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On the extension properties of Triebel-Lizorkin spaces
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Abstract. Extension of functions originally defined on a domain of a Euclidean space
to the whole Euclidean space is considered. Two results on the extension of functions in

A. Seeger’s generalized Triebel-Lizorkin spaces are proved.
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1. Introduction

In , Seeger introduced some function spaces on domains of R™, which
can be considered as a natural generalization of the Triebel-Lizorkin space
to the case of spaces on domains, and gave an extension theorem for those
spaces ([ibid.; Theorem 2]). The purpose of the present paper is to give some
results concerning the extension properties of Seeger’s function spaces. In
this section, after fixing several notations, we shall state the main results of
this paper.

Throughout this paper we use the letters n, €2, k, p, ¢, 7, and a in the
following fixed meanings: n is a positive integer and denotes the dimension
of the Euclidean space R™; (2 denotes an open subset of R"; k£ denotes
a nonnegative integer; p, q, and r denote positive real numbers or co; «
denotes a nonnegative real number.

We also use the following notations. The set

Q = Q(z,t) = {(y:;) € R" | max |y; — z;| = t},

where z = (z;) € R" and 0 < ¢t < o0, is called a cube with center x and
sidelength 2¢. The center of a cube @ is denoted by zg and the sidelength
by £(Q). If @ = Q(z,t) and 0 < a < oo, then the cube Q(z,at) is simply
denoted by a@. The Lebesgue measure of a cube Q is denoted by |Q|; thus
Q| = £(Q)". A dyadic cube is a cube of the form {(z;) € R" | 2™k; <
x; S 2™(k; +1),i=1,...,n} with m and k; integers. The set of all dyadic
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cubes is denoted by D. We call a Lebesgue measurable function merely a
function. For functions f on a Lebesgue measurable set E C R”, we write

£l = ([ If(:v)lpda:)l/p;

if p = 0o, we use the usual modification that we replace the ([(-- -)pdx)l/ P
by the essential supremum norm. For functions f on €, we define

My(f)(z) = sup {|Q7V7|f

:cube

Q3z

If A is a finite set, #.4 denotes the number of elements of A. We use
the letter ¢ to denote various positive constants, which may be different in
each occasion. If a constant ¢ depends only on the parameters 3, ~, 6,. ..,
and if we want to indicate this dependence explicitly, then we write it as

c(B,7,6,...).

Now let f be a function on Q. For cubes Q C , we set

vi(f,Q) = inf{|Q|"/"||f — Pll.q | P € Py},

where Py denotes the set of polynomial functions on R™ of degree not ex-
ceeding k. For x € 2, we write

pa(z) = sup{t > 0| Q(z,t) C Q}.

Taking € with 0 < € < 1, we define

[p’QmQ}, x € R".

G =( [ (et n)' ) vea

It is easy to see that (z,t) — vF(f,Q(z,t)) is a lower semicontinuous func-
tion on the set {(z,t) | z € Q, 0 < ¢ < pg(z)} and Gg"’f(f) is a lower
semicontinuous function on 2.

Suppose either ¢ = 0o or 0 < p, ¢, @ < co. Taking r satisfying

1 Q 1 1
—+~>rnax{—, —}, (1.2)
r o mn P q
we define
IFESH )] = G2 (- (1.3)

It can be shown that the choices of € in (1.1) and r in do not affect
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|- Eg‘,’qk(Q)l up to the equivalence (see Propositions 1 and 4 in Section 2).

Remark. For q = oo, the function Gfl"f’(f) and the quasinorm |f; Eg’q’“(QH
are slight modifications of f# and | f \Cg(g) of DeVore and Sharpley [DS]; see
the last part of Section 2. In the case g < oo, they are given by Seeger [S]
(the notations are different). Seeger [ibid.] proved that the quasinorm

171 = 17; Bpg (@)1 + 11 £ lp.0 (1.4)

is equivalent to the quasinorm of the Triebel-Lizorkin space ng(Q) if 0 < p,
a<o00,0<qgLoo,k+1>a,and 1+ a/n > max{l/p, 1/q} and if Q is
an (€, 6)-domain.

We say that €2 is an extension domain for Eg”qk if every function f on

Q with | f; EI‘)"’;]’“(QN < oo can be extended to a function F' on R" such that
. K mn . oLk
|Fs Epy (R™)] = Alf; By ()] (1.5)

with a constant A, 1 £ A < oo, independent of f.
The following is our first main theorem.

Theorem 1 Suppose 0 < p, qo, @ < o0 and k+ 1 > a and suppose ()
1s an extension domain for EI?‘,’QIZ. Then €1 is also an extension domain for
Eg";f for q in the range qo < ¢ < 0.

We shall prove this theorem in Section 3, where we shall first prove a
result concerning the extension which holds for arbitrary 2 (Proposition 7)
and then we shall deduce Theorem 1.

We next consider the extension property for the (¢, §)-domains. We say
that  (an open subset of R") is an (¢, 6)-domain (0 < e < 1,0 < § < 00)
if © is connected and if for each z, y € Q with |z — y| < 6 there exists a
rectifiable curve v in €2 joining x to y and satisfying

(the length of v) < e |z — y|
and
dis(z,Q°) 2 emin{|z — z|,|z —y|} for all z on .

This concept is due to P. Jones [J2].
The following theorem is known.
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Theorem A An (e,00)-domain is an extension domain for Eg’qk if either
gq=o00 and k+12a« (1.6)

or

0<p,ga<oco and k+1>a. (1.7)

Similar extension theorem for (€, §)-domains with § < oo involving the
mod 0 quasinorm of is also known. In the case (1.6), Theorem A,
together with its mod 0 version for (¢, §)-domain, was proved by Jones
(p = 0o, @ = 0), Christ (p > 1, a > 0), and Miyachi (p=<1,a>0).
The present author does not know a literature which contains an explicit
statement of Theorem A for the case p < oo = ¢ and o = 0. This case,
however, can be proved by the same method as in [JI], [C], or ; see
Section 4 of the present paper. Theorem A for the case (1.7) was given by
Seeger |S] (without detailed proof).

