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Orthogonal (g, f)-factorizations of bipartite graph
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(Received August 27, 1996; Revised April 14, 1997)

Abstract. We consider a simple graph. Let g(x) and f(x) be integer-valued functions

defined on V(G) with f(x)\geq g(x)\geq 1 for all x\in V(G) . A (g, f) -factor of a graph G is
a spanning subgraph F of G such that g(x)\leq d_{F}(x)\leq f(x) for each vertex x of F . In

this paper, we mainly discuss the problem of orthogonal (g, f) -factorizations of bipartite

graph. Furthermore, we generalized some predecessor’s result.
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1. Introduction

All graphs under consideration are simple. Let G be a graph with vertex
set V(G) and edge set E(G) . An edge joining vertices u and v is denoted by
uv . For a vertex v\in V(G) , we denote by d_{G}(v) the degree of v in G . Let g(x)

and f(x) be integer-valued functions defined on V(G) with f(x)\geq g(x) for
all x\in V(G) . A graph G is called a (g, f) -graph if g(v)\leq d_{G}(v)\leq f(v) for
each vertex v\in V(G) , and a (g, f) -factor of a graph G is a spanning (g, f)-

subgraph of G . A (g, f) factorization \mathcal{F}=\{F_{1}, F_{2}, \ldots , F_{t}\} of a graph G is a
partition of E(G) into edge-disjoint spanning (g, f) -subgraphs. A subgraph
H of G is orthogonal to \mathcal{F}if|E(H)\cap E(F_{i})|=1 for all 1\leq i\leq t . A bipartite
graph G with partite sets X and Y is denoted by G=(X, Y;E(G)) and its
edge set is denoted by E(G) .

Now, we consider the following problem:

Given a graph G and its subgraph H , how many edge disjoint factors
containing exactly one distinct edge of H are contained in G ?

If G has a factorization \mathcal{F}=\{F_{1}, F_{2}, . . , F_{t}\} such that |E(H)\cap E(F_{i})|=

1(1\leq i\leq t) , we obtain a solution to the following problem [2]:

Given a subgraph H of G , does there exist a factorization \mathcal{F} of G

orthogonal to H ?
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In this paper, we will prove the following theorem:

Theorem Let m and r be integers such that 1\leq r<m . Let G be a

(mg+m-r, mf-m+r) -bipartite graph (i.e. mg(x)+m-r\leq d_{G}(x)\leq

mf(x)-m+r) for all x\in V(G)) , and H a subgraph of G with edge set
\{e_{1}, e_{2}, \ldots, e_{m}\} . Then G has m-r+1 edge disjoint (g, f) -factors containing
e_{1} , e_{2} , . . ’ e_{m-r+1} , respectively, and excluding e_{m-r+2} , e_{m-r+3} , \ldots , e_{m} .

When r=1 , from the proof of the above theorem we have the following

Corollary Every (mg(x)+m-1, mf(x)-m+1) -bipartite graph has a

(g, f) -factorization orthogonal to a given subgraph with m edges.

2. The Proof of the Theorem

Given a subset X\subseteq V(G) , we write f(X)= \sum_{x\in X}f(x) , d_{G}(X)=

\sum_{x\in X}d_{G}(x) . G[S] denotes the subgraph of G induced by S . A vertex set
S\subseteq V(G) is called independent if G[S] has no edges. For E’\subseteq E(G) , G[E’]
denotes the subgraph of G induced by E’ and G-E’=G[E-E’] . If S and
T are disjoint subsets of V(G) , then e_{G}(S, T) denotes the number of edges
of G joining S and T Other notation and definition in this paper can be
found in [1].

In [3] Liu Guizhen got a necessary and sufficient condition for a bipartite
graph to have a (g, f) -factor containing a given edge:

Lemma 2.1 [3]. Let G=(X, Y;E(G)) be a bipartite graph and g(x)
and f(x) be two positive integer-valued function defined on V(G) such that
.q(x)\leq f(x) for all x\in V(G) . Then for any given edge e of G , G has a

(g, f) -factor containing e if and only if for all S\subseteq X and T\subseteq Y_{j}

\delta_{G}(S, T)=f(S)+d_{G}(T)-g(T)-e_{G}(S, T)\geq\epsilon_{1}(S, T)

and

\delta_{G}(T, S)=f(T)+d_{G}(S)-g(S)-e_{G}(T, S)\geq\epsilon_{2}(T, S)

where \epsilon_{1} (S, T)=1 if e\in E_{G}(S, Y-T) , otherwise, \epsilon_{1}(S, T)=0 and
\epsilon_{2}(T, S)=1 if e\in E_{G}(T, X-S) , otherwise \epsilon_{2}(T, S)=0 .

