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An inverse scattering problem for the Klein-Gordon equation

with a classical source in quantum field theory
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Abstract. An inverse scattering problem for a quantized scalar field ¢ obeying a
linear Klein-Gordon equation

(O+m?>+V)p=J inRxR>

is considered, where V' is a repulsive external potential and J an external source. We
prove that the scattering operator . = .%(V, J) associated with ¢ uniquely determines
V. Assuming that J is of the form J(t,z) = j(t)p(z), (t,z) € R x R®, we represent p
(resp. j) in terms of j (resp. p) and &.

Key words: Quantum field theory, scattering theory, inverse scattering problem, ex-
ternal field problem.

1. Introduction

We consider an inverse scattering problem for a quantized scalar field ¢
interacting with an external potential V' and an external source J (see, e.g.,
[3], [5]) which obeys the Klein-Gordon equation

(O+m?+V(x))o(t,z) = J(t,xz) inR xR (1.1)
Here 00 = g—; — A, A is the Laplacian in R3, m > 0 and J, V are real
functions. ¢(t,z) and its conjugate field w(t,z) = %d)(t,:v) are operator
valued distributions (see, e.g., [8]). A typical example of (1.1) is the nucleon-
pion interaction, that is, ¢ describes the pion field and J the distribution

function of the nucleons (see, e.g., [3]).
Under suitable conditions, one can show that the asymptotic fields

¢out/in(ta$) =5 hgl ¢s(t>x)7 (12)
7Tout/in(tax) = s- sggloo ﬂs(ta IE) (13)
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exist. Here my(t,x) = %qbs(t,x) and ¢s(t,x) is the solution of the free
Klein-Gordon equation with the initial condition: ¢4(s,z) = ¢(s,z) and
Ts(s,x) = w(s,x). Suppose that ¢in(x) = ¢in(0,2) and min(z) = min (0, )
give the Fock representation of the canonical commutation relations (CCR):

[Pin(2), Tin(y)] = id(z —y), (1.4)
[Pin(2), in(y)] = [min(2), 7in(y)] = 0. (1.5)

See Section 3 for the detail. The scattering operator . = . (V, J) is defined
by the following relations (up to a constant factor):

y71¢in(x)y = ¢out(x)7 yilﬂ'jn@?)y = ﬂout(m)- (16)

We prove that . uniquely determines V. Suppose that J(¢,z) = j(¢)p(z).
Then we show that p (resp. j) is uniquely determined by . and j (resp.
p)-

To state our results precisely, we introduce several assumptions. We set
h = L%(R3;dz) and assume the following:

Assumption 1.1  The potential function V : R® — R is non negative and
satisfies V € H?(R3).

Then the multiplication operator V' acting in b is infinitesimally small
with respect to hg = —A since V € L?(IR3). Hence the operator

h=ho+V

is self-adjoint with the domain D(h) = D(ho) = H?(R?). Since V is relative
compact with respect to hg, i.e., V(ho +1)~! is compact, and V is positive,
the spectrum of h is 0(h) = 0ess(h) = [0,00). The condition V € H?(R?)
allows us to construct the solution of (1.1) by a Bogoliubov transformation
(see Lemma 2.2 and Proposition 2.4).

We set
w = Qo(h)v wo = 90(h0)7

where p(s) = Vs + m?2.

Assumption 1.2 We assume that h has no positive eigenvalue and
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/ ARV (2)(=A + 1)~ F(jz] > R)|| < oo,
0
where

1 4 R
F(\m|2R>—{ if |z| > R,

0 ifl|z| <R.
We make some comments on Assumption 1.2:
e By (1.7), the following limits exist

wy :=s— lim ethe o
t—too

and the intertwining property hwy+ = w4hg holds.
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(1.7)

By Enss and

Weder [2], we see that the scattering map for the Schrédinger operator

defined by
Vs 2V — S(V) = wiw_

is injective, where

Vsr ={V : R? - R | V is Kato-small in b and satisfies (1.7)}.

e Since h has no positive eigenvalue, (1.7) implies that h has purely
absolutely continuous spectrum. In particular, we have wiwy =

wrwli =1 on b
e We see that the following limits exist:

s- lim eweitwo,

(1.8)

For a proof of the existence, see Appendix A.2. By [9, Theorem 1],

above limits (1.8) are equal to wy, respectively, i.e., the invariance

principal holds for .
Assumption 1.3  The function J : R x R® — R satisfies

(a) For each t € R, the function J,(z) := J(t,x) satisfies J, € H1/2(R3).

