Hokkaido Mathematical Journal Vol. 27 (1998) p. 1-37

Differentiability of p-central Cantor sets

Sergio PLAZA® and Jaime VERA™*
(Received June 8, 1994; Revised November 20, 1996)

Abstract. We provide, for each r > 1, a geometrical construction of Cantor sets which
are regular of class C”, and whose self-arithmetic difference is a Cantor set of positive
Lebesgue measure. When r > 2 these Cantor sets are dynamically defined. We construct
a diffeomorphism on the sphere with a basic set equal to the product of those Cantor sets
which we constructed.

Key words: Cantor sets, regular Cantor sets, dynamically defined Cantor sets, Hausdorft
dimension and limit capacity.

1. Introduction

In the study of bifurcations of a generic one-parameter family of surface
diffeomorphims having a generic homoclinic tangency at a parameter value,
the arithmetic difference (sum) of two Cantor sets appears in a natural way
(cf. [PT]).

The problem about the topological or measure-theoretical structure of
the arithmetic difference of two Cantor sets, both with zero Lebesgue mea-
sure, has been considered by M. Hall in his work related to Number
Theory where he uses the concept of thickness in order to obtain results
on the sets of the sum and of the product of sets of continued fractions.
Motivated by dynamical systems problems, S. Newhouse rediscovered the
concept of thickness and used it in the study of, what he called, “wild hy-
perbolic sets of surface diffeomorphisms” (see [N]). J. Palis (based on his
joint work with F. Takens on homoclinic bifurcations on surface diffeomor-
phisms [PT,1] and [PT,2]) has renewed the interest for the problem of the
measure-theoretical and topological structure of the difference of two Can-
tor sets, since, as we mentioned above, these sets arise in a natural way in

1991 Mathematics Subject Classification : Primary 28A05, 58F12, Secondary 28A80,
28A12.
*Part of this work was supported by FONDECYT grants #0449/91 and #1930026, and
DICYT Grant #9133 P.S.
**Part of this work was supported by FONDECYT grants #0449/91 and #1930026, and
a UCANORTE Grant.



2 S. Plaza and J. Vera

this branch of dynamical systems. It is important to note that the Cantor
sets which appear in the study of homoclinic bifurcations of surface diffeo-
morphisms are regular in a sense which we will explain. Following Palis and
Takens, we call these Cantor sets dynamically defined (for more details see
[PT))

In order to establish more precisely the problems related to the differ-
ence set of two Cantor sets, we recall some definitions.

Let I C R be a closed interval, and let A C I be a Cantor set. We
will say A is regular of class C", r > 1, if there are closed disjoint intervals
L,...,Jy of I, a C" map ¢ : U, I, — I such that A = () 5, "(I; U
+++UI) and, for each ¢ = 1,..., k, the restriction ¢; = ¢|r, : I; > Iis an
onto and expanding map: that is, |¢}(z)| > 1, for all x € I;. The Cantor
set A is called affine if each ¢; of above is an affine map. Recall that given
A, B C R, the arithmetic difference set of A and B, A — B, is

A-B={r-y:zcA yeB}={peR:AN(B+u)#0}

where B + 1 = {y 4+ p : y € B} is the translation of B by u.
In [PT,1] Palis has proposed several problems concerning the structure
of the difference set of two regular Cantor sets, e.g.,

Is it true, at least generically or for most regular, of class C" (r > 2),
Cantor sets A1 and Ag, that the arithmetic difference set Ay — Ao has zero
Lebesgue measure or else contains intervals ?

Concerning this problem, A. Sannami in [S] has constructed an example
of a C* regular Cantor set, A C R, such that A — A is a Cantor set with
positive Lebesgue measure. Thus the answer to the problem is negative when
we are considering the set of all regular Cantor sets. This example is very
rigid, hence a positive answer is possible in a generic sense or for most Cantor
sets. On the other hand, in [L] P. Larsson has constructed random Cantor
sets obtaining similar results to those of A. Sannami. Nevertheless, these
Cantor sets are far from being regular. In [MO] P. Mendes and F. Oliveira
have studied the topological structure of the difference of two Cantor sets,
thus obtaining a classification of the topological structures for the class of
homogeneuos Cantor sets. This classification consists of five possible types
of structures: a Cantor set, a closed interval, and three others which they
call L, R and M Cantorvals.

Finally, mention must be made to the fact that J. Palis and F. Takens,



Differentiability of p-central Cantor sets 3

in their joint work [PT,1] and [PT,2], and also S. Newhouse in |[N| have used
numerical invariants of Cantor sets, limit capacity, Hausdorff dimension and
thickness, to obtain criteria which give partial answers to these problems
(see Section 8 or for the definitions of these concepts). For example,
if A1, Ay C R are Cantor sets with limit capacities d; and dg, respectively,
and di + dy < 1, then A; — A has zero Lebesgue measure. On the other
hand, if the Hausdorff dimensions hy and hy of A; and Ag, respectively, are
such that h; + ho > 1, then for almost all (in the Lebesgue measure sense)
v € R, A1 —~A3 has positive Lebesgue measure where yAs = {yz : = € Az}.
Moreover, if A; and Ay are such that A; N hull(A2) and hull(A;) N Ay are
both nonempty, and their respective thicknesses 7(A1) and 7(Ag) satisfy
7(A1) 7(A3) > 1, then the Gap Lemma in [N] yields that A;jN A3 is nonempty
and that A; — A2 has interior points.

2. Basic Concepts and Results

Throughout and without loss of generality, we will consider Cantor sets
contained in the unit interval I = [0, 1].
In order to establish our results we first recall some definitions.

Definition 1 Let A C I be a Cantor set. We will say A is a C"-regular
Cantor set, 7 > 0, if there are closed disjoint intervals I,..., I} of I, and
strictly monotone expanding maps ; : I; — I, ¢ = 1,...,k, which are of
class C" on A and such that

A= ﬂ U @;(11)0'“090;(171)(1)’

n=0ge%k

where ©F = {0 : {1,...,n} — {1,...,k}}.
Furthermore, when r > 2 we will say the Cantor set A is dynamically
defined.