In this paper, we shall be interested in the problem whether the ex-
tension operator for the (¢, 6)-domain can be made linear. The extension
operators of and are linear. A slight modification of the extension
method of [S| gives a linear extension operator in the case p, ¢ = 1. In ,
a linear extension operator is given in the case ¢ = oo, k+1 = a > 0, and
14+ a/n > 1/p. We shall extend these results; the following is the second
main theorem of this paper.

Theorem 2 Suppose p, q, o, and k satisfy either (1.6) or (1.7). Also
suppose 1+ a/n > max{1/p,1/q}. Then:

(1) If Q is an (e,00)-domain, 0 < € < 1, then there exists a linear
operator T which associates with each function f on Q a function Tif
on R™ such that (T\f)|Q2 = f and F = Tif satisfies (1.5) with A =
c(n,k,a,p,q,e).

(2) If Qis an (¢,0)-domain, 0 < e < 1, 0 < § < 0o, then there exists
a linear operator Ty which associates with each function f on Q a function
Tof on R™ such that (Tof)|Q = f and

Taf; EF(R™)| + | Tafllpre < ces(|f; ESFQ)| + | f

p,Q)7
where ccs = c(n, k, a,p, q, €, min{é, diam Q}).

This theorem will be proved in Section 4.
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The existence of a linear extension operator has, besides practical use in
analysis, the following geometric meaning. For simplicity, let us consider the
mod 0 case; we define, temporarily, the space Eg”qk(Q) as the class of those
functions f on Q for which the quasinorm || f|| of is finite. Then Egbk(ﬂ)
equipped with this quasinorm || - || is a quasi-Banach space. For any €2, the
restriction operator o : F' — F'|{) is a continuous linear mapping of EI‘;‘,;]'“(R”)
to Eg”qk(Q). The assertion that each function of EI‘,"”qk (©) can be extended
to a function of Eg’;lk (R™) is equivalent to the assertion that ¢ is onto. The
assertion that a bounded linear extension operator Eg"’qk(ﬂ) — Eﬁ;}k(R”)
exists is equivalent to the assertion that o is onto and the kernel of o has a
closed complementary subspace in Eg”qk (R™).

2. Basic results

In this section, we give some basic properties of Gg‘,’rk( -} and
\,Ez‘if(ﬂ)l Most of the results in this section are slight modifications of
the known ones. For proofs, we sometimes give only outline or suggestions.

The following lemma is elementary and well known.

Lemma 1 (1) For polynomials P € Py and for cubes @), we have
[Plloc,aq = c(n, k, )| Plloo,g, 1< a < o0,
18" Plloog < c(n, £)E(Q) (| Plloo,o-
(2) If Q and R are cubes satisfying Q C R, then
or(£,Q) < (IRI/IQNY vr (£, R).

For functions f defined on a cube @ and for 1 £ A < oo, we define
H;?( f,7, Q) as the set of those polynomials 7 in Py such that

If ==

lr@ = Ainf{[|f — P

rQ | P c 'Pk}.

Lemma 2 (1) H{(f,r,Q) #0.

@) If 7€ TAL R Q), then [l < cln, k) AIQI g

(3) If Q1 and Q2 are cubes such that Q1 NQ2 # 0, bQ; C N (i =1, 2)
with 1 < b < 0o, and B~ £ £(Q1)/¢(Q2) £ B with 1 £ B < oo, and if f s
a function on Q and m; € A(f,r,Q;) (i =1, 2), then

171 = Tallco,01 < c(n, k7, b, B)A(VE(f,bQ1) + vE(f,5Q2))-
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Proof.  The assertion (1) follows from the fact that P, is finite dimensional.
For (2), see e.g. [DS; p. 23]. Proof of (3) is easy if one of Q; is included in the
other (see e.g. [DS; p. 24]); the general case can be reduced to this easy case
by taking a cube R which satisfy R C bQqNbQ2 and £(R) ~ £(Q1) ~ £(Q>).
Details are left to the reader. L]

We now show that the choice of € in the definition of Ggi’f( f) does not
affect | f; Eg";lk(Q)\ up to the equivalence.

Proposition 1  Let 0 < €1, €3 < 1 and let G, and Gy be the functions
Gg’f(f) defined with € = €, and € = ey respectively. Then ||G1|pq ~
1G2llp.0-

Proof.  We may assume (2 # R" and €; < €. Then obviously ||G1|l,q <
|G2llp2. In order to prove the reverse estimate ||Gallp0 < c||G1|lpq, it is
sufficient to prove that the pointwise inequality

Go(z) £ ey My(Gr)(z), z€Q,

with ¢, = c(n,k,a,q,r, €1,€2,7), holds for every n > 0. We fix an z € Q.
We shall simply write v(R) = v¥(f, R) and Q* = Q(z, e2pq(z)). We have

e2p0(x)

1/q
Ga(z) = cGi(z) + ¢ (/E (t™(Q(z,1)))? %) :

1p(x)

The second term on the right hand side can be majorized by ¢ £(Q*)~*v(Q*).
Hence it is sufficien to show the estimate

6Q%)™*v(Q%) £ ¢y My(G1)(z). (2.1)
Since €3 < 1, we have
paly) = Q) forall ye Q*. (2.2)

Take a sufficiently large positive integer N and decompose Q* into N™
congruent cubes R;. We choose N so large that

2R; C Q(y,2 'e1pa(y)) for all y € R;. (2.3)

Notice that N can be chosen depending only on €; and e3. We number the
cubes R; so that R; N R,y # 0.
For each R;, we take m; € II;(f,r, R;). By (1) and Lemma
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2 (3), we have

en||mi = Tig1||oo, R

7 = it lloo,ry =
§ CN (U(?Rz) + ’U(2Ri+1)) .

