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Approximation of periodic functions
by Vallee Poussin sums

Rateb AL-BTOUSH and Kamel AL-KHALED
(Received October 25, 1999; Revised April 7, 2000)

Abstract. Vallee-Poussin sums are introduced and their approximation properties for
classes of continuous 2w-periodic functions are studied.
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1. Introduction

Let I = [—m, ] and C(I) the space of continuous 27-periodic functions
on I. Let f € C(I) and its Fourier series is given by

@ | .
f(z) ~ 5 +Z(ancosnx+bnsmnx). (1.1)

n=1
The partial sum of is

n

Sn(f;x) = % + Z (ax coskx + b sin kzx) .
k=1

The Fejer partial sum is given by
1 n
on(fiz) = ] kZ_OSk(f;x)

and the Vallee-Poussin partial sum is defined by

n+m

1
Vn,m(fax):m Zsk(fvx)’ m:031327°°°; n:091727"- .
k=n

Denote by E,(f) the degree of best approximation of a function f by
trigonometric polynomials T, (x) of order not exceeding n, i.e.,

Bn(f) = inf { max|f(z) - Tu(2)|} .

T
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In this paper, we will study the deviations of the de la Vallee poussin
sums for periodic functions of two variables.
The first result in this subject was in

|f(z) = Sn(fiz)| <[4+ In(n+ 1)]En(f)
and in [2], it is showed that

n+1
- )| <2 E .
£2) = Vaum(£52)] < 2 Bn(f)
Let Co, be the class of real-valued functions of two variables that are con-
tinuous on Q) = [—7, 7] X [—7, 7] and 27-periodic in each variable separately.

For f € Co, its Fourier series is given by

oo 00

flx,y) ~ Z Z Anm (@nm €OSNT cOs MY + by SINNT COS MY
n=0m=0

+ Cpm cOS NT sin My + dpy, Sin N sin My )

where

1 L )
bnm = —5 f(u, v) sin nu cos mv du dv,
T -7 J -7

1 T ™

Cnm = ——2-/ / f (u, v) cosnusin mv du dv,
™ Jend—7
1 ™ ™ ) )

dpm = —2/ / f (u,v) sin nu sin mv du dv,
s

and the partial sum is given by

n m
Snm(fiz,y) = Z Z Ake(are cos kx cos by + bye sin kx cos Ly
k=0 ¢=0
+ cge cos kx sin £y + dy sin kz sin fy).
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The Fejer partial sum is given by

onm(fiz,y) = Ske(frz,v)
(n+ 1) P ;
and the Vallee-Poussin sum is
1 n+p m+q
Vosl(fim,y Ske(fiz,y), (p>0, ¢>0).
)= G 2 o Sl )

For a 2m-periodic continuous function f of two variables x and y, let E,, ,,(f)
denote the degree of best approximation of f by trigonometric polynomials
Trnm(z,y) of order < m in z, and < m in v, i.e.,

Bnm(f) = inf {max|f(z,y) = Tnm(z,9)l}.

n,m z,

The efficient study for approximation by Vallee Poussin sums has been
carried out for several decades. Recently, we have seen the appearance of
several studies dealing with the Vallee Poussin sums. See [3, 4, 5, 6].

2. The Main Result

Before we state our main result, we need the following Lemma.

Lemma 2.1 [ 'S—hzr—tldt =2Inr 4+ O(1).

Proof. Let k <r < k+ 1. Then for kK > 1 we have

/7r |Sln'r't| kz: (@+1)m/r smrtdt+0(1)
0 i—0 in/r ¢
AL g sinrt
——dt 1
Zo/o t+im/r +00)
w/r k—1 1
= in rt e — 1).
/0 sinr {;t—kiﬂ'/r}dt—*_o()

For t > 0 we have

il 1 T kll T
Zt%—m/rw;{ ;+(9 }z;lnk+0(1).