Remark 1. In the above definition, a C” (r > 0) expanding map means
loi(x) — wi(y)| > alz — y|, z,y € A, where a > 1. For the case r > 1, the
above condition reduces to |¢i(z)| > a > 1, z € A.

Definition 2 Let A C I be a Cantor set. Let p > 1 be an integer. We
will say A is a p-central Cantor set if there is a sequence of real numbers
s = (An)neny with Ag = 1 and, for any n > 1, 0 < A, < ﬁ, such that
A =2, I", where I° = [0,1] and I™"! is the union of (p + 1)"*! closed



4 S. Plaza and J. Vera

disjoint intervals of length H?jfx\i obtained from I™ by removing the p

open central intervals each of length (1=(p +;))‘”+1) IT?_; A; in each connected
component [} of I". Let A(p, s) denote the Cantor set A.

If \{ =Xy =--- =X, =+ = a in Definition 2, the Cantor set thus
obtained is called the p-a-central Cantor set and denoted A(p, a).

Remark 2. Since the length of each connected component I of I is

117, A;, the Lebesgue measure of the p-central Cantor set thus obtained
is

Jim I (p+1) A=A, Ae[0,1].

Remark 3. A sequence s = (Ay)nen, With Ag = 1 and 0 < A\, < Ffer’ for

all n > 1, determines and is determined by a unique p-central Cantor set

A(p, s).
We have the following

Theorem 1 Let A(p,s) C [0,1] be a p-central Cantor set (p > 1) which
is determined by a sequence s = (A\y)nen as in Definition 2. Suppose that
limp, .o An = A # 0 and that there are r,ng € N such that, for all n > nyg,

the following conditions hold:
_r(r+1)

1) Ix—al<2777 (M)

1 1—(p+1)An 1 D) 1 (p+1)Ang1 T T

@) 15 ey —al <277 ()T (IR
Then A(p, s) is a C"-reqular Cantor set.

We give the proof of in paragraph five.

Next we have the following two corollaries:

Corollary 1 Let A(p,s) C [0, 1] be a p-central Cantor set determined by a
sequence s = (An)nen as in Definition 2. Suppose that lim, oo Ay = A # 0,
and that there is ng € N such that, for all n > ng, the following conditions
hold:
n(n+1)
(1) & —sl<27 77 (M)

1—(p+1)A, _n{n+1)
(2) ’Xlg(l(—(;gﬁl);n+)1) — 3l <277

Then A(p, s) is a C™®-regular central Cantor set.

(@t Dniiym (rr )"

Corollary 2 Let A(p,s) C [0,1] be a p-central Cantor set determined by
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a sequence of real numbers s = (Ay)nen as in Definition 2. Suppose s

is increasing and satisfies: 0 < Ay, < 5_1'_—1, for alln > 1, limp_00 A = A,
_rlr+1) | (n+t . +1

O<A<;}ﬁ,and|)\—a—%\<2 2 )\gn )T wheretsatzsﬁes)\ﬁr(f:(%—qu

1) < (L_ip—:ﬂ)r. Then A(p, s) is a C"-regular Cantor set.

Theorem 2 Let A(p,s) C [0,1] be a p-central Cantor set as in Theorem
1. Assume that the sequence s = (Ap)nen 1S increasing and satisfies the
following conditions:

(1) O<)\n<-2ﬁ,n_>_1;

(2) Y2, log((2p+1)A;) converges.
Then A(p, s) — A(p, s) is a Cantor set of positive Lebesgue measure.

3. Basic Notations and Main Lemma

We first give the basic construction necessary to prove for
the case p = 1; here we denote A(p,s) by A(s). For the case p > 2, the
proof of follows from similar arguments.

Let A(s) be the central Cantor set determined by a sequence of real
numbers s = (Ap)nen, With Ao =1 and 0 < A, < %, forn=1,2,.... We
set [, = I} = [0,\], I, = I3 = [1 = \1,1], and I' = I} U I;. We wish to
construct a surjective map f : I* — I which is monotone on each connected
component of I' and such that A = 02, f~™(I). Also, for each n € N, we
impose the condition f~"(I) = I"™ (see Definition 2). The map f will be
obtained as the limit of a sequence of maps g, : I' — I. In order to define

the sequence of maps (g, )nen We need some notations.
1

Let R be the rectangle [z1, 73] X [y1,¥2]. Let 0 < a < 5 and 0 <

B < % We set Ry(R,a, ) = [z1,21 + aT2 — z1)] X [y1, 91 + B(y2 — 1),
Ry(R,a,B) = [z2 — a(z2 — 71),22] X [y2 — B(y2 — y1),¥2], and L(R, o, B) =
[r1 + a(z2 — 1), 2 — a(re — 1)) X [y1 + B(y2 — y1),¥2 — By2 — y1)] (see
Figure 1).

Now, for each n € N, let A, denote the set of sequences of 1’s and
2’s of length n. For v € A,, we inductively define rectangles RY and L..
Set Rl = [0,A1] x I, and R} = [1 — A1, 1] x I. Next assume that, for all
v € Ay, we have defined the rectangles R and L,. We now set R:f' e
Ry(RY, Ant1, An), Rg;’l = Ry(R%, An+1, An), and Ly = L(R%, Ant1, An)-

Let 7 : [0,1] x [0,1] — [0,1] be the projection given by m (z,y) = z.
For v € A, define I! = m1(R7); note that I" = U, ea, I7-
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- Ry(R,a,B)

L(R,a,p)

Rl(Rva| ﬂ)

Fig. 1.

We may now define the following sequence of maps (g )nen :

1. Let g; : I UI; — I be strictly monotone and continuous on each
connected component I and I} of I', and such that the end points of
the graphics of g I and g| 1} are vertices of the rectangles R{ and R},
respectively. Clearly, g~ }(I) = I' = I U 1.

2. Inorder to define g : [} UL} — I we proceed as follows. Let v € Ay
and define g9 : I{ U I} — I to be strictly monotone and continuous on each
connected component I} and I} of I', such that its graphic is contained
in the union of the rectangles R?Yl, L., and Rgﬂ’ and passing through two
vertices of each one of these rectangles. It is clear that g5 Y(I) = I' and
that g=2(I) = I2.