Let G be a graph. Hereafter m and r denote integers such that 1\leq r<

m , and g(x) and f(x) denote two positive integer-valued functions defined
on V(G) .
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Lemma 2.2 Let G be an (mg, mf) -bipartite graph. Then G has a(g, f)-
factor containing any given edge e of G .

Proof. The Claim clearly holds when m=1 . In the following we assume
that m\geq 2 . Put

p(x)= \max\{g(x), d_{G}(x)-((m-1)f(x)+1)\}

q(x)= \min\{f(x), d_{G}(x)-((m-1)g(x)-1)\} .

We shall prove that G has a (p, q)-factor containing e , which is obviously
a required (g, f) -factor of G . Put

\triangle_{1}(x)=\frac{1}{m}d_{G}(x)-p(x) , \triangle_{2}(x)=q(x)-\frac{1}{m}d_{G}(x) .

If p(x)=g(x) , then \triangle_{1}(x)=\frac{d_{G}(x)}{m}-g(x)\geq\frac{mg(x)}{m}-g(x)\geq 0;if p(x)=
d_{G}(x)-(m-1)f(x)-1 , then \triangle_{1}(x)=\frac{d_{G}(x)}{m}-d_{G}(x)+(m-1)f(x)+1\geq

\frac{1-m}{m}[mf(x)]+(m-1)f(x)+1=1 .
Thus

\triangle_{1}(x)\geq 0 .

Similarly we have

\triangle_{2}(x)\geq 0

Now let S\subseteq X and T\subseteq Y . we now prove that \delta_{G}(S, T)\geq\epsilon_{1}(S, T) for
q and p. Since d_{G}(T)-d_{G-S}(T)=d_{G}(S)-d_{G-T}(S)=e_{G}(T, S) , we have

\delta_{G}(S, T)=q(S)+d_{G}(T)-p(T)-e_{G}(S, T)

=( \frac{d_{G}(T)}{m}-p(T))+(q(S)-\frac{d_{G}(S)}{m})

+(1- \frac{1}{m})d_{G-S}(T)+\frac{d_{G-T}(S)}{m}

= \triangle_{1}(T)+\triangle_{2}(S)+(1-\frac{1}{m})d_{G-S}(T)+\frac{d_{G-T}(S)}{m} .

If e\in E_{G}(S_{\backslash }Y-T) , then d_{G-T}(S)\geq 1 , and \delta_{G}(S, T)\geq\frac{1}{m}d_{G-T}(S)\geq

\frac{1}{m} , that is \delta_{G}(S, T)\geq 1 because \delta_{G}(S, T) is a integer. Otherwise, we have
\delta_{G}(S, T)\geq\triangle_{1}(T)\geq 0 . Similarly, we have \delta_{G}(T, S)\geq\epsilon_{2}(T, S) , therefore
the proof is completed by lemma 2.1. \square
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Lemma 2.3 Let G be an (mg+m-r, mf-m+r) -biparlite graph. Then

for any given subgraph H with m edges e_{1} , e_{2} , \ldots , e_{m} of G , the graph G has
a(g, f) -factor containing e_{1} and excluding e_{2} , e3, . , e_{m} .

Proof. Put

p(x)= \max\{g(x), d_{G}(x)-((m-1)f(x)-m+r+1)\}

q(x)= \min\{f(x), d_{G}(x)-((m-1)g(x)+m-(r+1))\} .

Set G’=G- { e_{2} , e3, . . . ’ e_{m} } and e_{1}=uv . Then G’ is a (mg-r+
1 , mf-m+r)-graph. Since mg(x)+m-r\leq mf(x)-m+r , we have
f(x) \geq g(x)+2-\frac{2r}{m} and thus g(x)\leq p(x)<q(x)\leq f(x) . We shall
prove that G’ has a (p, q) -factor containing e_{1} , which is obviously a required
(g, f) -factor of G . Put

\triangle_{1}(x)=\frac{1}{m}d_{G’}(x)-p(x) , \triangle_{2}(x)=q(x)-\frac{1}{m}d_{G’}(x) .