(b) The vector valued function R >t — e~ *w=1/2 ], € b satisfies



152 H. Sasaki and A. Suzuki

[ee]
/ dt||w™ Y2 Ty ||y < oco.
— 00

We say that V € V if V satisfies Assumptions 1.1 and 1.2 and that
J € J if J satisfies Assumption 1.3.

Theorem 1.1  Suppose that V,V' € V and J,J € J. If L (V,J) =
L (V' J), then:

(1) S(v) =58\,
(ii) V=V,
(iii) er dse™ "% J, = fj;o dse™ " JI.
By the above theorem, we immediately see the following:
Corollary 1.2 Let J € J be given. Then the map V 3V — A (V,J) is
imjective.

Proof of Theorem 1.1. (i) will be proved in Theorem 4.1. Since V C Vsg,
(ii) follows from the injectivity of the map V — S(V)). We will prove (iii)
in Proposition 4.5. O

In order to recover the external source J, we henceforth suppose that
J € J is expressed by

J(t,x) = j(t) x p(x), (1.9)

where j € L'(R) and p € H~/2(R3). Let

F(tv f) = (Qim (vbout(tv f)Qin)v f € S(Rd)v

where €, is the Fock vacuum. From (1.6), we see that F'(¢, f) is uniquely
determined by .. One can show the following:

(1) For a given function j such that the Fourier transform j of j is real
analytic, we represent p in terms of j and F'(¢, f). See Theorem 4.6 for
the detail.

(2) Let p be a given function and assume that j satisfies the following;:

For some 6 >0, eltlj(t) € LY(R,). (1.10)
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Then we express j by means of p and F(t, f). See Theorem 4.8 for the
detail.

From the reconstruction formulas above, we observe that the scattering
operator . (V, j X p) uniquely determines j and p:

Theorem 1.3 LetV €V and jxp, i’ xp' € J. Suppose that j,j' € L*(R)
and p,p' € H-'/2(R). Then:

(i) Assume that that j is real analytic. Then p = p' if S (V,j x p) =
LV, jxp).
(ii) Assume that (1.10) holds. Then j = j' if S (V,j x p) =L (V,j X p).

Proof. See Theorem 4.6. p is uniquely determined by j and a function z
defined in (4.6). z is uniquely determined by F'(t, f). Since, as was noted
above, . determines F'(t, f) uniquely, we see that p — #(V,j X p) is
injective. Hence (i) holds. (ii) is proved similarly. O

This paper is organized as follows. Section 2 is devoted to some math-
ematical preliminaries. In Subsections 2.1 and 2.2, we review well-known
facts. The quantized Klein-Gordon field is constructed in Subsection 2.3
and the wave operator in Subsection 2.4. In Section 3, we discuss the scat-
tering theory and define the scattering operator .. Section 4 deals with
the inverse scattering problem. In Subsection 4.1, we show the uniqueness
of V. The reconstruction formulas of p and j are given in Subsections 4.2
and 4.3, respectively. In Appendix, we prove Lemmas 2.2 and 2.6.

2. Preliminary

In general we denote the inner product and the associated norm of a
Hilbert space £ by (%,-)z and || - ||z, respectively. The inner product is
linear in - and antilinear in *. If there is no danger of confusion, we omit
the subscript £ in (-, )z and ||-||z. For a linear operator T' on L, we denote
the domain of 7" by D(T') and, if D(T') is dense in H, the adjoint of T" by
T*.

2.1. Boson Fock space
We first recall the abstract Boson Fock space and operators therein.
The Boson Fock space over a Hilbert space h is defined by
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I =P R

n=0 s

_ {\Il EEIQIC ‘ v e @b, DI 2., < 00}»

n=0
where ®7'h denotes the symmetric tensor product of h with the convention

®% = C.
The creation operator ¢*(f) (f € b) acting in I'(h) is defined by

( (O™ = /nS, (f © wD)

with the domain

o0

S n||Sa(f @ \IJW”)H;gh < oo},

n=0

D (f)) = {\v — (wy,

where S;, denotes the symmetrization operator on ®"h satisfying S,, = S, =
S2 and S,(®"h) = QY.