3. Next we define g3 : I1 U I} — I by redefining ¢g» on the intervals
Ig, B € As. On each interval Ig, B € Ay, define g3 the same way as in
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RyZ(R::)'\n-fh’\n) T

L‘Y = L(m: ’\n+1, '\n) ~

B (B3, Ant 1, 0n) 4z,

Fig. 2.

step 2 above, only now changing the rectangles R?Yl, L., and R,zﬂ by the
rectangles R%l, Lg and Rg2, respectively. We thus obtain a map g3 which
is strictly monotone and continuous, and such that: gs|n1_r2) = g2|(n-r2),
g3 () =T1', g32(I) = I? and g3°(I) = 3.

4. Suppose we have defined g, : I' — I to be strictly monotone and
continuous on each connected component Ii and I} of I', and such that the
graphic of g, contains two vertices of each rectangle RY, v € Ap. Define
gn+1 : I' — I by simply changing the definition of g, on m1(R%), v € Ay,
the same way as in step 3. We thus obtain a map g,+1 which is strictly
monotone and continuous on each connected component of I!, and such
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g1

Fig. 3. (a)

92

Fig. 3. (b)
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g3

Fig. 3. (c)

that its graphic contains two vertices of each rectangle Rf;“, v € Anti;
furthermore, gny1|(n—ny = gnl(r1—my- It is clear that g;il(I) =I'i=
1,...,n+ 1.

Remark 4.

1. Since, for all n € N, gny1l(n_n) = gnl(1-1n), we conclude that the
sequence (gn)nen converges uniformly on [ 1 I™. Since the length of I7 is
IT*_, A;, and since lim, o0 1%, \; is zero, we have defined f = limy— o0 gn,
f : I' — I, which is strictly monotone and continuous. It is clear that

A=z F).
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2. A point x € A will be called border point if = is an end point of I?,
some j and n.

Assume that f is defined as above and of class C", r > 2. Let z be a
border point. Then

1
/ = 1 = l — —
f (I) nl»Holo H?:‘f‘ll by nglgo /\n—|-1 A

and, consequently, for all z € A, we have that f'(z) = % and that f (i)(:c) =
0, foranyi=2,...,r.

For the proof of we need the following

Main Lemma Let 7 € N. Leta >0 and 0 <e < 1. If = and y satisfy
i) 0<z<e,
(i) |y—az| <2 e U
then there erists a C*°-function h : [0,z] — R such that:
(1) h(0) =0, h(z) =y - az,
(2) AD0)=hrO(z) =0, forany 1 <i<r,
(3) |hO(t) <, forany1<i<r and 0<t< z.

We begin the proof of the Main Lemma in paragraph four after the
proof of [Lemma 6.

Remark 5.

1) Under its conditions, the Main Lemma guarantees that we may
construct a C* map g : [0, z] — [0, y] whose graphic has slope a at both 0
and z, and that its first r derivatives are bounded by e (see Figure 4).

We use this fact to define the sequence of maps (gy )nen.

2) Assume that s = (\,)nen satisfies the conditions of [Theorem 1.

Let a = % If z and y denote the sides of the rectangle RU,v€ Ap,n2>1,

r(r+1) ..
then z = II A\, y = Hlf‘;ol)\i, and |y —az| < 2772 2"t Similarly,

if  and y denote the sides of the rectangle L,, v € A,, n > 2, then

2= (1= 2\n1) T, y = (1= 2X,) TIPS, and |y — az| < 27752 2741,

We conclude that the Main Lemma may be applied to both rectangles R
and L., n € N large enough.

In the general case, for the rectangles RZ, we apply the Main Lemma
withz =1II7 ;M\ and y = H,?Z_ll Ai, and for the rectangles L., it is applied with

I = (1_(p+;))‘"+l)ﬂ?=1/\i and y = Q—_(”;MH;;?/\“ n € N large enough.
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h(t)

g(t) = at + h(t)

at

Fig. 4.

4. Proof of the Main Lemma

In order to prove the Main Lemma, we first define the r-times iteration
of integration of functions and give five lemmas.
Let f(t) be an integrable function on a closed interval [a, b]. We define

190 = £0), M) = | "f(s)ds and frU(E) = / " £ (s)ds.
Now let 7 € N. We define functions w,(t) on [0,2"] by

we(t)=1, 0<t<1
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and

wr(b), 0<t<2r
wr-}—l(t = +1
—w,(t—27), 2 <t<2ortl

With the above notation we have the following

Lemma 2
(1) Foranyr>1and 0<i<r—1,
| wl | (1), <t<or!
iy = | "
—wll (-2, orl<p< o,
(2) Foranyr>land 1<i<j<r, wy](Qj) = 0.
(3) Foranyr>1and 0<t <271, wl-r] (t+2r 1) = 2(7”_'1_)2(“2) — wy](t),
[7.+1] r(r—1)

(4) Foranyr>1, wy *(2")=2"1z .

Proof. (1) By induction on r we prove the statement and that
w21y =0, forall 1< j <r—1.

First we note that, for any r, case i = 0 is precisely the definition of
wy. Thus we may assume that 7 > 1.

(i) Caser =1. Then ¢ = 0 and, as we pointed out above, we are done.
On the other hand, there are no j > 1 such that 1 < j < r — 1.

(ii) Case r =2. Then ¢ may be O or 1, and j = 1.
For i =1 we have: if 0 <t < 2, then

Wy = | _[ — o).
wy (t) = [ wa(s)ds = [ wi(s)ds = wi (t);
0 0
andif 2 <t < 22, then
. t 2 t
w£ ](t) = / wy(s)ds = / wa(s)ds +/ woy(s)ds
0 0 2
. t . t—2
= wg ](2) -~ / wi(s —2)ds = w[2 ](2) — / wi (u)du
2 0

= wil(2) — (¢t - 2).