Summing over ¢’s, we obtain
171 = mjlloo,r; < e ) 0(2R).
i
Thus

1f = millnr; = ellf —mjllrr; + cllmy — m1llr g

< c|R;|Mo(R)) + en|Ri1MTYv(2R;)

I

QYT v(2Ry).

1
: Y :
Summing over j’s, we obtain

Nn
(@) S1Q T f = millngr S enY v(2Ry). (2.4)
i=1
On the other hand, from (2.3) and (2.2), using Lemma 1 (2), we see that
v(2R;) < env(Q(y,t)) for all y € R; and for 27 1e1po(y) < t < e1pa(y), and
hence

v(2R;) S ent(Q7)* inf Gy < enpf(Q")*My(Gh) (a) (2.5)

for every n > 0. Now (2.1) follows from (2.4) and (2.5). Proposition 1 is
proved. []

We shall introduce a variant of Gg”rk( f). Let f be a function on (.
Taking real numbers a and b satisfying 1 < a < b, we define

1/q

_ q
grN@ =1 ¥ ((Qf(f,eQ) | . weQ
D3Q>x
bQC
By the same argument as in the proof of Proposition 1, we can prove
the following proposition.
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Proposition 2 Let 1 <a; <b; < oo and 1 < ay < by < o0 and let g;(f),
i =1, 2, be the functions g(‘;";k(f) defined with (a,b) = (a;,b;). Then

lgr(Nllps = llg2(f)llpe = 1G5 (f)llpe-

In the sequel, if no comment is made on the choices of the parameters
€ and a and b, then it should be understood that Gg"’f (f) and gg"zrk (f) are
defined with € = 1/2 and with a = 2 and b = 3.

With the aid of Proposition 2, the next proposition follows from the
fact that gg;k( f)(z) is nonincreasing with respect to q.

Proposition 3 If q1 > qo, then |f; ESF (Q)| < c|f; ExE (Q)].

We recall the sharp maximal function of DeVore and Sharpley [DS].
Let @ be a cube and h a function on Q. Following [DS], we define

h% (z) = sup{€(R)"“vF(f,R) | R:cube, z€ RC Q}, z€ Q.

k,o,r
The following lemma is implicitly given in [DS].

Lemma 3 Let h be a function on a cube Q C R™. Let 1 £ A < oo and
7 € M (h,r, Q). Then:
(1) If 1/p>a/nand 1/q=1/p— a/n, then
I = llaq < cAIRES, Ino;

(2) If 1/p < a/n, then

1h = 7lloog < cAL(Q)>~™P||RFY

k,a,r

p.q-
Here ¢ = ¢(n, k,a,p,r).

Note on the proof. If o > 0, the claim (1) can be proved by the
argument of [DS; Proof of Theorem 4.3]. If @ = 0, it can be proved by
modifying the argument of [FS2; Proof of Theorem 5] (cf. also [DS; Theorem
6.8]). The claim (2) can he proved by the argument of [DS; pp. 23-25];
cf. also [ibid.; Theorem 9.1 and Section 12].

The above lemma and Lemma 2 (2) imply the following.

Corollary Let h be a function on a cube @ C R™. Then:
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(1) If 1/p>a/nand1/q=1/p—a/n, then
Ihllgq < clhf2 lpg + @117 Rl g;

(2) If 1/p < a/n, then

1Al £ c£(Q)*™/P|| WS

k,a,r

|p,Q + C\Ql_l/THhHT,Q'
Here ¢ = ¢(n,k,a,p,r).

The next proposition shows that the choice of r in (1.3)—(1.2) does not
affect |f; Eg,’qk (€)| up to the equivalence.

Proposition 4 Let either ¢ = oo or 0 < p,q, @ < 0o. Also let 0 <
r1, o S 00 and suppose (1.2) holds for both r =71 and r = ro. Then

1GEE (e = I1GSE (Fllp0-

This proposition for the case 0 < p, ¢, a < oo is implicitly proved in [S;
Proof of Theorem 1]. The case ¢ = oo is proved in [DS; Theorem 4.3 and
its proof]. In fact, [DS; loc. cit.] contains arguments which are valid only in
the case o > 0 or in the case r < 0o (the proof of the inequalities (4.10) and
(4.10)" in [ibid.; p. 25] and part of the proof of Theorem 4.3). But, using
our Lemma 3, where (1) is valid for a = 0 as well and (2) gives estimates
of L>®-norms, we can easily modify the argument of [DS] to cover the cases
o = 0 or r = co. Detailed proof of Proposition 4 is left to the reader.

The next proposition and the corollary to follow it show that the case
k > « is not much different from the case k = [a] (we use [a] to denote the
integer which satisfies [o] £ a < [a] +1).

Proposition 5 Let f be a function on R™ and let 0 £ a < k. Then:
(1) There ezists a polynomial ™ in Py, such that

Gorlel(f = m)(@) £ ofn, b, o, q,7) G (f) ()

for all ¢ and v and all x € R™. (The polynomial m does not depend on g
and r.)

(2) If there exists an r such that

lim j~ 71T £l R, = 0,
j—oo

where Rj = [—j,j|", then the ™ of (1) can be taken to be 0.
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Corollary If 0 = a < k and 0 < s < oo, then for functions f on R"
holds

IGGF(Ppn + [ fllspn 2 1G5 (f)

|p,R” + Hf IS,R”'
Proof. ~ We shall give only the outline of the proof. First, following the
argument of [DS; Proofs of Lemmas 2.3 and 4.4], we can prove that for

mo € i (f,r, Q) holds

Gl ((f = 79)IQ°) (=)
< e(n k,a,q,7)Goy (f)(z) for z€Q° (2:6)

where Q° denotes the interior of ). Notice that the left hand side of (2.6)
remains unchanged if we replace mg by

rory = Y 2T

V!
a<|v|Sk

Secondly, for each ¢ and 7, we can obtain the inequality of (1) with =
possibly depending on ¢ and r by taking the limit of (2.6). To be precise,
fix ¢ and r and suppose Gg‘,’f(f)(xg) < oo for at least one zyp € R". For
R; = [-j,4]", take ng, € I (f, 7, R;). Then for |v| > « the limit

lim 7. = a,

jmoo
exists uniformly on compact sets, and, by taking limit of (2.6) with Q = R;
and with ¢ replaced by Tg;, we can prove that the polynomial

r(z) = lim g (z) = Y “V—('O)x (2.7)

hm
J a<|v|<k

satisfies the inequality of (1). Thirdly, by observing that the polynomial P
for which

