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Limits of iterations of complex maps

and hypergeometric functions
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Abstract. We consider the limit of the iteration of a map z — m(z) from a complex
domain D to D. For two kinds of maps m, we show that each iteration m™(z) of m(z)
converges for any z € D as n — oo and that this limit is expressed by the hypergeo-

metric function. These are analogs of the expression of the arithmetic-geometric mean
by the Gauss hypergeometric function.
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1. Introduction

The arithmetic-geometric mean of a and b is defined by the limit of the
iteration of a map consisting of the arithmetic and geometric means:

(a,b)H<a;b,¢%).

The limit is classically known to be expressed as

a
F(1/2,1/2,1;1 - b2/a?)’

where F'(a, 3,7; z) is the Gauss hypergeometric series

mwzn 2] <1, y#0,-1,-2,...,
nz;)(fy,n)(l,n) " (ayn)=ala+1)---(a+n-—1).

Recently, several analogs of this expression of the arithmetic-geometric mean
are obtained from transformation formulas of hypergeometric functions,
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refer to [BB1], [C], [HKM], [KM], [KS1], [KS2], and [M].
In this paper, we consider the limit of the iteration of a complex map

m:D >z~ m(z) € D.

The map m is given as follows:

u>D::{@hzge<cw2umg@wwﬂ|<g},

= ({(C2) () {C2) ()

@)D—ﬁ%@a@emwwmg@mmm@%nM<g}

m(z1,22,23) = (m1(2), ¥V/ma(2)? —mu(2)3, Ymi(2)® — ms(2)3),

21+ 22 + 23
3 b

21+ wzo + wzs

my(z) = - 3

mi(z) =
21+ wzo +wzs
mg(z) = ——————,
3
where C* = C — {0}, w = (=14 v/—3)/2 and w is its complex conjugate.

We assign branches of the cubic roots in m, and show that the iteration
n

m'(z) = M(z) of m(z) converges for any z € D as n — oo. By
using a complex map version of the invariant principle in [BB2] together
with a transformation formula for the hypergeometric function in [KS1],
[MO] and [V], we express this limit by the hypergeometric function.

In the study of the case (1), we have Theorem 1 which states that the
limit is expressed by the Gauss hypergeometric functions with parameters
(o, B,7y) = (1/3,2/3,4/3). Its monodromy group is isomorphic to the tri-
angle group (3,3,3). In [HKM], several analogs of the arithmetic-geometric
mean are studied and the triangle groups (r1,r9,73) with 1/r1+1/ro+1/r3 =
1 except (3, 3,3) appear. Theorem 1 completes the correspondence between
analogs of the arithmetic-geometric mean and the triangle groups acting on
Euclidean space C.

The limit for the case (2) is studied in [KS1] when 21, 2o and z3 are
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positive real numbers. By improving their results on the domain of the
variables, we have Theorem 2.
2. The limit of the iteration of a complex map

Let C* be the multiplicative group C — {0} and let D be a domain of
(C*)* including (t,...,t) for any t € C*. We consider a holomorphic map

m:D>z=(z1,...,2k) — (m1(21, .-, 2k),---,mg(21,...,25)) €D
satisfying
m(t,...,t)=(t,...,t) for any t € C*. (1)

If the domain D and the map m satisfy

(l-a) t-z2=(t-2z1,...,t-2z;) € D for any t € C* and z = (z1,...,2x) € D,
(1I-b) m(t-z) =t-m(z) for any t € C* and z € D,
(I-c) m(1,...,1)=(1,...,1),

then m satisfies (1).
Suppose that for any z = (21,...,2x) € D there exists o € C* such that

n

lim m"™(z1,...,2,) = lim mo---om(z) = (o, ..., ).
n—oo n—oo
This limit value a € C* is denoted by m$°(z) = m°(z1,...,25). It is

characterized by the following proposition, which is a complex map version
of the invariant principle in [BB2].

Proposition 1 (Invariant principle) If a holomorphic function pu on D
satisfies

(i) p(t,...,t) =t for anyt € C*,
(i) p(m(z1,...,2k) = (21, ..., 2k) for any z = (21,...,2k) € D,

then mS°(z1, ..., 2k) = p(z1, ..., 2k).