Now, for j = 1, we have

wg](Z) = /02 wa(s)ds = /02 wi(s)ds
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1 2
= / wop(s)ds — / wo(s — 1)ds = 0.
0 1
Therefore

{wﬁ”(t), 0<t<2
—wllt-2), 2<t<2?.

By induction we now assume that the statement is true forall2 <k <r-—1;
we prove that it is true for k = r. For this we make induction over ¢ and j.
Casei=1. If0<t <21 then

wlll(t) = /Ot wy(s)ds = /Ot wy_y (s)ds = wll | (t);

now if 2771 < ¢t < 27, then

We next must prove that lell(ZT_l) = 0. We have

21‘—1

W@ = [ wa (s
2r—2 2T_1
= / wy_o(s)ds — / wy_o(s — 277 ?)ds
0 or—2
or—2 2r—2
= / wy_o(8)ds — / wy_2(s)ds =0,
0 0
thus wi” (t) = —wﬂl(t — 2771). Therefore
1 r—1
w (1), 0<t<2
W) =9
g —or Y, i<,
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By induction we now suppose that

[4] r—1
wi (1), 0<t<2
wWw~{ 1

—wf g —2r-1), or-l<t<or,

forall £, with1 </<i<pr-—1.
If 0 <t <2 ! we have

t

w£z+1] _ / wy](s)ds — / wlll_l(s)ds = w,[}jll] (t);
0 0

and if 277! <t < 27 then

, t :
= wltler—1) - / w[l]_l(s — 2" 1)ds

. t__27'—1 )
= wfle - [0l (s
0

_ w1[~i+1](2r—1) _ wyjll](t _ 21"—1).

It remains to see that wl ™ (2"~1) = 0. For this we prove that if 1 < j+1 <

¢+ 1, then w£j+1](2r_1) = 0. In fact let 0 < 5 < 4. Then

. 2r—1 . 27‘—1 )
wb ) = [T wbleds = [Tl (s)as
0 0
27'—2

. r-t
= / w,[ﬂl(s)ds — / wT[,]ll(s — 2"2)ds
0 2

r—2
21‘—2

_ i [P _
= w;” 1(s)ds w,”{(s)ds = 0.
0 0
The latter completes the induction step. Therefore
i wl | (t), 0<t< 2!
Wy (t) = i
_wrl—l(t _ 27"—1)’ gr—1 <t<or,

and wf (27~1) =0, forall 1 < j <i+1. Sincei <r—2and j <i+ 1, we
have j < r — 1 which completes the proof of the statement.

Concerning (2), let 1 <14 < j < r; we have three possibilities:
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(i) If j =r, we have

, 2r
wflz) = [* wf~(s)ds
0

(i) If j = r — 1, then wl! (27~1) = 0 as was proved above as part of
the proof of statement (1).
(iii) Finally if j = r — £ > i > 1, we consider powers of 2 ordered as
follows: 2" > 2""1 > ... > 21=(=1) Notethati <j=r—f<r—({—1) <
- < r, and apply the above formula to obtain wLi](Qj ) = w,[j](?""e) =
w27 = w2 ) ==l (@) =0,

As for (3) by induction on r we have that, for r = 1,
] t+1 1 t+1
wy (t+1) = / wi(s)ds = / wi (s)ds + / w1 (s)ds
0 0 1

1 t+1 (r—1)(r—2)
=/ds—/ ds=1—-t=2 2 —wgll(t).
0 1

(£—1)(£—2) [g]
2

By induction we now assume that wg] (t+2¢1) =2 — w, (), for

any 0 <t < 2-land1<e<r, Then, for » + 1, we have
t2r
e+ = [ wllids

27 t+27
= / wl(s)ds — / wll (s — 27)ds
0

Il
S
¥y
+
=
—~
N
2
S—
‘38'—
i7
==
—_
[
SN

Since
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setting s =t 4+ 277! in the latter integral we obtain
2r—1 21‘—1
@wwy>:/‘ @m@@+/’ ww@+wﬁus
0

27" ! r—1)(r—
— / s)ds —|—/ ( )( 2 wlﬂ(s))ds
0

. (r— 1)(7‘ 2) 27‘——- r(r 1)

which completes the proof of statement (2). []

The proof of statement (4) is contained in the last part of statement
(3) and thus the proof of the lemma is now complete.
We next define the function k,(t) by rescaling w,(t) from [0, 2"] to [0, z],

bolt) =wr (2 ).

T

By above and (r 4+ 1)-times rescaling in integration we obtain
k7[‘r+1] (I) _ 2_7“_(7‘;'__3_) e

For this, by induction on r, we prove that

k() = o wll (21,

forany 1 <i:<r+1.
In fact for »r = 1 and r = 2, we have:

t t T 2t
k() = /0 kr(s)ds=/0 Wy (%) dszg/ﬂgC wr(u) du
T
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for any 2 < ¢ <r. Next for r + 1, we have

t T
KU () = / H(s)ds = o [ ul (2_> ds
X

Zt r+1 ort
- wlr! L [r+1]
9 (r+1) /0 (u)du = 22(r+1) r ( - )
Now if we set t = z in the above formula and using that w[TH](QT) =
2(“1)2(“2), we obtain
kT[,r-i-l] (iL‘) _ ol o— r(r2+3).

Concerning the maximum values of Ik:?[«l] (t)],for1<i<r+land0<t <z,
we have the following four lemmas.

Lemma 3 Forr>1and 0<t<2"L wk_ll(t) > 0.

Proof.  We make induction on 7 > 1. For » = 1 and r = 2, the statement
is an easy computation.