Gg”ia](f — P)(z) < oo for some (q,7,x)

(if there exists any such P) is unique mod Py, we can easily see that the 7
of (1) can be taken independent of ¢ and r. Fourthly, the claim (2) easily
follows from the formula (2.7). Finally, the corollary immediately follows
from the proposition since, by (2) of the proposition, || f||sgr < oo implies
that we can take 7 = 0 in the inequality of (1) of the proposition. ]
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As the final subject of this section, we shall see the relations between
the function Ggg)’}( f) and the sharp and flat maximal functions of DeVore
and Sharpley [DS]. For functions f on Q and for 1 £ b < co, we define

10 (@) = sup{e(R)""vf(f,R) | R: cube, R 3, bR C Q},
z € (.

The maximal functions fjjf » and fg’r of [DS; p. 22| coincide with f}f 52 with
k<a<k+1(ie, k=]a]) and k < a < k + 1 respectively.
The following proposition holds.

Proposition 6 (1) We have

O @) <G () £ ;FP),  zeq.

(2) For 1 <b< oo, we have

b o
1 0 ~ 1GZE(H)lpa: (2.8)

(3) If 1/r+a/n>1/p, then (2.8) holds for b= 1 as well.

Proof.  The claim (1) is easy to prove. The claim (2) can be proved by
the same method as in the proof of Proposition 1. The claim (3) follows if
we prove the estimate

1 b
1 0 < el 72D b0 (2.9)

for b > 1 and 1/r + a/n > 1/p. In fact (2.9), combined with the obvious

inequality Hf,fc(:l\[p@ < ||f,fé£2l|pg and with (2), implies the desired result.
To prove (2.9), observe first that the claim of Proposition 4 for ¢ = oo holds

if we replace G@* = G%* by f#(b)_ 1 £ b < o0). Hence, in order to prove
q,T3 o0, Ty k,a,rl

(2.9) for 1/r + a/n > 1/p, it is sufficient to prove it for sufficiently small r.
If » £ 1, then by following the argument in [J1; Lemma 2.3 and Corollary
in §3|, we can prove that

flfécglg S CMr(ffc(Ybi)(w) for all = € Q;

this inequality implies (2.9) if in addition r < p. Details are left to the
reader. ]
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3. General results for extension

In this section, we prove a general result concerning the extension which
holds for arbitrary Q and then prove Theorem 1.

We first recall the Whitney decomposition of open subsets of R”. For
1 #£R", let G(2) be the set of maximal dyadic cubes Q satisfying 3Q C Q.
The following lemma is well known.

Lemma 4 Let Q # R".

(1)  The interiors of the cubes in G(Q) are disjoint and the union of
all the cubes in G(Q2) is equal to .

(2) If 0 < a < 3, then the cubes aQ with Q@ € G(Q) have bounded

overlaps.
(3) If two cubes Q1 and Q2 in G(Q) have nonempty intersection, then

271 S 6(Q1)/UQ2) = 2.
(4) There exists a family of C* functions {QSQ | Q € G()} such that

suppch C 2Q,0 < qbQ( xz) S 1, ZQEQ (bQ( x) =1 for all x € Q, and
|8§q§ (z)] £ c,8(Q)~ for each multi- mdem v.

We next recall the vector maximal inequality of Fefferman and Stein

[FS1).

Lemma 5 Let A be a countable set of cubes and suppose a nonnegative
real number aq 1is associated with each Q € A. If 0 < p, ¢ < oo and if

oo > A > max{n/p,n/q}, then
Q) )/\q>1/q ( . )1/q
a c aQ’x
‘(C};ﬂ( Q) + e — g QZEIAQ ¢

with ¢ = c(n, A\, p, q).

p,R™ p,R™

In fact, this lemma follows from the inequality of [FS1; Theorem 1 (1)]
once one observes that

n/s
Ms(agxq)(z) = aq (E(Q) i(lci)— SCQ|) , 0<s<oo.

Now let © # R™ and f a function on Q. Let 1 £ A < oo and fix a k
(nonnegative integer) and an r (0 < r < 00). For each Q € G(Q2), take a
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TQ € H?(f, r,Q). We define
= > modg
Qeg()
and
f(z) — Fi(z) if ze€Q
0 if z e Q°.

Then we have the following proposition.

(7 - Ry @) = {

Proposition 7 Let F; be as given above. Suppose either (1.6) or (1.7)
holds. Also suppose (1.2) holds. Then

(f = F1)™; Epy (RY)| < ¢l f; Bpy' ()]
with ¢ = c¢(n, k, o, p,q,r, A).

Proof. In this proof, ¢ denotes various positive constants which depend
only on n, k, a, p, q, 7, A, and other parameters (if any) indicated as
subscripts, and ¢ denotes various positive constants which depend only
on n.

We devide the set D of all dyadic cubes into D; = {R € D | 3R C Q}
and Dy = D\ D;. We write

g(h) = g3¥(h)  and
1/q
gi(h)(a:):< Y (K(R)‘%jf(h,ZR))q> Ci=1,2.
zc€RED;

Obviously g(h) < cg1(h) + cg2(h). Hence the desired inequality follows if
we prove

lgi ((f = F1)7) llp.re = cllg(f)llp0 (3.1;)

for = 1 and 2 (by Proposition 2).
In the sequel we shall use the following simple notations:

vr =vE(f,2R),  f* =IO

By Propositions 6, 3, and 2, we have

1 # s & |f; Epo()] < l f; Epip (D] = [lg(f)llp.0- (3.2)
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Proof of (3.11). The function g ((f — F})™) vanishes outside €2, and on
we have

g1 ((f = F1)7) = cqi(f) + cqi(F1) = cg(f) + cgi(F1).
For g;(F1), we shall prove that
91(F1)(x) £ ey My (f7)(z), zeQ, (3.3)

for every n > 0, which, combined with the inequality just above and with
(3.2), implies (3.17).