The annihilation operator ¢(f) (f € h) is defined by the adjoint of ¢*(f),
ie., c(f) := c*(f)*. By definition, ¢*(f) (resp. c(f)) is linear (resp. anti-
linear) in f € h. As is well known, the creation and annihilation operators
leave the finite particle subspace

oo
Dy = U {w={wtye,| oM =0, n> m}
m=1

invariant. The canonical commutation relations (CCR) hold on Ds:
[c(f), (@] = (f,9)y, [e(f),clg)] = [¢"(f), ¢ (g9)] = 0. (2.1)
It follows from (2.1) that
le* (/Y@ = IAIPIw)® + lle(f)®l?, @ € Dy (2.2)

The Segal field operator 7(f) = \%(C(f) +c*(f)) (f €h) is essentially self-

adjoint on Df. We denote its closure by the same symbol. By (2.1), the
following equation holds
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(el + @Rl + [ FIP1]?), ¥ e D (2.3)

| =

le* (f)]|* =

Since Dy is a core for ¢(f), ¢*(f) and 7(f) (f € b), we observe from (2.2)
and (2.3) that

D(7(f)) N D(7(if)) = D(c(f)) = D(c"(f))- (2.4)
Hence the following operator equalities hold true:
1 .
o(f) = E(T(f) +ir(if)),
* L 7(f) —i7(i
(f) = \/i( (f) =i (if)).
Let
D= () Dle(f))

Since D D D¢, D is dense in I'(h). From (2.4), we observe that

D= (D ()= D(f). (2.5)

fEb feh

The Fock vacuum Q = {Q™}2 € T'(h) is defined by Q(®) = 1 and Q™ =0
(n > 1), which satisfies

(f)2=0, fe. (2.6)

) is a unique vector satisfying (2.6) up to a constant factor.
Let A be a contraction operator on b, i.e., ||A|| < 1. We define a
contraction operator I'(A) on I'(h) by

(LA™ = (@ A)e™, v ={wM}x,

with the convention ®°A = 1. If U is unitary, i.e. U=t = U*, then T'(U) is
also unitary and satisfies I'(U)* = T'(U*) and
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DO)e(HTWU)" = cUf), TOU)(HTU)" = (Uf).

For a self-adjoint operator T on b, i.e., T = T*, {T'(e®®T)},cR is a strongly
continuous one-parameter unitary group on I'(h). Then, by the Stone theo-

rem, there exists a unique self-adjoint operator dI'(7T") such that
F(eitT) — eitdl"(T)

The number operator Nt is defined by dI'(1).

2.2. Bogoliubov transformations
Let ‘H be the direct sum of two Hilbert spaces Hy and H_, where
Hy =band H_ is a copy of it:

H:’H+@H_:{v: {H

Vy,U_ € f)}

We denote by P, (resp. P_) the projection from H onto H, (resp. H_):

V| U4 V| 0
el =15 L= 1)
A vector v € RanP; = H. is identified with one in h: [*f ] = v}y € h. We
define an involution @) on H by

Q:P+—P_

and a conjugation C' on H by

C V4 _ V_
v_ 17+ ’
where f stands for the complex conjugation of f in b, i.e., f(z) = f(x), a.e.

r € R3,
A bounded operator A on H is written as

_ A Ago
A= a)
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where A, = P.AP. (¢, =+ or —). Then we observe that

A V4 _ A++’U+ + A+_U_
v_ A_jvi +A v

and A*

ee’

= (Ac)*. We introduce field operators defined on D by

¥(v) = e(Prv) + ¢ (CP-v)

=c(vy) +c* (), v= [”+] €H.

One observes that 1 (v)* = ¢(Cv) on D and hence that (v) is closable.
We denote its closure by the same symbol. Let H¢ be the set of vectors

satisfying Cv = v:
v_

Clearly, for any v = [j;] € He (f € b), the operator ¢(v) is essentially

self-adjoint on Dy and is equal to v/27(f). By (2.5), we see that

’U+:17)7 Gh}

D= () D(¥(v)).

vEHC

Note that, for any v = [Zf] € H, the vectors

v+ Cv= [“+ N ”‘} . i(v—Cv) = [?”* B Z.“—]
V- + U4 W_ — 104

belong to He and the following holds on D:
1 i,
$(v) = (0 + Co) + Lb(i(o — Cv)).
It is straightforward from (2.1) that

[ (), ()] = (u, Qu)
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holds on Ds. The following is well known (see, e.g., [7]):
Lemma 2.1

(1) Let U be a bounded operator on H satisfying
CU=UC, UQU*=U"QU =Q. (2.7)
Then there exists a unitary operator % such that
e (UTv) ég/*eiw(v)%7 Y W) grx — eiw(QUQv)’ v € He

if and only if U_, is Hilbert-Schmidt. In this case, % leaves D invari-
ant.

(2) Let 1 be a linear functional from H to C. Then there exists a unitary
operator % such that

i) +l(u)) _ q/l>*<eiw(u)%l7 v € He
if and only if there exists a u; € He such that
Z(U) = i(’Ul, QU), u € He.