1=1
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Thus,
T | gin rt w/r
/ |Smr|dt=/ sinrt{zlnk—l—(?(l)}dt
0 t 0 m
2
=—Ink+ O(1)
s
2 lnr + O(1)
=—In :
m
In this paper we prove the following result: O

Theorem 2.2 If f(z,y) € Car, then the deviations of the de la Vallee-
Poussin sums Vo p?(f;z,y) from f satisfy the inequality

|f(z,y) = Vo' (i 2,9)]

n+p m—+q j‘|‘ 1
141 ) (1 1 ————)E (£),
p+1 q+1 ZZ(+HZ—TL +Ilj_m+1 i, (f)
i=n j=m
(2.1)
where ¢ > 0 is an absolute constant.
Proof. The partial sum Sy (f;2,y) can be written as
Sumlfiz) == [ [ fe+ uy+0)Du(wDnlo)duds,
—T —Tr
where the Direchlet sum Dy (t) is given by
k 2k+1
1 sin <5t
Dy (t) = = t= —2—.
k(t) +Zc0sz e
i=1 2
Therefore we obtain
sin 2"+1 u sin 2”‘2“1)
Snm(fiz,y) = / flz+u,y+v) : du dv
nd—n 4sm Susin 5v

and

Vopl(fiz,y)

n+p m+q
1 7r
Dy( D
7r2(p+1)(q+1)/_,, ~7rf(:v+u Y +v) Z k(u Z e(v)du dv.
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Since
ntm sin 2"+;”+1tsin m; 14
Z Di(t) = 2sin? L ’
k=n 2
we have
1 ™ ™
P m2(p+1)(q+1) J_nJ x
sin 2"+2 *1,,sin pglusin 2m’;q+1vsin q“glvd p
udv.
2 u . 2v
4 sin 5 sin® 5
Let
-1 -1 g T
_HW~@+U (g+1) / /
np — 2
n - J—7
sin 2"+2 *1,,sin pglusin 2m;"+1v sin qglv
4sin? L sin2 ¥ du dv
2 2
and
[V /” | sin 224l gin ﬂ;—lﬂdt
nm — _; =\ 21 )
m(m+1) J_, 2sin” 5

Then for s = (m+1)/2, rs =(2n+m+1)/2 (s > 1/2, r > 1) we have

1 ™ | sinrpt sin st
M = / | sin rpt sin st| &t
0

27s sinzé
2 ™ |sinrptsinpt
——/ [sinTptsinpt] ), o).
s Jo t
But,
™ | sin rst sin st PT lsinrtsint
[[lanrstsndly | " snrtsin
0 t 0 t
and
PT | sinrt sint| ™ | sinrtsint| o dt
————dt — ———dt| < -
0 t 0 t xj2 t
Thus,

2 [ |sinrtsint|
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2 [™|sinrt
_ _/ 'S“;"' it + o(1),
0

™

and from we conclude

4 2n+m+1 4 n+m+1 _

Consequently, we obtain
Lol = Mpp - My q,
and it is clear that
f(z,y) = Vap?(fiz,9)| < (14 L) Enm(f).

Choose positive integers o, 8 such that 2% < p+1 < 22t and 2% < ¢ +
1 < 28+ Then we have

f(z,y) - VJ”’q(f;x Y)

n+p m+q
p+1)q+1 ;]Zm[fwy Sii(fiz,9))
1
= (p+ 1)(q i 1) {[f(.’l?, y) - Sn,m(f;xay)]
a n+2f-1
+> ) [f@y) = Sim(f;2,y)]
=1 j=n+2¢-1
n+p
+ Z [f(a:,y) - Si,m(f;x’ y)]
1=n+2%
m+2k—1

_|_Z Z [f(z,y) — Sn;(f;z,v)]

+ | Z [f(a:, y) — Sn,j(f;xay)]

B n+2f—1 m+2k-1

3 Yoo Y flmy) - Sii(f;3y)]

€:1 11, 22 1+fn] m+2k 1
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n+p m+42k-1

B
+3° ) S fay) - Si(fizy)]

k=14i=n+2% j=m42k-1

a n+2f—1 m+q

+X Y Y [f@y) - Si(fi,y)]