We shall make a further reduction. Since every dyadic cube R satisfying
3R C Q is included in a cube K € G(Q), and since each fixed z € Q is
contained in at most ¢ cubes K in G(2), we have

1/q

g1(F1)(z) =c  sup < Y. (E(R)_avf(Fl,ZR))q) -
r€KEG(Q) \zeRrcK

Hence, inorder to prove (3.3), it is sufficient to prove that

1/q
(Z (f(R)_avf(FlﬂR))q) < ey My(f%)(2), z€K, (3.4)
zeRCK

for every fixed K € G(2) and for every n > 0.
We shall prove (3.4). Fix an  and a K such that z € K € G(12). Set

A={QegG()|2QNn2K # 0} and
B={Teg)|TnN2Q #0 for some Q € A}.

We have #A < ¢ and #B £ ¢ and
UQ)~=L(T)=4K) for Qe A and T € B. (3.5)

For each @) € A, there exist cubes T; € B (j = 0, 1,...,m) such that
To=Q, T =K, and T; N T4 # 0. Then, by Lemma 2 (3),

HWT]' - ﬂ-Tj+1 HOOQQ g c|l7rTj B 7I-TJAH HOO,TJ‘ § C(UTJ’ + vTj+1)
the first inequality holds because 2Q) C €T;). Summing over j’s, we have
j

17@ — K lloc2g S ¢ > vr
TeB
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and hence

10" (mq — 7K ) loo2q = (@) Y vy
TeB

for all multi-index v. From this estimate and from (3.5), we obtain

\viak ( Z (mg — 7rK)¢8>

IV Py [|oo 25c = \
QeA

00,2K

< c(K)~F1 Z vr,
TeB

where VF1F = (0"F)|yj=k+1- Hence, if R is a dyadic cube with R C K,
then by approximating Fj by its Taylor polynomial of order k expanded
about the center of R we obtain

vF(F1,2R) < o5 (F1,2R) < c(((R)U(K) ™) Y op
TeB

and hence, using (3.5) again,

((R)™“vF(F1,2R) < c(£(R)L(K)™H 7 Y o(T) %o
TeB

< c((R)(K) ™M N inf f#
TeB T

< ey (U(R(E) N, (%) ()

for every n > 0 (the last inequality follows from the fact that T' € B satisfy
¢’ D K 5 z and that #B < ¢). Taking ¢9-quasinorm over R’s, we obtain
(3.4). Thus (3.1) is proved.

Proof of (3.12). We shall prove the estimate
lgz ((f = F1)™) llpre < cll£* |0, (3.6)

which is stronger than (3.12) (see (3.2)).
Suppose R € Dy. We set

A(R) = {Q € G() | 2Q N 2R # 0}.

There exists an absolute positive constant a such that all @ € A(R) satisfy
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Q C aR. We have
1/r
PRI - P28 £ ([ 1) - Rl
2RNQ

1/r
( > /Qf(:v)WQ(x)lew) ,

QeA(R)’?

1%\

from which we obtain
1/r

UR) ™ ((f-F)"2R) Sc| 3 [Qlug’ | )/

QeG()
QCaR

(3.7)

We shall consider two cases separately.

First, suppose (1.7) and (1.2) hold. We set s = min{q,}. Then from
(3.7) we obtain

q/r \1/‘1
e(f-F)7)@ set 3 | D Qo™ | eR) /e

r€ReD, QEeG())
QCaR )

s/r \1/5
<c| X | X [Qgm| eR) e

z€ERED; | Qeg(Q)

QCaR /
1/s
<e¢ Z Z ’Q‘s/r ) (n/r+a)s
2ERED, QeG(Q
QCaR

We estimate the last term by taking the sum over R first and using the fact
that the cubes R with z € R and Q C aR satisfy ¢¢(R) 2 4(Q) + |z — zg;
the result is
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(n/r+a)s\ 1/s
<o ¥ W (ygitaa) )

Now we use the vector maximal inequality of Fefferman and Stein (see

Lemma 5) to obtain

1/s
lg2 ((f = F1)") llprn = ¢ ( > (f(Q)_aUQ)SXQ)

Qeg(2)
< o f#|

p,£2s

p’]RTL

where the last inequality holds because the cubes in G({2) are essentially

disjoint. Thus (3.6) is proved under (1.7) and (1.2).

Next suppose (1.6) and (1.2) hold. We set 1/r + a/n = 1/0. Then the

right hand side of (3.7) is written as

1/r
ARV S (IQ1Mu@) ) |
QeEG(Y)
QCaR
which is majorized by
1/o0
ARV Y (1Q1M7e@) )
Qeg(Q)
QCaR
1/o
<dr | Y lal (inf r*)
QeG(2)
QCaR
1/o

Hence, taking sup over R’s, we obtain

g2 ((f = F1)7) (2) £ Mo (f#) ().

Since ¢ < p, this inequality implies (3.6). Thus (3.13) is proved.

This
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completes the proof of Proposition 7. []
We shall now prove Theorem 1.

Proof of Theorem 1. Take an r satisfying 1/r+a/n > max{1/p,1/qy}. Let
f be a function on Q. Let Fj be the function as treated in Proposition 7.

Since €2 is an extension domain for Ep qk, there exists a function F} on R"

which is an extension of F} and which satisfies

|FTs o (R™) £ AIF1; Ef (Q).