In this case, % leaves D invariant and U, = e~ W),
2.3. Quantized Klein Gordon equation
Let h = L?(R3;dx) and hy = —A with the domain D(hg) = D(-A) =
H?(R3). Then we define the Schrédinger operator h by
h=-A+V(x) (2.8)

with the potential V : R? — R satisfying Assumption 1.1. h is self-adjoint
with the domain D(h) = D(hg). Let

wo == (ho +m?)Y? and w:= (h+m?)Y2
The free field Hamiltonian Hy is defined by
Hf = dI‘(wo).

Since wgp and w are strictly positive, wgy 1 and w=! are bounded. Note that
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wfw™? and wewo_ % are bounded operators for any 0 < 6 < 1. Indeed, since

ho < h, we observe that ||w§ f|| < ||w?f||. Hence w§w=? is bounded. On the
other hand, since D(h) = D(hy), it follows from the closed graph theorem
that ||hf]| < C|[(ho + 1)f|| with some C > 0. Hence we observe that w’wy?
is bounded. From this fact, we see that w=%wf and wy ?w? can be extended
to bounded operators on . We denote the extended operators by the same

symbols. The following holds.

Lemma 2.2  Suppose that Assumption 1.1 holds. Then the operators
wé/Qw_l/Q -1, wo_l/2w1/2 —1 and wo_l/2(w0 - w)wo_l/2 are Hilbert-Schmidt.

Proof. See Appendix A.1l. O
For real f € H'/2(R?) and g € H'/?(R?), we set

¢o(f) =¥(uo) and mo(g) = (vo),

where

Uy = wal/Qf/ﬁ and vg = iwgl/Qg/\/i
B RS VG D il PRl

For non real f € H~'/2(R3) (resp. g € H'/2(R3)), ¢o(f) (resp. mo(g)) is
defined by of ¢o((Ref) + igo(Imf) (resp. mo((Reg) + imo(Img)). Note that
for non real f € H~'/2(R3) and g € HY?(R?), ¢o(f) and my(g) are non
self-adjoint and the following equations hold on D:

do(f) = —=(c*(wy /2 f) + e(wy 2 1)),

Sl

1

w/ +1/2 +1/2_
m0(9) = —= (" (w —c(w, .
0(9) \/5( (wo ""g) — clwg 9))
By (2.1), one can show that the CCR holds on Ds:

[bo(f):mo(9)) = i(F,9),  [60(f), d0()] = [mo(9), mo(9)] = 0, (2.9)

for any f,f € H-%/2(R3) and g,§ € H'/?(R3). It holds from (2.9) that
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l$o(f)WN* = l|¢o(Ref) ¥l + [|go(Ref)|,
I7o(9)W||* = mo(Reg)¥|* + [|mo(Reg)||*, ¥ € Dx.

Hence we observe that, for non real f € H='/2(R3) and g € H'/2(R?), ¢o(f)
and my(g) are closed on the natural domain.
We introduce the bounded operator on H by

U(t) — |:U++(t) U+(t):| , te R,

U_+(t) U__(¢)
where
Upi(t) = %(wo_l/2 cos(tw)wé/2 + wé/Q COS(tw)wo_l/2)
b sin( ) 2 M i) )
and
U (8) = 5 (o cos(rolury /2 = g /2 cos(o) )

— %(wé/zw_l/2 sin(tu})u}_1/2<,u(1)/2 - wo_l/2w1/2 sin(tw)w1/2w0_1/2)
with U__(t) = Us+(t) and Uy _(t) = U—(t). Here, for a linear operator
A, we define A by Af = Af.

Lemma 2.3  Suppose that Assumption 1.1 holds. Then there exists a
family of unitary operators % on T'(h) such that % maps D to D and for
v € He

GUUW) _ =iy, et g — HQUIQY),

Proof. By direct calculation, we observe that U(t) satisfies (2.7) with U =
U(t). We note that 2U__ () is equal to

(wé/zw_l/z — 1) cos(tw)w1/2w0_1/2

+ cos(tw) -wil/gwé/z . wal/z(w - wo)wal/z
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+ (1 - wo_l/zwl/Q) (:os(tw)uf1/2<.ué/2
- i(wé/2w_1/2 — 1) sin(tw) - w_l/Qwé/Q
1/2

_1/2%1)/2‘ —1/2(

—isin(tw) - w wy T (wo —w)wy
_ 7](1 _ w51/2w1/2) sin(tw) . W1/2w61/2,

By Lemma 2.2, wy/2w™1/2 = 1, wy 2w/? = 1 and wy % (wo — w)wy /* are

Hilbert-Schmidt, so is U_4 (). O

Let

I L
gr = _ﬁ/o dswg 1/2 cos[(t — s)w]Js
i

. t .
1/728in|[(t — s)w]
+ ﬂ/o dswo/ —J

w
. |9t
Jt [gj .