1. If p(x)=g(x) and x\in\{u, v\} , then \triangle_{1}(x)=\frac{d_{G’}(x)}{m}-g(x)\geq

\frac{mg(x)+m-r-d_{H}(x)+1}{m}-g(x)\geq 1-\frac{r+d_{H}(x)-1}{m} ; and ifp(x)=g(x) and x\not\in\{u, v\} ,

then \triangle_{1}(x)\geq\frac{d_{G’}(x)}{m}-g(x)\geq\frac{d_{G}(x)-d_{H}(x)}{m}-g(x)\geq\frac{mg(x)-m+r-d_{H}(x)}{m}-g(x)=

1- \frac{r+d_{H}(x)}{m} .
We next assume that p(x)=d_{G}(x)-(m-1)f(x)+m-r-1 .
(i) If d_{G}(x)=mf(x)-m+r , then p(x)=f(x)-1 .
Thus \triangle_{1}(x)=\frac{d_{G}(x)-d_{H}(x)}{m}-f(x)+1=\frac{r-d_{H}(x)}{m} or \triangle_{1}(x)\geq\frac{r-d_{H}(x)+1}{m}

according to x\not\in\{u, v\} or x\in\{u, v\} .
(ii) If d_{G}(x)\leq mf(x)-m+r-1 , and x\not\in\{u, v\} , then \triangle_{1}(x)=

\frac{d_{G}(x)-d_{H}(x)}{m}-d_{G}(x)+(m-1)f(x)-m+r+1\geq\frac{1-m}{m}(mf(x)-m+r-1)+

(m-1)f(x)-m+r+1- \frac{d_{H}(x)}{m}=1+\frac{r-d_{H}(x)-1}{m} , and if d_{G}(x)\leq mf(x)-

m+r-1 and x\in\{u, v\} , then \triangle_{1}(x)\geq 1+\frac{r-d_{H}(x)}{m} .
Thus

\triangle_{1}(x)\geq\{

\frac{r-d_{H}(x)}{m} if m\geq 2r

1- \frac{r+d_{H}(x)}{m} if m<2r .

2. If q(x)=f(x) , and d_{G}(x)=mf(x)-m+r , then \triangle_{2}(x)=q(x)-

m’d(\underline{x)}m\geq q(x)-\frac{d_{G}(x)}{m}\geq f(x)-\frac{1}{m}(mf(x)-m+r)=1-\frac{r}{m} ; otherwise,
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d_{G}(x)\leq mf(x)-m+r-1 , then \triangle_{2}(x)=q(x)-\frac{d_{G’}(x)}{m}\geq f(x)-\frac{1}{m}(mf(x)-

m+r-1)=1- \frac{r-1}{m} .
Next we assume that q(x)=d_{G}(x)-(m-1)g(x)-m+r+1 , then

\triangle_{2}(x)=d_{G}(x)-(m-1)g(x)-m+r+1-\frac{d_{G’}(x)}{m}\geq(1-\frac{1}{m})d_{G}(x)-(m-

1)g(x)-m+r+1 \geq\frac{r}{m} .
So we have

\triangle_{2}(x)\geq\{

\frac{r}{m} if m\geq 2r

1- \frac{r}{m} if m<2r , d_{G}(x)=mf(x)-m+r

1- \frac{r-1}{m} otherwise.

Now let S\subseteq X and T\subseteq Y , we now prove that \delta_{G’}(S, T)\geq\epsilon_{1}(S, T) for
q and p. Similarly, we have

\delta_{G’}(S, T)=\triangle_{1}(T)+\triangle_{2}(S)+(1-\frac{1}{m})d_{G’-S}(T)+\frac{d_{G’-T}(S)}{m}

Case 1: T=\emptyset .
In this case \delta_{G’}(S, T)=q(S) . Thus \delta_{G’}(S, T)=0 if S=\emptyset;\delta_{G’}(S, T)\geq 1

if S\neq\emptyset . So \delta(S, T)\geq\epsilon_{1}(S, T) .

Case 2: T\neq\emptyset and e_{1}=uv\in E(S, Y-T) , in particular S\neq\emptyset .
In this case we have \epsilon_{1}(S, T)=1 . We consider two subcases.

Subcase 2.1 r<m<2r .
(i) d_{G’-S}(T)\geq 1 .