P90 P,q0

Notice that in the proof of Proposition 7 we actually proved that

|F1; Bp ()] < e f; Ego ()

p,qo0

(see (3.3) and (3.2)). Hence
5 B (R™)| < cA|f; EZE (Q)]. (3.8)
Now, if go < ¢ = oo, then (3.8) combined with Proposition 3 implies that
IFT; By (R™)] < cA|f; Bpy(Q),

from which and from Proposition 7, we see that f* = (f — F})™ + F, which
is an extension of f, satisfies

1% Egif (R™)| < cAlf; ESF(Q).

Theorem 1 is proved. []

4. Extension for (e, 6)-domains

The purpose of this section is to prove Theorem 2.

Throughout this section, we assume Q # R™ and  is an (e, §)-domain
with 0 < € £ 1 and 0 < § £ co. Let § denote the interior of Q¢ and let
61 = min{¢, diam Q}.

The following properties of the (¢, §)-domain are known; see [J1], [J2
§2], or [M; §3].

Lemma 6 (1) If Q,S€G(Q),0< A< oo, Q) <£(5), dis(Q,S) £
AL(S), and dis(Q, S) < €6, then there exist cubes Tj € G(Q) (j=0,1,...,N)
such thatTo = Q, Ty = S, TjNTj11 # 0, c(n, e, A)T; D Q, T, C c(n, €, A)S,
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and
N < c(n,€)log (£(S)/4(Q)) + c(n,e, A).

(2) There exists a positive constant 3 which depends only on n and €
and with which the following holds: For each Q € G(Q) with £(Q) < Bé1,

there exists a cube Q in G(Q) such that £(Q) = £(Q) and dis(Q,Q) <
(n, Q). A

(3) For each cube R with £(R) < 8, there exists a cube S in G(Q)UG(Q)
such that SN R # 0 and £(S) 2 ¢(n,€)¢(R).

(4) The boundary of §! has measure 0.

(5) If & = oo > diamQ and if Qo is a cube in G(Q?) which has the

mazimum sidelength, then £(Qo) 2 c¢(n, €)diam 2.

In the sequel, we fix a mapping Q — Q as mentioned in (2) of the above
lemma and also fix, in the case of (5), a cube Qg as mentoioned there.

We shall prove Theorem 2 by using the extension method of [J1], [C],
[M], and [S]. We shall recall the method.

Let f be a function on 2. We take a k (nonnegative integer) and an
r (0 < r £ o0) and a real number A satisfying 1 £ A < oo. For each
Q € G(), we take mg € IZ(f,r,Q). We take d such that 0 < d £ 3*é,
where 3* is a positive constant which depends only on n and € and which is
sufficiently small (in particular, it is not larger than the 8 of Lemma 6 (2)),
and we define the function F5 on R™ by F5 = f on €2 and

Fy = Z WQ¢8 on €°.
Qeg()
{Q)<d
Notice that d can be equal to oo if 67 = 0co. If § = 0o and 6; = diam §2 < oo,
then we define the function F3 on R™ by F3 = f on §2 and

Fs; = Z Wng% -+ Z 7TQO¢% on Q°.
QEG(Q) Qeg(Q2)
£(Q)<Bé1 £(Q)2p861
In the papers mentioned above, it is shown that Fy or Fj give the
desired extension if we choose r appropriately. The choice of r is crucial to
our problem of the linearity of the extension operator. The reason is this:
There exists a linear mapping Sg : L (Q) — Py satisfying

So(f) € M (f,7,Q) forall fe L'(Q), (4.1)
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with A independent of f, if and only if r 2 1. If 1 £ r £ 00, an example of
the linear mapping Sq : L™(Q) — Py, satisfying (4.1) with A = ¢(n, k,7) is
defined by

/Q(f—SQ(f))Pda::O for all P € Py.

In [J1], [C], and [S], it is shown that the choice r = min{1,p,q} is
allowed in order that Fy or F3 satisfy the estimate for |- ; Eg"ﬂ. In [M], it is
shown that r satisfying (1.2) works well in the case ¢ = co and o > 0. We
shall show that these results can be extended as in the following proposition.

Proposition 8 Let Q2 # R™ be an (¢,6)-domain, 0 < e £1, 0 < § < o0,
and let Fy and F3 be defined as above. Suppose either (1.6) or (1.7) holds.
Also suppose (1.2) holds. Then:

(1) We have

o B (R)] < e (13 ESFO)] +d ™ f s

(here d=* =0 if d = 00).
(2) If d < oo, then

| Follp e < cc (413 Bk ()] + | f

(3) If 6 =00 > diam(Q, then

|p,Q> :

|5 Epy (R™)| < cel f; Egiy ().
Here ce = c(n, k,r, A, p,q, a,€).

Before going into the proof of this proposition, we shall see that Theo-
rem 2 follows from it. In fact, under the assumption of Theorem 2 we can
take 7 = 1 and, as mentioned above, we can define the operators f — Fj
and f — F3 as linear operators. Then the operator T3 of Theorem 2 (2) can
be given by Ty f = F, with d < co. If § = oo = diam (2, the operator T} of
Theorem 2 (1) can be given by T} f = Fy with d = oo; if § = co > diam €,
it is given by T f = F3.

Proof of Proposition 8. In this proof, various positive constants shall be
denoted by the letters ¢ and ¢. These are used as follows: ¢ denotes various
positive constants which depend only on n, k, 7, A, a, p, ¢, and on other
parameters (if any) indicated as subscripts; ¢ denotes various positive con-
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stants which depend only on n and other parameters (if any) indicated as
subscripts. In what follows, we shall introduce two positive real numbers ¢
and s. Since t and s can be chosen depending only on «, p, ¢, r, and n, we
shall omit to indicate the dependence of the constant c on t or s.

We use the same abbreviations as in the proof of Proposition 7:

g(f) = g2k ), =12, v =f(f.2R).
Recall that (3.2) holds. We shall begin with (2).

