectation ®g from EME onto EDE by ®¢p(EXE) = E®(X)E. Note
that EAF is a subdiagonal algebra in EMFE with respect to ®g.

If Py # 0, then we have [AgPxH]| = PxH. Since Py € D, PoUP
is a non-degenerate subdiagonal algebra in Py, M Py, with respect to ®p_ .
On the other hand, P£2P4 is a pure subdiagonal algebra in P5 M Px with
respect to ®p1 and Py PL = PooMPs. Thus we have a decomposition
of a subdiagonal algebra. Moreover, since Py 2* Py is also a subdiagonal
algebra in Py, M Py, we may also consider the decomposition of Poo2* Po.
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Then we easily have the following decomposition.

Theorem 3.3 Let 2 be a subdiagonal algebra in M with respect to .
Then there exist three mutually orthogonal projections Ey, Ey and FE3 in ®
such that

(1) Fi+Ey+ E3=1 and E;,F1 + E5 € Lat %,
(i1) A has the following matriz decomposition:

A1 A2 Ags
A = 0 A Aoz |,
0 0 Az

where Aj; (resp. Asz) is a pure subdiagonal algebra in EyME; (resp.
E3ME3), g9 and A3, are non-degenerate subdiagonal algebras in Eo M E,
and A = EjMEk for 3 < k.

[10]
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