\delta_{G’}(S, T)\geq\triangle_{1}(T)+\triangle_{2}(S)+(1-\frac{1}{m})d_{G’-S}(T)+\frac{1}{m}d_{G’-T}(S)

\geq\sum_{x\in T}(1-\frac{r+d_{H}(x)}{m})+1-\frac{r}{m}+1-\frac{1}{m}+\frac{1}{m}

>- \frac{(r-1)}{m}+2-\frac{r}{m}>0 .

(ii) d_{G’-S}(T)=0 .
(a) If |T|=1 , then d_{G’-T}(S)\geq mg(x)+m-r-1 for x\in T , and

thus.

\delta_{G’}(S, T)\geq\triangle_{1}(T)+\triangle_{2}(S)+\frac{1}{m}d_{G’-T}(S)
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\geq 1-\frac{r+(m-1)}{m}+1-\frac{r}{m}+\frac{1}{m}(mg(x)+m-r-1)

=g(x)+2- \frac{3r}{m}>0 .

(b) |T|\geq 2 . Set B=\{x|d_{H}(x)>0, x\in T\} . If |B|\leq 1 , then
|S|\geq mg(x)+m-r for x\in T-B , and thus

\delta_{G’}(S, T)\geq\triangle_{1}(T)+\triangle_{2}(S)+\frac{1}{m}d_{G’-T}(S)

\geq-1+\frac{1}{m}+(1-\frac{r}{m})(mg(x)+m-r)+\frac{1}{m}

\geq-1+\frac{1}{m}+(1-\frac{r}{r+1})[(r+1)g(x)+1]+\frac{1}{m}

(m\geq r+1)

=g(x)+ \frac{1}{r+1}+\frac{3}{m}-1>0 .

If |B|\geq 2 and there exists vertex x\in T such that d_{G}(x)=mf(x) -

m+r, then |S| \geq mf(y)-m+r-\frac{m-1}{2} for some y\in T

\delta_{G’}(S, T)\geq\triangle_{1}(T)+\triangle_{2}(S)+\frac{1}{m}d_{G’-T}(S)

\geq-1+\frac{1}{m}+(1-\frac{r}{m})(mf(y)-\frac{3m}{2}+r+\frac{1}{2})+\frac{1}{m}

\geq-1+\frac{1}{m}+\frac{1}{m}(mf(y)-\frac{3m}{2}+r+\frac{1}{2})+\frac{1}{m}

(r\leq m-1)

=-1+ \frac{1}{m}+f(y)-\frac{3}{2}+\frac{r}{m}+\frac{3}{2m}

(f(x) \geq g(x)+2-\frac{2r}{m}>1)

\geq-1+\frac{1}{m}+\frac{1}{2}+\frac{2r+3}{2m}

=- \frac{1}{2}+\frac{2r+5}{2m}

>- \frac{1}{2}+\frac{1}{2}+\frac{5}{2m}

0. (m<2r)

Otherwise, d_{G}(x)\leq mf(x)-m+r-1 for all x\in V(S) . |S|\geq mg(y)+
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m-r- \frac{m-1}{2}=mg(y)+\frac{m}{2}-r+\frac{1}{2} for some y\in T and thus

\delta_{G’}(S, T)\geq\triangle_{1}(T)+\triangle_{2}(S)+\frac{1}{m}d_{G’-T}(S)

=-1+ \frac{1}{m}+(1-\frac{r}{m}+\frac{1}{m})(mg(y)+\frac{m}{2}-r+\frac{1}{2})+\frac{1}{m}

\geq-1+\frac{1}{m}+\frac{2}{m}(mg(y)+\frac{m}{2}-r+\frac{1}{2})+\frac{1}{m} (m>r)

=2g(y)- \frac{2r}{m}+\frac{3}{m}>0 .

Subcase 2.2 m>2r .
(i) d_{G’-S}(T)\geq 1 .

\delta_{G’}(S, T)=\triangle_{1}(T)+\triangle_{2}(S)+(1-\frac{1}{m})d_{G’-S}(T)+\frac{1}{m}d_{G’-T}(S)

\geq\sum_{x\in T}\frac{r-d_{H}(x)}{m}+\frac{r}{m}+1-\frac{1}{m}+\frac{1}{m}

= \frac{r-(m-1)}{m}+\frac{r}{m}+1

= \frac{2r+1}{m}>0 .