Proof. By using the condition (ii), we have
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Since p is continuous and m™(z) converges to (m3°(z),...,ms
o0, we have
lim_ (" (2)) = (= (2), .., mE(2).

n—oo

Thus we obtain

by the condition (i). O

3. Limit of a pair of sequences

In this section, we consider a map

M (21,22) = (ma(a1, 22),ma (21, 22)) = ({fwdn, {fwrwd),

21— W2y _ Z2— w2 _—1+\/—3
w = —— Wy = —/—"—, W= ——5"1,
1—w 1—w 2

on a domain

D={(arm) € (€2 [arglaa/o0)] < .

which satisfies (1,1) € D and t-(z1,22) € D for any t € C* and (21, 22) € D.
By assigning branches of the functions m; and mq, we study the iteration
of the map m.

3.1. A pair of sequences
We express the functions mq and mo as

ml(ZhZz) = w1 \3/ wz/wl, mQ(ZlaZZ) = wl(\3/ wz/wl)Q,

where the branches of the cubic roots are determined by the property
mq(z1,21) = ma(z1,21) = 21 for any z; € C*. Note that w; and ws can be
expressed as
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0

Figure 1. Geometrical interpretation of the map m.

(wrz) = 1) ()

2 V=3 2 7 2 v=3 2

refer to Figure 1 for the relationship between the variables z1, zo and wy, ws.

_<Zl—|—2’2 1 2z1—29 21+ 29 1 21—22>_

Lemma 1 We have m(D) C D.

Proof. Put § = arg(z2/z21) € (=%, §) for (21,22) € D. We have

|21 + 20| = | 21| + | 22| + 2|21]| 22| cos 6,

|21 — 20| = | 21| + | 22|? — 2|21]|22| cos 6,

and

|21 + 2|2 — |21 — 22| = 4]21]| 22| cos @ > 2|21 ]| 22| > 0.
Thus
il > 221 + 22|~ —fer — 22l > 0
wi;| = 9 Z1 z2 \[ Z1 Z92
for ¢ = 1, 2, which means that wy,ws € C*. We have a triangle with vertices

wy,wo and 0. Note that the mid point of wy and wsy coincides with that of
z1 and zs, see Figure 1. If z5 is near to z; then the equality

z1+ 22 1 2
arg(wg/wl):arg< ! 5 2w1>+arg( 1+22)
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holds with taking values near to 0. When (21, 22) belongs to D, the inequal-

ities
Z1 + 29 1
arg 5 w—l

hold, which imply that

21 + 29 1
arg 72 wil y

for any (z1,22) € D. Hence we have

tan

, tan

2 |2:1 —22‘ 1
arg | wo < < —
z1 + 22 \/5\21 + 29 V3

1 s
|arg(ma (21, 22)/m1(21, 22))| = gl arg(wz /w1 )| < 9’

which means that m(z1,22) € D for any (z1,22) € D. O

For a given (a,b) € D, we define a pair of sequences with initial (ag, by) =
(a,b) by the recurrence relation

(an+17 bn—i—l) = (ml (arm bn)a mQ(ana bn)) = m(ana bn) =mo mn(a, b) (2)

forne N={0,1,2,...}.

Proposition 2  The pair of sequences (2) converges uniformly on any
compact set in D and it satisfies

lim a, = lim b, # 0;

this common limit is denoted by m3°(a,b). If a and b are positive real num-
bers, then this pair of sequences satisfies

(i) 3(an +by) is a positive real number for any n € N,
(il) aan, ba, are positive real numbers, and

bay, < a2pn = ban, < a2pt2 < bapto < azp,

aon < bap = a2y < bopyo < G2p42 < bap,

(iii) the common limit m$°(a,b) is a positive real number.
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In the rest of this subsection, we prove Proposition 2. We put

ay, + by, ay — by
C, —
n 2 M 2 M
a/_an—i—bn_ 1 an—bn_c _ 1
" 2 V=3 2 " /=3
b,_an—i—bn 1 a,—0b,

1
n + - —F——=0Un,
2 V=3 2 v=3

for any n € N. We give some lemmas.