=1 {=n+42¢-1 j=m 426
n+p m+q

+ Y > [f(a:,y)—si,j(f;x,y)]}

1=n+2% j—m 426

and
n+pm+q
Y Sii(fimy) = (p+ (g + DV f7,y).
1=n j=m

Thus, we get

m,qQ __ 1 m, = — m,
S LD Yo (A

o+ 1=29)[f = VS o]
B

_ k—1 2k—1_1

+Z2k 1[f__VT:r6+2 ) ]
k=1

a B k=1 ok—1
Z -1 ok—1 m+2577,2870—1
+ E 2 -2 [f— Vn+2z—1,22—1_1 :l

=1 k=1

8
k- k—1__
Fp+1-2) Yot oy '
k=1

[0
_ B g_oB
Hlar1-29) 32 [f vt ]
=1

B 4_98
+(p+1-2%(¢g+1 —2ﬂ)[f‘ Viigeplge ]}
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and so,

|f(z,y) = Vo (F; 2, 9)]
{In(n+1) In(m+1) + In(r+1) + In(m+1) + 1] Enym(f)

s (p+1)(g+1)

e
2¢ 1 2f
+22£_1(1nn+ lnm+ +lnn+ +1n(m+1)+1)

92¢—1 1 2@—1
X En+2£‘1,m(f)
n+p+l. m+1 n+p+1
1 - 90 (1 1 1 1 1 1)
+ (p+ ) sl +np+1_2a+n(m+ ) +
X Enyoem(f)
+1 + 2k 2k
+22’c 1( 2 m2k_1 +In(n+1)+1n 2: +1)

X l?n,m+2k_1 (f)

+1. m+qg+1
1 - 26 (1 |
+ (¢ + )(In I nq+1_2ﬁ

X En m+28 (f)

a B ¢ k ; k
f—1 k—1 n+2 m+2 n+2 m+2
+2 ) 272 ( T Mo Tl o +1)
=1 k=1

m+q+1
+ln(n+1)+lnm+l)

X E17H~2‘Z—1,m+2’“—1 (f)

B
+(p+1-2%) 2¢!
k=1
n+p+1 . m+2F n+p+1 m + 2F
x (1 n—PT° T )
(np+1_2an =1 +np+1_2a+ln Sk 1 1
X Ep e mior-1(f)
+(g+1-27)) 2!
=1
n+26 m4q+1 n+2t m+q+1
x(ln = lnq+1_2ﬂ+ln 571 1nq+1—2ﬁ+1)

X By yot-1 mi98 (f)
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+(p+1-2%(g+1-2°)
n+p+1 . m+qg+1 n+p+1 m+q+1
1 1 In ———— — - 1)
><(“p+1—2anq+1—2ﬂ I T T A

X En+2°‘,m+25(f)
9

C
- I, .
(p+1>(q+1>; o

Need to find an estimate for each I,k =1,2,...,9. For Iy, we have

a

L=In(m+1)) 27'E, 001 ,(f) In
=1

n + 2¢
25—1

o n+ 2¢
+ 27 Epype1 m(f) In ET=u
=1

84 (84
+in(m+1)Y 2B, 1 (£ + Y 2 B et ()
=1 =1

= A1+ Ay + A3+ A4, say.

On the interval [0, 00), consider the function ¢(n) = E, n(f) where ¢(y) is
linear in every interval [n,n +1], (n = 0,1,...). Note that E,  qe-1,,(f) <
d(y) for y < n+ 271, and ¢(y) < Enm(f) for y > n. Therefore, we have

n+2¢-1

2£—2En+2z—17m(f) < / ¢(y)dy
n+2£-2

and

n+1
/ (v)dy < Enm(f),

which imply that

A4 =2 Z 2e_2En+2e_1,m(f)

=1
@ rnt267! n+2%
<2y / $(y)dy < 2 / ¢(y)dy
g—1 262 n
n+2%-1 n+2%—1 n+p

141
=2 z_: ‘/1 ¢(y)dy < 2 Z: Ei,m(f) < 2ZEi,m(f)'
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Similarly,
n+p
As <cln(m+1) Z E;m.
i=n
Note that

In(u+v) <In(l+u)+In(l+v) (u,v>0).

Setting u = x/z and v = y/z, we obtain

ln(x_:y) Sln(1+§)+ln(1+%),

and so,

n + 2¢
2@—1

NE

Ay 2 B, ge1 p In

14

1

NE

_ n
2£ lEn+2£—1’m hl (1 + 22——1)

~
i

1

+ ZZK—IEn+2£—1,m 111 (1 + F)
=1

= Aé” + Agz), say.