By induction assume that er 12]( t) >0, forany r >3 and all 0 < t <
2r=2,

We have two cases to consider:
i) 0<t<2?%and
(i) 2r2<t<or L

Case (i). We have
t
w0 = [ wl s = [ uls)ds > 0
0 0
Case (ii). Since 0 <t —2""2 <2772 < 2"! we have that
t t—27—2
wi=(t) = / wl=2(s)ds = / wlr=2(s)ds
0 0

272 t
+ wTT_Q](s)ds-{—/ wl2(s)ds
2

t___2r—2 r—2

—

27‘72

t—2or 2 5
= [ s+ [ wl s
0

t
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or—2
= / w£r:22](s)ds+/ w2 (s)ds
0 t—2r=2
t
—/ wrr__;](s 2""%)ds
or—2
t—9r—2 9r—2
2 r—
= [ el [ s
t—272
- [ e wa
0
27‘-2 2"‘_2
= / w2 (s)ds = / wrr_—f](s)ds >0
t—2r—2 t—2r—2
[
Lemma 4 Forr>1and 0<t<2", we have that wy](t) >0 and w,[«r}(t)

(r— 1)(7"— )

attains the mazimum value 2 att =271,

[r] -
Proof. If 0 <t < 2"7! then dwgt() _— 1](t) > 0. Hence w,[«r](t) is

increasing in [0, 27| and, therefore, 0 = wl'] (0) < w7[j"] (t) < wl‘r](2r—1) _
2 r—l)2!r—2)

. , d Lr-] ¢ (r— 1)(r 2) r r—
If 2 1§t§2,thenw—dt(—):dt(2 wv[](t“2 ) =
_wl’" 1]( —271) < 0; hence w7[~T](t) is decreasing in [2771,27]. Therefore

2" = (21 > wl(t) > wl(0) = 0.

[]

Lemma 5 Forr > 0 and 1 <1 < r+41, the mazimum value of ]wr (t)] in

. (i— 1)(z
0<t<2" 152

[r+11
Proof.  Since %= (t) wl ]( t) >0, w[ +1]( t) is increasing and by Lemma
4

max w[r-l—l ‘ _ ,w[r+1](2r) _ 2__r(r2—1)

t€[0,27)

Again, by

max
t€[0,27]

(r—1)(r—2)
2 .

wlfl(t)| =2
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Now suppose ¢ < r — 1. Then

64| = [2] — (2 — ...
ax wr (t)l = ax, wr_l(t)I = X, wr_g(t)| =
_ [¢] _ 2(i—l)(i—2)
te[o,znﬁ)(i—i)] ’wr—(T—i)(t)‘ o

[]

Lemma 6 Foranyl<i<r+1, and any 0 <t < z, the mazimum value
i—1)(i—2)

of | (1)] is of 2“5,

Proof.  Since el (t) = 2‘% wq[f](%) and by Lemma 5, we have

b (2Tt
it (%)

T 2(1—1)(1—2! i 2(1,—1)2(7.—2) —iT"

= — 2 = T

21'7“

— % max lwlil(s)]

max |kl(t)| = max = o max |wy

0<t<z 0<t<Lz

[X1)
(]

Fig. 5. (a)
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1
')
z T
2
1 q1
5 T
-1t
1
q2
3
z
-1
Fig. 5. (b)

We next begin the proof of the Main Lemma.

In order to define the function h we take a C*° bump function qqg :
[0,2] — [0,1] such that go = 1 in a neighborhood V of £ and that gy =0 in
some neighborhoods of 0 and «.
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We define, inductively, a sequence of C* maps gy, : [0,z] — [—1,1] by

gn—1(2t),
Qn(t) =

_qn—l(zt - ZE),

We now define the function h by

. y—ar r 1]
ht) = 37— grti(e).
" t(z)

Then it is clear that h is C*°, and that it satisfies h(0) = 0 and h(z) = y—axz;
we thus have statement (1).

Concerning statement (2), it is clear that h®)(0) = 0, for any 1 < <.
In order to prove h{))(z) = 0 we first note that

1 y—ax r+1—1
RO (t) = ST grt1-i(e).
g (x)

Next note that if we prove q7[~r+1—i]
follows.

We have the following

(z) = 0, the second part of statement (2)

Lemma 7

(1) Foranyr>1and0<i<r—1,

(2) q7[«i](2j_7":]c) =0, foranyr>1landl1 <i<j<r.
Proof. (1)
i+1
o) =0
First note that, for any r > 1, case ¢ = 0 is precisely the defintion of g;.
We may thus assume that 7 > 1.

For r = 1, i may be 0 or 1.
For 1 =1:

By induction on 7 we prove the statement and the equality

21
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ifOStg%,then

qgll(t) = /Ot qEO](s)ds = /Ot q1(s)ds = /Ot qo(2s)ds

1 2t
=5 | atwdu =2 e

and if % <t <Lz, then

R0 =‘A% 1(s ym-%/Zqﬂ ﬁk::qF](g)__qudQS—%ﬂdS

2

_ nfz _1/2” _ [11({) U
= (3) -5 [ =g (£) - gl -a)

It remains to prove that q[l](z) = 0. We have

% T
q?] <§> 2/0 ql(S)dS=/0 qo0(2s)d =3 / qo(u

T

1 z
= 5(/2 qo0(2u)du —/ qo(2u — a:)du)
0 z
1 T 132
=5 ([ o)~ ["www) =o.
0 0
Therefore
1
§[km) 0<t<
1
gt (t) = ™ N
= — S <t<
5 qO (2t — z), g Stz
Now by induction assume that, for any 0 < ¢ <4 <r—1,
1
= a2, 0<t<=
[Z](t) _ ]2 2
4 1 T
——?;qﬂl(%—a:), §§t§x

We have: if 0 <t < 3, then

[i+1] ! [4] 1)
A 0) = [ afl(yds = 5 [ gL, 25)as
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and if § <t < z, then

) sz t
g ti(t) = / P ql(s)yds + | qf(s)ds
0

t
4] (f) 1 / [i] _
= ¢ = [ ¢,21(2s — z)ds
2 2 z
_ i [ 1 )
— qL+ ] (_2_) ST /0 q,_1(s)ds
; i 1 i
= (IE_H] (5) 9i+1 qr['jll] (2t - z)

It remains to prove q7[~+ ](%) = 0. We have that

i+1] (£ z ]. 2 [z] 1 [z]
1 /(% c
P 21.+1 (‘/02 q1[n!_2(23)d5 — / q£12(23 — ZC)dS)

_ 1 i g _
) (/0 Gr_o(u )du_/o qr-—2(u)du> = 0.