Lemma 2 Ifag # by then

1
|dn+1| < 7‘dn‘

V3
Proof. Note that

1 —/=3

dn = 5(an —bn) = 5 (a;—b;) = a;(l—{)(l—kg—}—fg),

An4+1 — bn+1 a;z(e/b%/a;z - (e/biz/a’;l)2) aizé(l B 6)
dnt1 = 2 - 2 - 9

~J/=3

where £ = {/b),/al,. We have

dn|_1 11
dn | VBILHEHET VB
since the real part of (€ + &) is positive for |arg(§)] < . O

Lemma 3 We have

1
Crp1 = Cp + gdi +dp 1
Proof. We have

IR
apt1bpy1 = a,b

n-n?

2 2
b (@1t bnt1 an+1 = bny1 " o &2
Unprbppr = ——5—— ) = |— 5 ) =Cn g,
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1 1 1
"o = n dn n dn =2 *dz X
nn <C V=3 ><C+Vj3 > T g
these imply this lemma. O

Proof of Proposition 2. By Lemma 2, the sequence {d, }nen converges to
0 uniformly on any compact set in D. Lemma 3 implies

CTL:C72’L—1+ di 1+d

3

ci_lzci_ﬁgd 2+ doy,

1
Che1 = Ci gd +dj g

for n > k > 0. Thus we have

jen =il < 3 Zid 2+ Z |d;|?

j=k+1

<3 Z |0|2 k|d0|2-

Hence the sequence {c2 },en converges uniformly on any compact set in D.
By putting k = 0, we obtain

6] = len] < le = ] < Idol?

Thus

1 1
ca] > |e5| = |d5| = Z(|a° + bo|* — |ag — bo|?) > 3laollbol >0,
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|
e
by

Figure 2. a1, a2, b1, bs for positive real ao, bo.

which implies lim,, ., ¢ # 0. By the continuity of m, ¢, 11 is very near to ¢,
for a sufficiently large n. Thus the original sequence {c, }nen also converges
uniformly on any compact set in D. By lim,,_,o, d,, = 0, the sequences {a,}
and {b,} converge and lim,, ., a,, = lim,,_,o b, = lim,, .o ¢;, # 0.

Let ag and by be positive real numbers with by < ag. Then (ag + by)/2
is positive real, and af, and b}, are complex conjugate each other. Thus a;
and b; are complex conjugate each other and they satisfy

ag + bo a1 + by <a0+b0>2 <a0—b0>2 ag + bo ag — bo
< < + < + 7
2 2 \/ 2 3 2 2V/3

ie.,
/ 1 |do
< <[+ $ldo]? < ;
co < ¢y + 3| 0| co + \/g

see Figure 2. It is clear that ¢; = (a; + b1)/2 is positive real and d; =
(a1 —b1)/2 is pure imaginary with |d;| < |do|/v/3. Since a} and b} are given

by ¢1 F di/v/—3 and as and by are given by {/(a})?b] and {/a}(b})?, we

have
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d d d
b0<CO_M<Cl_M<01_M:a/1<a2<61,

3 3 /3

dy| |do] ldo|  [do]

<by <b) = 4] < — < —=+ <

1 2 1 C1+\/§ c1+ 3 Co+\/§+ 3 a

For ag > by, exchange the role of them. Therefore, we have inductively (i)
and (ii), and we have (iii) as a consequence of them. O

3.2. Expression of the limit of the pair of sequences
The Gauss hypergeometric series F'(a, 3,7; 2) of a variable z with pa-
rameter «, 3, is defined by

(a,n)(B,n)

Gom)(Ln)

Fa,B,7:2) = z",
n=0
where |z| <1,v#0,-1,-2,... and (a,n) =a(a+1)---(a+n—1).
This series satisfies the Gauss hypergeometric differential equation

a* f af
E(a,8,7):2(1=2)=5 +(v—(a+B8+1)2)— —aff =0.

dz dz
By this differential equation, we can make the analytic continuation of the
Gauss hypergeometric series F'(«, 3,7,2) to a single valued holomorphic
function on the simply connected domain C — [1, 00).

The Gauss hypergeometric series F(a,3,7;z) satisfies the following

functional equation due to Vidunas.

Fact 1 ((23) in [V]) For z sufficiently near to 0, we have

l+a 2+ 2«
F .
<a7 3 ) 3 7Z>

= (1+wz)‘aF<O‘ l+ta 2042 3(2W+1)Z(z—1)>7

33 3 (z+w)3

where o # —1,—%,—4,—%,—7,..., w is the complex conjugate of w and

(I+wz) ™ =1atz=0.

