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A note on lattices with group actions

T'suyoshi ATsuMI
(Received October 30, 1996)

Abstract. By using a lattice version of Hayden’s result we generalize a Jacobi’s formula
for the theta series of the dual lattice when a finite group acts on the lattice. This solves
a problem posed by Yoshida.
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1. Introduction
In his paper [6] Yoshida proved the following result.

Result  There is a generalization of MacWilliams identity to codes
with group actions.

Moreover he raised the following problem in .

Problem What can we say about lattices with group actions? Can we
define the equivariant version of theta functions?

We solve the problem above. In this paper we shall prove that there is
a lattice version of his result.

We introduce notation and terminology in lattice theory. Let V be the
real n-dimensional space R"™. A lattice A [5] is a subgroup of V satisfying
one of the following equivalent conditions:

i) A is discrete and V/A is compact;
ii) A is discrete and generates the R-vector space V;
iii) There exists an R-basis (e1,...,e,) of V which is a Z-basis of A (i.e.
A=Ze1 @ - & Zey,).

Let
€1 =(€11,---,€1n),
ex = (e21,...,€2n),
€n = (enla---aenn)
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be the coordinates of the basis vectors of A given in (iii). The n x n matrix
M with (i, j)-entry equal to e;; is called a generator matrix for A. The
determinant of A is defined to be det A = | det M|.

Given two vectors u = (uy,...,uy), v = (v1,...,v,) of V, their inner
product will be denoted by u-u or (u,u). The dual lattice A+ of A is defined
by

Ai:{ueR”lu-v:u1v1+---+unvn€ZforallvEA}.

The theta series ©p(z) of a lattice A is given by

Or(z) = ) ¢,

ueA

where g = e™?. Jacobi’s formula for the theta series of the dual lattice:
O (2) = (det A)(i/2)"/*0(~1/2). (1)

In section 2 we shall define G-lattices and give our theorem on them,
which is a generalization of (1).

In section 3 we shall prove Lemma 1 which does not seem to be trivial
and our theorem by using a lattice version of Hayden’ theorem.

For notation and terminology, see and for lattice theory, for
lattices with group actions.

In particular, G is a finite group, RG is a group ring over R.

2. Lattices with group actions

From now on we assume that G is a finite permutation group on the
coordinates of V. Then we can define a natural action of G on V as follows:
If v=(v,...,00) € Vandge G, welet vg = (z1,...,z,) where for
i =1,...,n, z; = v;g—1. In this way V' becomes an RG-module and every
element of RG is a linear, orthogonal transformation of V. A G-lattice is a
lattice which is also a ZG-submodule of V.

As in , the operator 6 is defined by

1
Ozré—lz:g.

geG

Here we note that § € RG, VO ={veV |vg=vforallge G}, 0T =0
and 02 = 6, where 07 is the transpose of 0 (see ) Let C4,...,C; be the
orbits of the coordinates of V under the action of G. Let m; be the orbit
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length of C;. Define C; as the vector of V which has 1/,/m; as its entry for
every point of C; and 0 elsewhere. (This definition of the C;’s is similar to

that in the proof of Theorem 4.3 in ) Then each of Cy,...,C; is in V6
and every element u of V8 is of the form

u = Z:Czaz

i=1

The vector space V6 is of dimension ¢.
For vectors a, b of V6, the inner product aob of a and b is defined by

aob=aib + -+ asby, (2)

where a = 25:1 a;C; and b = Z$=1 b;C;.

Let D be a lattice in V0. (That is, there exists an R-basis consisting of
t elements of V0 which is a Z-basis of D.) D is the dual of D in V8 with
respect to the inner product (2). The norm of u € D is u o u. We describe
the theta series ©p(z) of a sublattice D in V8 as follows:

@D(z) — Z quou’

ueD
where ¢ = ¢™?. Then we have the following:

Theorem Let A be a G-lattice and let Ag = {r € A | r6 € A}. Then the
following holds:
(1)  Aob is a lattice.
(i) ©p1g(2) = (det Aof)(1/2)"/*Onee(—1/2).

If G is trivial, that is, G = {e}, the equation above reduces to (1). Note
that Agd = ANAI={veA|vg=vforall g€ G}

3. Proof of theorem
We prove the following lemma which is part (i) of our theorem.

Lemma 1 Let A be a G-lattice and let Ao = {r € A| r6 € A}. Then Aof
s a lattice.

Proof.  First we shall show that |G|(A N Af) (= |G|Agf) is a lattice.
Let (e1,...,en) be a Z-basis of A which is also an R-basis of V. Since
(é1,...,ep) is an R-basis of V, we see that vectors |Glei#,...,|Gle,0 of
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|G|(A N Af) generate V. This shows that
Vo C R(|Gle1f) + - - - + R(|G|end).
On the other hand, clearly |G|(A N Af) C V6, hence we have
VO = R(|Gle10) + - -- + R(|Glen0). (3)

A is a free Z-module and |G|(ANAG) is a Z-submodule of A. So there exists
a basis (my,...,m,) for A, and non-zero elements 61,...,6,, 7 < n, in Z
such that 6;|6;41 1 <4 <r — 1, and such that vectors é;m, ..., 6. m, forms
a basis for |G|(A N AB) (see [3, pp 97]). Since (mq,...,my,) is an R-basis of
V, vectors 6ymy,...,6,m, are linearly independent over R. From this and
(3) it follows that

Vo= R(61m1) D P R(5,~mr),

which shows that » = ¢. This proves that |G|(A N Af) is a lattice. So is
AN AS. []

In order to prove we need the following proposition which is
a lattice version of Hayden’s theorem [1].

Proposition 1 Under the same notation as in Lemma 1, we have the
following:

(Aof)t = Kerd @ AS.
Proof.  Our proof is similar to the proof of Theorem 4.2 in [1]. We note

that Ag is a ZG-submodule of G-lattice A, 87 = 6 and 62 = 4. If r € Ao,
te Aé and y € Ker 6T, we have

(#07,rf) = (#,r8%) = (,16) € Z,
because r8 € AN A6 C Ay and

(y,rd) = (y8T,r)=0€ Z
This shows that

Kerf+ Ag6 C (Agh)™. (4)
Ifr € Ag, y € (Agh)*, we have

(yoT,r) = (y,rd) € Z.
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So
yoT =y € Ag.
Hence
y=y—yb0+(y0)f € Ker6 + Ag¥.
This implies that
(Agh)* C Kerf + Ag6. (5)

(4) and (5) complete the proof of Proposition 1. L]

We start to prove Theoreml. If x = ¥, 2;C; € Agf and y = 3, 4:C; €
Ag 6, by [Proposition 1 we have

xoy = (x,y) € Z.
So

A56 C (Aob)5: (6)
Now take x = Y., 2;C; € (Aoﬁ)é, y = 3, 4:C;i € Agf. and observe

(x,y) =xo0y € Z.
This shows that

x € (Agh)*. (7)

Since x € V0, (7) and [Proposition 1] imply that x € AF6.
Now we proved that

(Aof)g C Agt. (8)
From (6) and (8) it follows that
(Aof)g = Ag. (9)

Now we shall finish the proof of Theoreml [Lemma 1 tells us that Agf is
a lattice. Hence, we have Jacobi’s formula for the theta series of the dual
lattice (Agf)3 in V6:

O (ap0)4 (2) = (det AoB)(i/2)*O pe0(—1/2).
Hence equation (9) establishes our [Theorem!.



218

T. Atsumi

Remark. 1t is easy to prove that

A/Ao = AB/AN AG,
Ao = (ANKer6) & (AN A§).
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