(2) Again, by induction on r we have three cases to consider:
(i) if j =r, then

N8

8

(ii) if j =r — 1, we have

ol (E) _ /5 q},"‘l](s)dsz/_ gl 1](23)(1 1/ ¢ (w)du
2 0 0 2Jo
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(ili) f1<i<j=r—¥ then 2"z = 5z and

#3)- I
T Y 0

1

_/q
0

2

[i—1]

r—1

(s)ds

ds)

=0

_ 1 T[] B l/;l% [i—1]
= 2/0 ¢ _o (28)ds = 22 J, q,_o (s)ds
(£ — 1) — steps
1 2 [i—1]
= %A qT‘—(e—l)(s)dS
_ L7 e L[ fiey)
= F/o q,_p (2s)ds = ?/0 q,_p (s)ds
1 3 i T
= 7(/2 qi_el](s)ds-l-/ q£_£1](s)ds)
2 0 z
1 3 i T
= % (/02 ql_elll(Zs)ds —L nglll(Zs — )
2
= om1 ( /0 0/l ()ds - /0 qi_elll(s)dS)

which completes the proof of the lemma.

Now in order to see that q7[~r+1_i]

and obtain that q,[ne]
0 follows.

() =0, we set j = r in ¢

[£]

(z) = 0. Next set £ = r+1—1 and the claim g

We next return to the proof of the Main Lemma.
As for statement (3), we estimate the maximum value of |h(¥)(t)|. For

any 1 < < r, we have

_ |y —ax]
g ()

We now have the following

[r+1—1]

00

(®)-

CROE

[r+1—1]

]
0

(z) =

Lemma 8 For any 6 > 0, if we take V large enough (namely, if [0,2] -V

is very small), then ]qy]

(t) -

k,[}](t)l <6, forany 1 <i<randtel0,z].
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Proof. Let A ={t € [0,z] : g-(t) # k-(t)}. It is clear that if we take
V large enough, then m(A4) = m([0,z] — V) is very small (m denotes the
Lebesgue measure).

For the statement we make induction on .

(a) Fori=1,
i e) — kl(8)| = < [ larts) (s
< lqr( ids—/ lgr(s) s)|ds

< | ds=m(A) =m([0,z] = V).

tms) ~ ko (s)ds

(b) By induction assume that |qy] (t) - kL (t)] < m([0,z] —V), for any
1 <3 <7r—1. Then we have

t .
qv[f](S) k) (s)ds

/lqr — kf(s)|ds

/0 m([0,2] — V)ds = tm([0,z] — V')
< zm([0,z] — V) < m([0,z] = V).

qui+1](t) _ [H—l] ' _

IA

Now to complete the proof of statement (3) of the Main Lemma, we
note that by assumption

r(r+1)
ly—az| <z™tt.27 2

Therefore, there exists a constant 0 < C' < 1 such that

r(r-l—l)
ly—az| < C2™tt .27

If g, is sufficiently close to k,, we have
g (@) = C Ik ()],
and by Lemma 6, for any 1 <7 <rand 0 <t <z,

|k[r+1—i] (t)' < ziti)(%i——l)—r(r—k-l—i) . xr—%—l—i.

Now let 6 be a positive number satlsfylng 6 < £5*. By Lemma 8, and if we
take V large enough, g, satisfies |qr (t) — ky (t)] <6, for any 1 <4 < r and
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t € [0,z]. Thus we have

@y — 1Y=az] | gy
ly — ax|

< — L (K] + 6)
C |k (@) )

1 i 21‘(1;-1)

<ly—azx|-C™" -z

r{r+3)
+ly —az|- L. g0+ 9™

<zt Lo s< L S<e.

-0

5. Proof of Theorem 1

Let s = (Ay)nen be a sequence of real numbers as in the hypotheses of
[Theorem 1.

Assume that we have defined maps of class C", g : I' — [0,1], k =
1,...,n, which are strictly monotone on each connected component of I!,
and such that their graphics contain two vertices of each rectangle R,
Y € Ap. To define g,41 we change the definition of g, on each interval
T (RY) = Wl(R:iH) Umi(Ly) Um (R,%H), v € Ap. For this we apply the
:iH, L., and R:;‘ 1 v € A, hence obtaining
a C" map gny1 : I' — [0,1] which is strictly monotone on each connected
component of I' and such that its graphic contains two vertices of each of
the rectangles R:H and of the rectangles L, v € A1, thus ending the
induction step.

Main Lemma in each rectangle R

Since m(I™) — 0, as n — oo (m the Lebesgue measure), from the Main
Lemma it follows that given € > 0, there is N € N such that gr| 1~ is e-close

to the constant map A(t) = %, n > N, and that g7(,,i)IIN is e-close to the
null map, i = 1,...,r. We conclude that, for i = 1,...,r, the sequences

(g,(,,Z ))nGN converge uniformly and, therefore, f = lim,_ g, is a map of

class C", which ends the proof of in this case.
For the general case, the arguments are analogous with the correspond-
ing modifications.

Remark 6. Clearly, if A €]0, %[, the constant sequence A\, = X\, n € N,
satisfies the conditions of [Theorem 1.
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6. Proof of Corollary 2

It suffices to show that the sequence (A,)nen satisfies the conditions of
Theorem 7.