Our first theorem is as follows.
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Theorem 1  The common limit m2°(a,b) of the pair of sequences (2) can
be expressed by the Gauss hypergeometric function:

mZ°(a,b) =

Remark 1

(1) Since 1 —b3/a® € C — [1,00) for any (a,b) € D, Theorem 1 is effective
for any (a,b) € D.

(2) The monodromy group of the Gauss hypergeometric differential equa-
tion F(1/3,2/3,4/3) is isomorphic to the triangle group (3,3,3). In
[HKM], several analogs of the arithmetic-geometric mean are studied
and the triangle groups (r1,r2,73) with 1/r; + 1/ro + 1/r3 = 1 ex-
cept (3,3,3) appear. Theorem 1 completes the correspondence between
analogs of the arithmetic-geometric mean and the triangle groups acting
on Euclidean space C.

Proof of Theorem 1. We apply Proposition 1 to m(a,b) = (mi(a,b),
ma(a, b)) in this section and p(a,b) = a/F(1/3,2/3,4/3;1-b%/a). We have
shown in Section 3.1 that the map m satisfies the conditions for Proposi-
tion 1. We have only to show the condition (i) and (ii) in Proposition
1 for p(a,b). Since F(a,3,7;0) = 1 for any parameters «, 3,7, we have
p(a,a) = a for any a € C*; (i) is satisfied. We remark that we need the
assumption m3°(a, b) # 0.

Let us show that p(a, b) satisfies the condition (ii). By using Fact 1 with
o =1 and a well-known formula

F(aaﬁfy;z) = (1 - Z)’Y_OC_BF(,-}/_ aa’Y—ﬁa’Y; Z)7

we have

which is equivalent to

3 3
p(L24 oV p(l24, [zt
333 l+w(l—2) \3'33 wr + 1
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under the variable change z = 1 —z. By substituting (z+w)/(wz+1) = b/a,
we can transform the above equality into

a mi(a,b)
12 4 b 12 4, (a,0)3)’
F(§7§7§71_$> F<§7§7§7 —ﬁf&b)g)
which implies that (ii) is satisfied. O

4. Limit of a triple of sequences

In this section, we consider a map

m: z = (21, 22, 23) — (m1(z), m2(z), mz(z)),

21+ 22 + 23 21 +wzo + wzs
21+ wze +wzs
mg(z) = ———M——,

3

ma(2) = V/mi(2)® —mu(2)?,  ms(2) = V/ma(2)® —ma(2)?,

on a domain
T
D= {z e (C*)3 | |arg(za/21)], | arg(zs/21)| < 3},

which satisfies (1,1,1) € D and ¢ - (21,22,23) € D for any t € C* and
(21, 22,23) € D. By assigning branches of the functions my and mg, we
study the iteration of the map m.

Remark 2 The limit of the iteration of m is studied in [KS1] when 21, 22
and z3 are positive real numbers.

4.1. Iteration of three terms
We begin with the following elementary lemma.

Lemma 4 Let zy and 2o be different elements of C* and let 0 be arg(z2/21).

If 10| < /3 then
21— 22| < {f|23 = Z3).
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Proof.  We have |21 — 22| = |21]? +|22]? — 2|21|| 22| cos |6]. If |z1] = |2} | and
|za| = |25], then
0] > 10| = |arg(25/21)| = |21 — 22| > |21 — 2]

for —m < 6,0 < 7. Since |0| < 7/3, we have |arg(wza/z1)|, | arg(wza/21)| >
|6]. Thus inequalities |21 — 22| < |21 — wzs| and |z1 — 22| < |21 — wz2| hold.
Hence if 21 # 29 then

_ 3 _ 2
R S Ut
|27 — 25 |21 — wzal|z1 — W2s|
which implies this Lemma. O

Lemma 5

(1) If z = (21,22,23) belongs to D then the functions (my(2)/m1(2))* and
(mg(2)/m1(2))? do not take values in the interval [1,00).
(2) If z = (21, 22, 23) € D satisfies |za|, |z3| < 2|21]| then

Ime(2)], Ima(2)] < [ma(2)].