(ii) d_{G’-S}(T)=0 .
(a) If |T| \leq m –1, then we have the following inequalities by

d_{G’-T}(S)\geq mg(x)+m-r-(m-1)=mg(x)+1-r for x\in Tr

\delta_{G’}(S, T)=\triangle_{1}(T)+\triangle_{2}(S)+\frac{1}{m}d_{G’-T}(S)

\geq\sum_{x\in T}\frac{r-d_{H}(x)}{m}+\frac{r}{m}+\frac{1}{m}(mg(x)+1-r)

\geq-1+\frac{r+1}{m}+\frac{r}{m}+g(x)+\frac{1}{m}-\frac{r}{m}

=g(x)-1+ \frac{r+1}{m}>0 .

(b) If |T|\geq m , then

\delta_{G’}(S, T)\geq\triangle_{1}(T)+\triangle_{2}(S)+\frac{1}{m}d_{G’-T}(S)
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\geq\sum_{x\in T}\frac{r-d_{H}(x)}{m}+\frac{r}{m}+\frac{1}{m}

\geq\frac{r|T|-(m-1)}{m}+\frac{r}{m}+\frac{1}{m}

=r-1+ \frac{r+2}{m}>0 .

So, \delta_{G’}(S, T)\geq 1 because \delta_{G’} is an integer. Namely, \delta_{G’}(S, T)\geq

\epsilon_{1}(S, T) .

Case 3: \epsilon_{1}(S, T)=0 , then \delta_{G’}(S, T)\geq\triangle_{1}(T)\geq\sum_{x\in T}\frac{r-d_{H}(x)}{m}\geq-1+

\frac{r+1}{m}>-1 if r<m<2r and then \delta_{G’}(S, T)\geq\sum_{x\in T}(1-\frac{r+d_{H}(x)}{m})\geq

\sum_{x\in T}\frac{d_{H}(x)}{m}\geq-1+\frac{1}{m}>-1 if m\geq 2r .
So, \delta_{G’}(S, T)\geq 0 .
Similarly, we can show that \delta_{G’}(S, T)\geq\epsilon_{2}(T, S) .

By Lemma 2.1, G has a (p, q) -factor F_{0} containing e_{1} but not containing
e_{2} , e_{3} , . , e_{m} . The proof is completed. \square

From the above proof, we see that ifp(x)=g(x) , clearly, p(x)\geq d_{G}(x)-

(m-1)f(x)+m-r-1 , then d_{G}(x)-d_{F_{0}}(x)\leq d_{G}(x)-(d_{G}(x)-(m-1)f(x)+

m-r-l) =(m-1)f(x)-(m-1)+r ; ifp(x)=d_{G}(x)-(m-1)f(x)+m-r-1 ,
then d_{G}(x)-d_{F_{0}}(x)\leq d_{G}(x)-(d_{G}(x)-(m - 1)f(x)+m-r-1)=

(m-1)f(x)-(m-1)+r .
Similarly, we have d_{G}(x)-d_{F_{0}}(x)\geq(m-1)g(x)+(m-1)-r . Therefore,

G-E(F_{0}) is a ((m-1)g+(m-1) - r, (m-1)f-(m-1)+r)-graph.
Finally, we give the proof of the theorem.

Proof. Set G_{0}=G , G_{1}=G_{0}-E(F_{0}) , G_{1} is a ( (m-1)g+(m-1) -

r, (m –1)f-(m –1 ) +r)-graph. If m-1>r , then G_{1} has a (g, f)-
factor F_{2} containing e_{2} and excluding e_{1} , e3, . , e_{m} whose proof is sim-
ilar to Lemma 2.3. On the analogy of this, set G_{i}=G_{i-1}-E(F_{i-1}) ,
(2 \leq i\leq m-r) , then G_{i} has a (g, f) -factor F_{i} containing e_{i} and ex-
cluding e_{1} , e_{2} , . . ’ e_{i-1} , e_{i+1} , \ldots , e_{m} , therefore, G has m-r(g, f)-factors
F_{1} , F_{2} , \ldots , F_{m-r} containing e_{1} , e_{2} , . , e_{m-r} , respectively, and excluding
e_{m-r+1} , e_{m-r+2} , \ldots , e_{m} . Now, G_{m-r} is a (rg, r/) -graph, by lemma 2.2,
G_{m-r} has a (g, f) -factor F_{m-r+1} containing e_{m-r+1} .

Thus F_{1} , F_{2} , . . ’ F_{m-r+1} are the required factors. The proof is com-
pleted. \square
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