1. We have that
1 1

r(r+1) r(r+1)
P X‘ <27 AT < R N
n

and thus condition 1 of TM@@(L}}OMS.
2. Since |—>\1—n -3 < 277z )\gn-l_t)r, it follows that |A — A\, <
A AHOT 9=

Now we have

1 1-(p+DAn 1

. I P+1  [Any1— An
M l—(@+DAt A

An 11 - (P+ 1))‘n+1|

- Ain 1 —Izz: +1 1)\ 27 AN
that is,
1 1-(p+HA 1 pt1l o r) (nanyr
M l=@+DAg1 Al  1=(p+ 1A 1
Finally

M 1= @+ DAs1 A

1 1-(p+1)A, 1’

1 1-(p+1A, 1 1 1 ’
A 1=+ DAs1 Anl (A X
p+1 _r(r4) | (ntt)r _rrtl) | (n4t)r
< A 2 A
—ero 0 TR
_r(r+1) p+1
—9 "3 /\nr)\tr ( + 1)
P\ - (p+1)A
r(r 1-— 1 )\ "
r(r 1-— DA, "

that is, condition 2 of holds.
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7. Proof of Theorem 2
The sequence s = (\,,)nen satisfies the conditions of and,

hence, the associated p-central Cantor set A(p,s) is of class C", r > 1.
Let A = (32, I" be as in Definition 2. From hypothesis (1) it is easily
seen that the arithmetic difference J" = I"™ — I™ is the union of (2p + 1)”
disjoint intervals of length 2II7_; A;. Then K = °2; J" is a Cantor set with
Lebesgue measure m(K) = limp_oo m(J") = limp 00 2117, ((2p + 1)N).
From hypothesis (2) we see that m(K) > 0. Finally, it is easy to see that

K = A — A (see [S]). In particular, lim; .o \; = ﬁ.

8. Hausdorff dimension and limit capacity of central Cantor sets

We now recall the definitions of Hausdorff dimension and limit capacity
of sets; we next apply these concepts to central Cantor sets in order to prove
that the above examples are “frontier examples”, which will become clear
in the end.

In order to define the Hausdorff dimension and the limit capacity, we
consider a metric space (X, d).

8.1. Hausdorff dimension

The diameter of a subset U of X, which we denote by |U|, is sup{d(z, y) :
z,y € U}. Let E C X, and let § > 0. We will say a collection {U;}cr is a
6-cover of E if E C |J;cp U; and 0 < |U;] < 6.

Let s > 0. The s-dimensional Hausdorff measure of F is

H(E) = %i_r’% inf{z \Ui|® : {U; }ien is a countable §-cover of E}
i=1

Set Hi(E) = inf{} 2, |U;|® : {Ui}ien is a countable § — cover of E}. It is
clear that 6 < ¢’ implies H{(E) > M}, (F). Thus, fixing F C X and s > 0,
the function 6 — H3(E) is non-increasing and, therefore, there always exists
lims_,o HI(E) = supsso H{(E). Hence H*(E) is well defined, for any subset
E C X. Moreover, the set function £ — H*(E) is an outer measure on X
as well as a measure on the class of Borel subsets of X. Let £ C X. It is
well known that there is a unique value sg such that

oo if s < sg
HS(E)z{

0 if s> sp.
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Note that H*0(E) may be 0, 400 or a finite nonzero value. The value so,
where H*(E) jumps from oo to 0, is called the Hausdorff dimension of E
and is denoted HD(E). For a more detailed discussion of the Hausdorff
dimension and its properties, see and [F].

8.2. Limit Capacity
Let E C X be a compact set. For e > 0, set n(e) as the smallest number

of e-balls (i.e., balls of radius €) needed to cover E. The limit capacity of
E is

o 0)
d(E) =1 E_)Op “In(e)

It is easy to see that HD(E) < d(E), for any compact subset E of X (cf.

[PT)).

Now we have the following

Proposition 1 Let A(p,s) be a p-central Cantor set defined by a sequence

5 = (A)nerss with limp o0 Ao = A # 0. Then d(A(p, s)) = 124553,

Proof.  Note that in the n-th step of the construction of A(p, s) the set I"
is the union of (p + 1)" intervals each of length II{_; A;. Therefore

1 1" —1 1
A(p.s)) = lim og((pt ") _ i : og(pn+ )
n—co —log (II7_; A;) =~ ~log (IGZy A1)
. ~log(p+1)  log(p+1)
n—oo LS og(X;)  log (A1)

[]

Also note that d(A(p, s)) is equal to the limit capacity of the p-A-central
Cantor set. Hence it follows that HD(A(p)) < %. If A(p, s) is regular
of class C", r > 2, it is dynamically defined. For this class of Cantor sets,
we have that its Hausdorff dimension and limit capacity are equal (cf. [PT,
p. 80, Proposition 7]); hence HD(A(p, s)) = }Zigﬂg

For the case r = 1 and in order to obtain lower bounds for HD(A(p, s)),
we use the following mass distribution principle (see [F]). We first recall that

a mass distribution on a set F is a measure pu with support contained in
F and such that 0 < p(F) < oo. In fact, we may always suppose that
u(F) =1, i.e., p is mass distribution probability.
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Theorem 3 (cf. [B] or [F]) Let u be a mass distribution on a set F.
For some s > 0, suppose there are numbers ¢ > 0 and § > 0 such that
wU) < U, for any set U with |U| < §. Then H(F) > ﬂCF—) and,
consequently, s < HD(F).

We now apply this mass distribution principle to obtain a lower bound
for the Hausdorff dimension of a p-central Cantor set A(p, s), with s =
(An)nen as above.

Recall that A(p,s) = Nn>o I™ where I™ = Uy:il)n I and the I} are
closed intervals each of length I, As, with I NI} =0, ;5 # ¢ We define
a mass distribution x4 on A(p,s) as u = lim,_,o fin, where p, is a mass
distribution on I" defined as follows: each interval I of I™ carries a mass
equaling ( p_Jer)n

Now let U C I be an interval of length |U| < 1, and let n be the integer
such that TIMH\; < |U] < IT_;A;. Hence U can intersect at most one of

the (p +1)" intervals I7* of I™. Set t = %1—% = d(A(p, s)). Then

_ _nlog(p+1)
pn(U) < (p+1)7" = (elos(liiiAe)y tos(mi,x:)

_ _nlog(p+1)
n

= (I b)) P() |

Now since II71A; < |U], it follows that IIZ; A; < A7L, |U] and that

__nlog(p+1) %og%
log(TI™__ A, log (IT7_, X;
pn(U) < U] Pe) ) ),
log(p+1)
nlog(p+1) & log (2 2;) -
Set s, = ——>=2L1) and set ¢, = Aps1 - V7. Therefore the inequal-

log(H?:lx\i) ’
ity above may be rewritten as pun,(U) < ¢, |UJ**. On the other hand,

log(p+1)
lim, ,oocp = A1) = p 4+ 1 and lim, o 8, = }gggﬂg = t. Hence

H'(A(p,s) > 0 and HD(A(p,s)) > t = d(A(p, s)). Therefore HD(A(p, s)) =

d(A(p, s)) = =5,

Remark 7. If A C R, then HD(A) < 1 implies m(A) = 0.