Proof. (1) Put 22/21 = a+byV/—1 and z3/21 = c+d\/—1, where a,b,c,d €
R. By the assumption, we have

a,c>0, |b]<V3a, |d <V3c (3)
Suppose that (my,(z)/m1(z))® € R. Then one of
m me(2) _ m wmw(z) _ m w2mw(z) _
() =0 () o m(@ )

is satisfied. The condition Im(m,(2)/m1(z)) = 0 is equivalent to

a2+ - —d*+a—V3b—c—V3d=0.
By solving this quadratic equation with respect to d, we have

3,1
d——\gj:2\/4a2+4b2—402+4a—4b\/§—4c—|—3.
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Substitute this into
Re(1 — my,(2)/m1(2))

(3a2 + 0% + 2+ d? + a + ¢+ 2ac + 2bd) + v/3(b — d — 2ad + 2bc)
2((1+a+c)?+ (b+d)?)

Then we have

V3(V3(a+c)+ (b—d))

Re(1 —my,(2)/m1(2)) = 2(a+c+1)

)

which is positive under the assumption (3).
The conditions Im(wm,,(2)/m1(z)) = 0 and Im(w?my,(2)/m1(z)) = 0
are equivalent to

a®> + 0> +bd+ac—c—1+V3(be — ad — d) = 0,
A4+ d®>+ac+bd—a—1+V3(—ad+be+b) =0,
respectively. By these relations, we have

a2+ b2 +ac+V3bec—c—1

d: )
V3a—b++3
b__02+d2+ac—\/§ad—a—1

V3e+d++3 '

We can transform Re(1 — wm,,(z)/m1(2)) and Re(1 —w?m,,(z)/m1(z)) into

@\/g—l-\/ga—b @\/g+\/§c+d
2 l4+a+c ’ 2 l+a+c

)

respectively. They are positive under the assumption (3). Use a similar
argument for (mg(2)/ma(2))3.
(2) By the assumption, we have the additional condition |b|,|d| < v/3. A

straightforward calculation implies
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3V (I = I ()2)

|21]?
= (V3a +b) + (V3¢ — d) + (V3ac + V3bd + ad — be). (4)

It is clear that the first term (v/3a + b) and the second term (v/3¢ — d) of
(4) are positive. The last term (v/3ac + v/3bd + ad — bc) of (4) is positive
for the following cases

b,d > 0= (vV3a—b)c+ v3bd + ad > 0,
b,d < 0= (V3c+d)a+V3bd—be >0,

bSO,dZO:>\}g((?)ac—i-bd)—i-(\/§a+b)d—b(\/§c—d)) > 0.

If b > 0,d < 0, then the positivity of (4) is shown as follows:
(4) = (V3e+b—d+V3bd) + (V3 +d)a+ (V3a—b)c
> (VBe+b—d+3d) + (V3+d)a+ (V3a—b)c
= (V3ec+d)+ (b+d) + (V3+d)a+ (V3a—b)c>0
for |b] > |d|;
(4) = (V3a+b—d+V3bd) + (V3 —b)c+ (V3e+d)a
> (V3a+b—d—3b) + (V3—b)c+ (V3c+d)a
= (V3a—b) + (=d—b) + (V3 —b)c+ (V3c+d)a >0
for |b] < |d|. Similarly we have |m(2)|? > |mg(2)]?. O

The function f(y) = /1 — y? on the unit disk U ={y € C | |y| < 1} is
defined by the power series

fy)=> (_17{;?’701/3”, (5)
n=0

It satisfies
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If)P =1—4%, 3arg(f(y)) =arg(l —y°) € (—m/2,7/2)

for any y € U, and admits the analytic continuation along any path in
C — {1}. Now we strictly define two functions ms and ms on D. When
(21,22, 23) € D and |22], | 23] < 2|21], mw(2)/m1(2) and mg(z)/m1(z) belong
to the unit disk U by Lemma 5. Thus we define ms and mg by the convergent
power series f(y):

ma(z) = ma(2) f(me(2)/ma(2) = mi(2) /1 = me(2) /ma(2)?,
m3(z) = ma(2)f(ma(2)/ma(2)) = mi(2) Y1 = me(2)3 /ma (2)°.

We can make their analytic continuations to the whole domain D; the ex-
tended functions ms(z) and mg(z) are single valued on D by Lemma 5. Note
that

m;(1,1,1) =1, m;(t-z)=t-m;(z) (j=1,2,3)
for any t € C* and z € D.
Lemma 6 We have m(D) C D.