Proof of (2). Suppose d < oo. Take a positive real number ¢ such that
1/r+a/n>1/t>1/p. Let Q € G() with £(Q) < d. Using Lemma 2 (2)
and the corollary to Lemma 3, we see that

Imallone S @Y1l g
< (101 g + 10 I fllg) -

Since 2Q C &, we have

751020 = cellmgll .-

Combining these inequalities and using the fact 2Q C &Q again, we see
that

|[Fa(@)| £ ce(d*My(f7)(2) + Ma(f)(2)) (4.2)

for x € Q°. Obviously this inequality also holds a.e. on Q. The claim (2)
follows from (4.2) and (3.2).

Proof of (1). Let t be the same as above and take a real number s such
that 0 < s £ min{1,q,7} and s < p. We decompose the set D of all dyadic
cubes into the following three subsets:

D, = {ReD|3RCQ},
Dy, = {ReD|3RC ]},
D3y = D\(Dl UDQ).

For functions F' on R™, we write

g(F)=gg(F)  and
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1/q
gi(F) = < Z (E(R)“avf(F, 2R))qXR) , 1=1,2, 3.

ReD;

Obviously §(F) = c(g1(F) + g2(F) + g3(F')). Hence, in order to prove (1),
it is sufficient to prove the estimate

Hgi(F2)||p,R" S ce (Hg(f)”p,Q + d_aHf”p,Q) (4.3:)

for 1 =1, 2, 3 (by virtue of Propositions 2 and 4).

Proof of (4.31). The function g;(F5) vanishes outside 2, and on Q we
have g1(F2) = g&F(f) < g(f) (since s < 7). Hence (4.3;) is obvious.

Proof of (4.32). We shall prove the pointwise estimate
92(F2) < ce(My(f7) + d™* My(f)),
which, combined with (3.2), implies (4.33). For K € G({2), we set

1/q

goxc(Fe) = | D (€R) ™o (F2,2R)) " xr
ReD
RCK

Then, by the same reason as in the proof of Proposition 7 (see the argument
between (3.3) and (3.4)), the pointwise estimate for g»(F») mentioned above
follows if we prove the estimate

G2,k (F2) S ce(My(f#) +d™*My(f)) on K (4.4)
for each K €'G(f2). )
We shall prove (4.4). Fix an x and a K such that z € K € G(£). Set
A=1{Q €G(Q)|2QnN2K # 0}.
Notice that #.A < ¢ and that ¢(Q) ~ ¢(K) for all Q € A. We shall consider

three cases separately.

Case (i) max{/(Q)|Q € A} < d. For each Q € A, we have
dis(Q, K) < Cl(K) <cd<se 6 < ¢€b

(the constant 3* is chosen so small that the last inequality hold), and hence,
by Lemma 6 (1), there exist cubes T; € G(Q) (j = 0, 1,...,m) such that
Th=Q, T, =K, T;NTj11 # 0, and m < ¢.. These T necessarily satisfy
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cT; DQUK and ¢;' < U(T;)/¢(K) < ¢.. Let B denote the set of all Tj’s
arising from all Q € A. We have #B < ¢, since #{T;} < ¢. for each Q € A
and #A < ¢. Using the {7} and B, we can deduce the estimate of gz x(F2)
in the same way as in the proof of Proposition 7 (see Proof of (3.1)); i.e.,
we first obtain

I7g = Tilloo2g S ¢ Y vr
TeB

for all Q € A, from which we can deduce

|lvk+1F2Hoo72K < Cef(K)_k—l Z v
TeB

and then

0(R)™*v"(Fy,2R) £ ¢(R)™*v" (F,,2R)

/(R k+1—a
(48 g

TeB

for all dyadic cubes R with R C K, and finally we obtain the estimate
9o,k (F2)(z) = Ce,nMn(f#)(f)

for every n > 0, which a fortiori implies (4.4).

Case (i) min{/(Q) | Q@ € A} 2 d. In this case (4.4) is obvious since
F2 =0 on 2K and gz,K(Fg) = 0.

Case (iii) min{{(Q) | Q € A} < d £ max{/(Q) | @ € A}. This case
occurs only when d < oco. Note that £(K) = d in this case. As we showed
in the proof of (2), the estimate

Imglloo2q < cc (IQ1" ) ¥l + 1R I £10)

holds for all Q € G() with £(Q) < d. Using this estimate and using
the fact that the cubes @ in A with £(Q) < d satisfy ¢(Q) ~ ¢(K) and
¢.Q D éQ O K > z, we obtain

IV Falloo i S cel(K) ™A Me(f7)(2) + Me(f)(2)).
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From this estimate, we see that

¢(R)™*v"(Fy, 2R)

k+1—a
= (%) (M (f) () +d~*My(f)())

for all dyadic cubes R included in K. Taking /9-quasinorm over R’s, we
obtain (4.4). Thus (4.32) is proved.

Proof of (4.33). This is the main part of the proof of (1). For R € Ds, we
set

A(R) = {Q € G(Q)UG(Q) | 2Q N 2R # 0}.

As is easily seen, there exists an absolute positive constant a such that
Q) = al(R) for all Q € A(R) and all R € D3. We decompose the set D3
into the following two subsets:

D3’1 = {R € D3 ’ K(R) < d/a},
D3’2 = {R c D3 ‘ K(R) % d/a}

For functions F' on R", we set

1/q
gg,j(F):( 3 (E(R)avf(F,QR))qXR> . i=1,2

ReDs3 ;

Obviously g3(F) = c(g3.1(F) + g3 2(F)). We shall prove

193, (F2) lpn < ce(lf* o+ d | flp0) (4.55)

for j = 1, 2, which, combined with (3.2), implies (4.33).

Proof of (4.51). Let Fy be the function defined in Section 3. We set F} =
Fy — (f — F1)™, which can be written as

Fy= Y me¢d+ Y, modo.
Qe(2) Qeg(S)
(Q)<d

We have

G31(F2) = cg31(Fy) +cgaa ((f = F1)™).
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In the proof of Proposition 7, we proved

1931 ((f = F1)™) e < cll il (4.6)
(see (3.6)). Here we shall prove
193,1(F3) lpre < cell f#llp- (4.7)

If this is done, then (4.5;) follows from (4.6) and (4.7).