When a Cantor set A C R is dynamically defined we have that 0 <
HD(A) = d(A) < 1, hence m(A) = 0 (cf. [PT, p. 80, Proposition 7).
In general, the situation (although it is not our case) is rather different for
Cantor sets which are only C!. In R. Bowen has construted an example
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of a C! Cantor set of positive Lebesgue measure.
We next prove the following

Proposition 2 Let A(p,s) C [0,1] be a p-central Cantor set constructed
from a sequence s = (Ai)ien, 0 < A < 37 . Assume that lim; oo A; = A and
that A # 0. Then we have the followmg two possibilities:

a) if A> 51#1’ then A(p,s) — A(p, s) contains intervals;

b) if A < 52—, then A(p,s) — A(p,s) is a Cantor set of zero Lebesgue

2p+17
measure.

Proof.  Geometrically the difference of x,y € R,  — y, is obtained pro-
jecting the point (z,y) € R2 on the z-axis through the direction 6 =
7/4. We let proj, denote this projection. Now A(p,s) = (51", where

" = ng -|1-1)" I? is the union of (p + 1)™ intervals each of length TIT;A;;

hence I" x I" = U(;Zﬂl It x I7. On the other hand, we know that
A(p,s) — A(p,s) = N0 J™, where J™ is the union of (2p + 1)™ intervals

each of length 2112 ; ;. In fact, J" = I" — I" = U; j>1 (I} = I]').

We first study the case A\, = Z}ﬁ’ for any n > 1. It is clear that the
projection projo(I* x I7), 4,5 =1,..., (p + 1)™, covers all of [—1,1]. These
projections intersect at points of the form iﬁ and, moreover, there are no
overlaps.

Now assume that A = lim,, o0 Ay > 5[#' Then there exists ng > 1
such that I A; > (5507 +1) ™ and, therefore, the projection projg(I;*® x I]T-‘O)
is always an 1nterval for all n > ng; thus A(p, s) — A(p, s)contains intervals.
Note that, for n < ng, J* = I" — I" may contain gaps.

If A< 577 +1, there exists ng > 1 such that II'%;\; < (§p—1+—1)n°, for
all n > ny, and it is easy to see that A(p,s) — A(p,s) is a Cantor set of
zero Lebesgue measure. Note that the projection set J™ may not contain
gaps for n < ng, but if we iterate our construction process of the difference
set J®" = I™ — I"™ a large enough number of times, then such gaps must
necessarily appear. L]

Remark 8. For the case A\ = 2—p1+—1, we have that A(p, s) — A(p, s) may be
a Cantor set of positive Lebesgue measure. In fact, this possibility occurs
when the sequence s = (A, )nen satisfies the hypotheses of theorems 1 and
2. This proposition also shows that our examples are “frontier examples”,
since a “small perturbation” of them yields regular Cantor sets whose self-
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arithmetic difference set either contains intervals or is a Cantor set of zero
Lebesgue measure.

Remark 9. In a certain sense the p-central Cantor sets A(p, s), with p > 1
and s = (A, )nen a sequence which satisfies conditions of theorems 1 and 2,
for some 7 > 1 (i.e., they are regular Cantor sets of class C" and their self-
arithmetic difference set is a Cantor set of positive Lebesgue measure), are
“so near” to the rigid p-central Cantor sets A(p, \), where A = limy,_,o0 Ap =
ﬁ, which satisfy A(p, A\) — A(p, \) = [-1,1].

9. Example

We now give an example of a construction of a diffeomorphism f in the
sphere S?, with a basic set I' (a horseshoe) which is the product of a central
Cantor set A with itself (cf. for an analogous construction).

Let s = (An)nen, with A\g = 1 and 0 < A, < %, n > 1, be a sequence
which defines a central Cantor set A. Assume that (\,),en satisfies the
conditions of [Theorem 1|, for some r > 1. Then A is a C" regular Cantor
set. Let ¢ : Iy Uly — I be the C" function which defines A, that is,
A =2 (D).

We assume that ¢ is strictly increasing in I;, and that it is strictly
decreasing in I. We denote ¢; = o[, 1 = 1,2. Let Ry = [0, \] x I, and
Ry =[1—A1,1] x I. Define f : Ry U Ry — R? by

(p1(2), 07" (v)), if (z,y) € Ry
(p2(2), 03 (v)), if (z,y) € Ry.

It is easy to see that f(R1) = I x [0, 1], and that f(R) = I x [1 — Ay, 1].
The images of R; and Ry under f are shown in Figure 6 (a).

Now we extend f to I x I applying the rectangle [A1,1 — A1] x I into a
horseshoe as is shown in Figure 6 (b).

Note that p = (0,0) is a hyperbolic fixed point of f, with eigenvalues
equaling A and A™!. The local unstable manifold of p contains I x {0}, and
its local stable manifold contains {0} x I. Finally, we extend f to S? as in
the classical horseshoe example (cf. [PM]).

Now, as is done in [N], we may perturb f outside A(p,s) in such a
way as to create a homoclinic tangency. When we unfold this homoclinic
tangency we see that A — A is the set where there are primary homoclinic
tangencies. Thus if we choose the sequence (A, )nen as in [Theorem 2, we

f(z,y) :{
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03'(x)

L o7 (2)

ei(z) —

/

pa(z)

Fig. 6. (a)

F(R2) =1 x [1= A1)

f(Ry) =1 x[0,)]

-_____--_-\_)-_-___-__-

Fig. 6. (b)

have that the set A — A = {u : AN (A + u) # 0} has positive Lebegue

measure. Other possibilities for a construction of a horseshoe are shown in
figures 7, and 8.
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p1(z)

Pa(z)

e e - - wm e - -

Fig. 7.
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e1(z)

v ' (z)

or'(z)

pa(z)

Tt T T T T

Fig. 8.
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