Proof. By Lemma 5, we have inequalities
—m < arg(ma(2)’/mi(2)?), arg(ms(2)’/mi(2)°) <,

which imply this lemma. O
For any (a,b,c) = (ag,bo,co) € D, we define a triple (ay, by, ¢p)nen of
sequences by the recurrence relation
(an+17 bn—i—ly Cn+1) = (ml (ana bn, Cn)a m2(an7 bna Cn), mB(an7 bna Cn))
= m(an, by, cn) =mom™(a,b,c). (6)
Note that b,, and c¢,, are uniquely determined by the previous terms and that
(@n,bn,cn) € D for any n € N by Lemmas 5 and 6.

Proposition 3  The triple (6) of sequences converges uniformly on any
compact set in D, and it has a common limit:
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lim a, = lim b, = lim c,,
n—oo n—oo n—oo

which is denoted by m$°(a,b,c). If (a,b,c) satisfies
1 1
ja—b < JJal. ol < Lal @

then lim,, .o a, # 0.

Proof. Lemma 4 implies

1
‘an - bn‘ < \3/ |a§1 - b%‘ = g‘an—l +an—1 + (Dcn—l}

1
= g{w(bn—l - an—l) + (D(Cn—l - an—l)‘

1
< §(|bn*1 - an71| + ‘Cnfl - anlev

1
|an - Cn‘ S §(|bn—1 - an—l‘ + ‘Cn—l - an—l’)-

Thus we have

[\

’an - bn‘ + ‘an - Cn’ < g(‘an—l - bn—l‘ + ’an—l - Cn—l‘)

2 2
< <3) (an_s — by—a] + lan_2 — cn_sl)

2 n
<2 (3) a0 tol +lao — ),

which implies

lim (a,, — b,) = lim (a, —¢,) =0. (8)
n—oo n—oo
Since
n bn n bn - Un n — Wn
an+1—an=a+3+c—an:( a)‘g(c a)7

(bn—i-l - an—i—l) + (Cn+1 - an—f—l)
3 >

Ap42 — Ap41 =
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(bnik—1 = Gnik—1) + (Cnyk—1 — Anir—1)

An+k — Ontk—1 =

3 ,
we have
| ke
Utk = Gn = 3 Z ((bi — ai) + (ci — ai)),
| ke
Utk — an| < 3 Z (16i — as| + [e; — ail)

k—1 i
b — 2
L an|—§\cn anz<3> < |bn — @n| + len — anl- (9)
1=0

By (8), the sequence (ay)nen is fundamental. Thus it converges and
lim a, = lim b, = lim c¢,.

n—oo n—oo n—oo

Note that this convergence is uniformly on any compact set in D by the
inequalities

2 n
|an+k - an| < |an - bn| + |an - Cn| < <3) (|a0 - b0| + ‘aO - CO|)'

If (a,b, ¢) satisfies (7), then there exists a small positive real number ¢ such
that

la —b| + |a—c| < |a| —e.
By putting n =0 in (9), we have
la| — |ak| < la—ak| <la—0b]+]a—c| <|a|l —e.

Let k — oo for the above inequality, then we obtain limg_. |ag| > ¢ > 0.
Il



Limits of iterations and hypergeometric functions 153

4.2. Expression of the limit of the triple of sequences
The Appell hypergeometric series F; of two variables z1, 2o with param-
eters a, (1, B2, is defined as

(a, ny + ng)(ﬁl; nl)(ﬂ% n2) LM N2
(y,m1 +n2)(L,n1)(Img) 727

[ee]
F1<O¢,,81,ﬂ2,7;21722): Z

ni,m2>0

where v # 0, —1, -2, ... and z; satisfies |z;| < 1 (j = 1,2). It is known that
we can make the analytic continuation of the series Fi(«, 1, B2, 7; 21, 22)
along any path in

{(21,2’2) S C2 ’ 2’122(2’1 — 1)(2’2 — 1)(21 — 22) 7é O}

by the Appell hypergeometric system Fi(«, 31, 32,7) of differential equa-
tions. In particular, Fy («, (1, 2,7; 21, 22) can be regarded as a single valued
holomorphic function on the simply connected domain (C — [1,00))?.