Suppose R € D3 ;. For all Q@ € A(R), we have £(Q) = af(R) < d. For
Q € A(R), we define Q as Q = Q if Q € G(Q )andQ:Q.ierg(Q).
We take a cube S in A(R) which has the maximum sidelength. Notice that
{(R) £ ¢(S) by Lemma 6 (3).

Let @ € A(R). We have

dis(Q,S) < ¢4(R) <¢4(S)  and

dis(Q, S) £ €l(R) < cd/a=c.[*61/a< €b

(the constant 3* is chosen so small that the last inequality hold). Thus,
by Lemma 6 (1), there exist cubes T; € G(2) (j =0, 1,...,N) such that
TO—Q,TN—S T,NTip #0, ¢T; > Q, and T} CceS' SlnceQCcFQ
and S C ceR, we have Q C ¢1j and T; C ¢.R. In the same way as in the
proof of Proposition 7 (see Proof of (3.11)), we have

N

HW _71'5H002Q£CGZUT SCeZ:UT,
7=0

where the last sum is taken over the cubes T satisfying
Teg), Qcel, and T CcR. (4.8)

Since the boundary of Q has measure 0 (Lemma 6 (4)), we have

Fy —mg= Z (mg — ™5)PQ a.e. on 2R,
QEA(R)

where ¢g stands for qbg or (bg according as Q € G(Q) or Q € G (Q) Hence,
using the fact that the cubes 2Q for Q € A(R) have bounded overlaps and
using the estimate of H’/‘TQ — 75|lo0,2¢ given above, we see that

|1F5 — 7rsHszR—C Z Q)] ”7T WSHOOQQ
Qe A(R)
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S ), IQI(Z)W)S

QEA(R) T: (4.8

<o Yl Y o

QEA(R)  T:(4.8)

é Ce Z ‘T'UT-

TEG()
TCceR

Hence
1/s

(R)™v§(F5,2R) Scc | Y |Tlvr® | #R)™*=, (4.9)

TeG(Q)
TCEeR

We shall deduce (4.7) from (4.9) by the same method as in the proof
of Proposition 7 (see Proof of (3.13)). In the case of (1.7): From (4.9), we
have

q/s 1/q
g31(F3)(z) S e | ) S Tlr® | e(R)(M/s+eda
rz€RED3.1 \ TEG(NQ)
TCeR
1/s

< Ce Z Z |T"UT —(n/sta)s

zeReD3 1 TeG(
TCceR

(D)
Ce (¢(T)~%vr) ,
(TE%?Q) ’ (f(T)-i- )

and hence, using Lemma 5, we obtain

A

< cell F#lp0.
p,R™

13,1 (F3)|lprr < ce

1/s
( 5 (afr)-%T)SXT)

TeG(Q)

In the case of (1.6): With o given by 1/0 = 1/s + a/n, the right hand side
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of (4.9) can be written as

1/s
CG‘R‘_l/U Z ('T‘l/af(T)_avT>s
TeG(Q)
TCER
and this is majorized by
1/o
(o2
RIS (ITeuT) ter)
TeG()
TCeeR
1/o
SclRTVL Y T <irT1ff#>
Teg(Q)
TCecR

1/o
< c|RIV° ( | R(f#)") ;

g31(F3)(z) = _ Sup {(R)~v{(F3,2R)} £ ccMo(f*)(2),

from which follows (4.7). Thus (4.5;) is proved.

hence

Proof of (4.52). We may assume d < oco. For R with z € R, we have

(R)"*v5(F3,2R) < £(R)*2R|™"*|| Fals2r
< cl(R)"My(Fy)().

Taking ¢9-quasinorm over R’s satisfying x € R € D32, we have
g3.2(F2)(z) < cd™* M (F2)(z).

Combining this estimate with (4.2), we obtain

G32(F)(2) < cc (My(My(£#))() + d™M, (My(f)) ()

from which follows (4.52). Now (4.33) is proved and the proof of (1) is
complete.

Proof of (3). Here we shall be brief since (3) can be proved by only slightly
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modifying the proof of (1). We set Fy = F3 — (f — F})™ with F} given in
Section 3. Since the estimate for (f — F})™ is already given in Proposition
7, it is sufficient to estimate F3. We shall prove

|F55 Bpg (R™)] < | £ Egis () (4.10)

which is sufficient for our purpose (by Proposition 3).
_ For Q € G(2) UG(Q), we define Q as follows: Q Q if Q € G(9);
Q=Qif Q€ G(Q) and £(Q) < Bé1; Q = Qo if Q € G(Q) and £(Q) = 36,.

The function F3 can be written as

Fg = Z 7TQ¢Q,
QEG(N)UG(Q)

where ¢¢g stands for qbg or d)% according as Q) € G(2) or Q € G(Q)

The basic task amounts to the estimate of the difference Tg — mg for
Q, S € G() UG(Q) with, say, £(Q) < £(S) and dis(Q,S) < &.4(S). If
Q=2=5-= Qo, there is no problem. If Q #Qoor S # Qo, then we see that
there exist cubes T; € G(2) (j =0, 1,...,N) such that Tp = Q, Ty = S,
T;NTj1 #0,¢T; 5Q, and T C &S, and using these T; we can estimate
||7r()-2 — T3lloo,2¢ in the same way as in the proof of (1).

Let s be the same as in the proof of (1). Using the estimate of 7o —
750,20 as explained above and following the argument in the proof of (1 ( )
we can prove the inequality

955 (F) lpen < cell 710,

which, combined with Propositions 2 and 4 and with (3.2), implies (4.10).
This completes the proof of (3). Thus Proposition 8 and Theorem 2 are
proved. ]
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