Now we have

a n+p
AP <N 2B e (F) €Y Eim(f)
=1 i=n

and

A = Bptm(£) I(n+1) +2 Y 25728, s () In(1+ 577 )

2¢-1
=2
a n+2¢-1-1 n
= BN+ +23 > Bppgemt (£ (14 577
=2 j=n42¢-2
n+20-11 n
< . -
<e ). E’*m(f)ln(1+i—n+1)

1=n
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n+p

<cZE,m(f ln(1+ n+1)

Combining the estimates for Agl) and Ag), we obtain

g = i+1
A2 S C ZEz,m(f) +ZE¢7m(f)ln%—_n—+—1
=n =n
Similarly,
fary i 1+ 1
Algcln(m+1) ;Ei,m +ZE¢m i—n—l—l

From all the above estimates, we get

= i+1
I ScZ(l—I—ln(m-{—l)) 1+lni———n—+1 E;m(f)
i=n

n+p m+q .
1+1 j+1
< . - (f).
cE E (1+lnz—n )(l—l-ln_ +1)Em(f)

i=n j=m J—m
Similarly, we can show that

n+p m+q .
1+1 Jj+1
MCZZ(Hlnz_n ) (140 L) B

=n j=m

For I3, note that

n+p+1 lnm-|—1
p+1—2« 1

I3:(p+1—2°‘)(1n

279

n+p+1
+In % + In(m + 1) + 1>En+2°‘,m
n+p+1
=In(m + 1)(p+ 1= 2 BnyommIn =
n+p+1
TP 1= 2B mln g

+In(m+1)(p+1-2% +In(m+1)(p+1—2%Epi20m,
+ (p +1- 20‘)E‘n+20‘,m
= By + By + B3+ By, say.
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Since p + 1 — 2* < 2%, we have

n+2%-1 n+p

By < 2%Epy9am(f) < Z Eim(f) < ZEi,m(f)-

Similarly,
n+p
By <In(m+1) ) Eim(f).
i=n

For natural numbers o, 3 (1 < a < §—1) we have

alnﬂ_a:lnﬂ_a+lnﬁ_a+---+lnﬂ—a
o o Q Q
glnﬂ_a+lnﬂ°a+---+lnﬁ_a
1 2 o
D
k=B—-a+1 o
Therefore,
n+p+1
1-2%)In ———
(p+ )an_QQ
n -2« n+p—2¢
SUS  nteel  TR nepe
- ka2 k—n—-—p-—1 Pl k—n+1
n+p—2 n n+p—2¢ p-Fl
< In{ 1 In{1
2. n( +k—n+1>+ 2. (+k—n+1)
k=n k=n
But
n+p—2

p+1 41
< ;ln(quz—)——k——) <clp+1) <c2¢

where we used

In(l4+z)=Inz +(’)(—:1£), (x>1)
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and
q
Zln%glneqzq.
k=1
So,
N 7’L+p+1 . n+p—2¢ n
pr1-29h TH e se |2 2 | (1 )

Since 2¢ < p + 1, we have

En,m(f) + En+1,m(f) +oeee En+p,m(f)
2 (p + 1)En+2°‘,m(f) > 2aEn+2°‘,m(f)-

Therefore,
n+p+1
By = 1-2%E, 00 m(f)In ———
2=(p+ )En+ae, (f)np+1_2a
n+p 2@ n
o
S C[Q En+2a Z En+2cx,m ln (1 + m)]

n+p n+p 1,+].

Similarly, we can show that

<c

n+p ntp 1+ 1
By <cln(m+1) |} Eimn(f) + ) Eim(f)In — n+ 1
1=n i=n

and obtain an estimate for I5. Consequently, we have

R i+1 j+1
I3+IS<CZZ(1+IH’L—TL )(1+lll]———m>E,J(f)

i=n j=m B
Also it is easy to show that for k = 6,7,8,9 the following inequality holds:
n+p m-+q .
t+1 J+1
I, < —— {14+ In— ) E; ;(f).
g ;JX;”( z—n+1)< +nj—m—f—l) ()

Combining all the above estimates for I (k = 1,2,...,9), we get the desired
inequality (2.1). O
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