Fact 2 ([KS1], [MO]) We have a transformation formula

1 p 1 1 1
+21+22 Fl ]g,p-i- ’p‘i‘ ’p“‘ ’1_ ?71_23
3 376 6 2

pp+l p+1 p+5
:F1<37 6 ) 6 ) 6 ,Zi,Zé )

where p # —1,-3,=5,..., z = (21, 22) is in a small neighborhood of (1,1),
the value of (FEE2)P at (2, 25) = (1,1) is 1, and

(zi,zé): 14wz + 029 3’ 1+ wz1 +wzy 3 .
1421 + 22 1421+ 2

In particular,

1421+ 29 111 111
<3)F1<3,3,3,1,1—Z?,1—Z§) :F1<3,3,3,1,Z£,Zé) (].O)

Our second theorem is as follows.

Theorem 2 Let (a,b,c) be any element of D. Then the common limit
mS$°(a, b, c) of the triple (6) of sequences can be expressed by
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a
oo —
m, ((I,b,C)— 11 1 b3 3 :
F1<§;§7§71§1—$7 _¢T3>

Remark 3

(1) The right hand side of Theorem 2 is a single valued holomorphic func-
tion. The common limit m$°(a, b, ¢) never vanishes for any (a,b,c) € D.
(2) This theorem is an extension of Theorem 2.2 in [KS1].

Proof of Theorem 2. We apply Proposition 1 to the map m in this section
and

a
w(a,b,c) = .
1 11 . b3 c3
Fl(gvgagalal_ﬁa _ai?))

Suppose that (a,b,c¢) € D satisfies (7). Then mg°(a,b,c) # 0 and the
map m satisfies the conditions for Proposition 1. We show the condition
(i) and (ii) in Proposition 1 for wu(a,b,c). Since F(«, (1, 32,7;0,0) = 1,
we have p(a,a,a) = a for any a € C*; (i) is satisfied. By substituting
(21,22) = (b/a,c/a) in (10), we have

a B mq(a, b, c)
1101 .78 1_8) p(Ll1q.q_ malabe)? | ma(abe)?)’
F<3’3’371’1 a3? a3> F(373’3’1’1 ml(a,b,c)3’1 m1 (a,b,c)3

which implies that (ii) is satisfied. By the analytic continuation, this theo-
rem is effective and mS°(a,b,c) # 0 for any (a,b,c) € D. O

References

[BB1]  Borwein J. M. and Borwein P. B., A cubic counterpart of Jacobi’s identity
and the AGM. Trans. Amer. Math. Soc. 323 (1991), 691-701.

[BB2] Borwein J. M. and Borwein P. B., Pi and the AGM. volume 4, A Wiley-
Interscience Publ., New York, 1998.

[C] Carlson B. C., Algorithms involving arithmetic and geometric means.
MAA Monthly. 78 (1971), 496-505.

[HKM] Hattori R., Kato T. and Matsumoto K., Mean iterations derived from
transformation formulas for the hypergeometric function. Hokkaido
Math. J. 38 (2009), 563-586.



[KM]

[KS1]

[KS2]

[MO]

V]

Limits of iterations and hypergeometric functions 155

Kato T. and Matsumoto K., The common limit of a quadruple sequence
and the hypergeometric function Fp of three variables. Nagoya Math. J.
195 (2009), 113-124.

Koike K. and Shiga H., Isogeny formulas for the Picard modular form
and a three terms arithmetic geometric mean. J. Number Theory. 124
(2007), 123-141.

Koike K. and Shiga H., Extended Gauss AGM and corresponding Picard
modular forms. J. Number Theory. 128 (2008), 2097-2126.

Matsumoto K., A transformation formula for Appell’s hypergeometric
function F1 and common limits of triple sequences by mean iterations.
To6hoku Math. J. 62 (2010), 263-268.

Matsumoto K. and Ohara K., Some transformation formulas for Lau-
ricella’s hypergeometric functions Fp. Funkcial. Ekvac. 52 (2009), 203—
212.

Vidunas R., Algebraic Transformations of Gauss Hypergeometric Func-
tions. Funkcial. Ekvac. 52 (2009), 139-180.

Keiji MATSUMOTO

Department of Mathematics

Hokkaido University

Sapporo 060-0810, Japan

E-mail: matsu@math.sci.hokudai.ac.jp

Takashi O1KAWA

Hokkaido Kushiro Higashi High School
Tomihara 3-1, Kushiro-Cho
Kushiro-Gun, 088-0618, Japan

E-mail: T.Oikawa.0727.agm@gmail.com