For f € H-Y/?(R3) and g € HY/?(R?3), we define field operators

ot ) =U(t) bo(f)% (1) and w(t,g) = % (t) mo(g)% (1),

and

where

U(t) = e~ WU gy,

The following propositions are standard:

Proposition 2.4  Suppose that Assumptions 1.1 and 1.3 hold. Then it
holds that, f € H='/2(R3) and g € H'/?(R3),

wuﬂzwmm+(ﬂ%$mw‘@ﬂkj)

w

e f) = wiote) — ([ dscoslie = syl )

0
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where
u(t) = [wy M2 (cos(tw) + iwp sin(tw)w 1) f/ﬁ]
wo M2 (cos(tw) — iy sin(tw)w ™) F/v/2]
o(t) = [ iwy/? (cos(tw) + iwy * sin(tw)w) f/v/2 ]
_—iwé/z(cos(tw) —iwy L sin(tw)w) f/V2

Proposition 2.5 Suppose that Assumptions 1.1 and 1.3 hold. Let ¥ €
D(N{'?) and f € H™'/2(R®) 0 H32(R?). Then ¢(0, f) = do(f), (0, f) =
mo(f) and

Lot 1)V =n(t, ¥

SO I+ 6t (m? — A) )W = (o ).

Remark 2.1 Let U € D(N;/?). Then S(RY) 5 f (U, (¢, f)¥) and
(R 5 g+ (U, 7(t, g)¥) are tempered distributions and symbols ¢y (¢, x)
and wy (¢, z), defined formally as

/ pu(t,2) f(x)de = (U, x(t, [)T) and

[ =t f@yds = (v.x(t ),
satisfy
ou(t,z) € HY/2(R?), wy(t,z) e HV2(RY).
We denote by I'g the linear hull of
{Qyu{c*(fr) - (f)Q] fj € D(wo), j=1,...,n, n>1}.
Note that Ty is dense in I'(h) and that ¢(¢, f) and 7 (¢, f) (f € S(R?)) leave

I'o invariant. Suppose that J, € H/?(R?) holds. If ¥ is a vector belonging
to I, then oy (t) € H¥?(R3), wy(t) € HY/?(R3) and
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[w(t)] _ [ cos(tw) w_lsin(tW)] [80\11(0)]

—wsin(tw)  cos(tw) wy (0)

fg dssin[(t — s)w]leS]
" [ — f; dscos[(t — s)w]Js |

which gives a solution of

L ) e

with the initial value

[w(o)} _ [W(O)] . (2.11)

wy (0)

We note that U € T, belongs to D(N'/2) and is an analytic vector of
o(t, f) and 7 (¢, f), i.e., for any 0 < t < ¢,

o " n " n
> Sllot, f)"¥] < oo, and Zome(t,f) ¥ < oo

n=0
with some £y > 0.

Remark 2.2 Suppose that .J; € H'/?(R?) holds. Then the pair of field
operators ¢(t, f) and w(t, f) is unique in the following sense: If there ex-
ist a pair of field operators ¢'(t, f) = %' (t)*¢o(f)%'(t) and «'(t, f) =
W' (t)*mo(f)Z'(t) with a family of unitary operators %'(t) satisfying the
following conditions (1)—(4), then ¢(¢t, f) = ¢'(¢t, f) and = (¢, f) = 7'(¢, f):

(1) #'(0) =1.
(2) ¢'(t, f) and 7'(¢, f) leave Iy invariant.
(3) The vector ¥ € I'y is an analytic vector of ¢/(¢, f) and 7' (¢, f).
(4) The distributional kernels ¢, (t) and @}, (t) of
Pyt f) = (T, ¢'(t, ),
@y (t, f) = (¥, 7'(t, f)¥)

with ¥ € Ty satisfy the equation (2.10) with the initial value (2.11).
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The uniqueness can be proved as follows. Using the conditions (1), (4) and
the uniqueness of the solution of (2.10), we infer

¢(t7f) :¢/<t7f)7 W(t7g) :W/(tvg)

on I'g. By the conditions (2) and (3), we have

n

ito(t.f) g -~ (it)" ¢y — -~ (it)" e YD — i D
e Z; oot ZO —d(t )" =

for ¥ € I'yg and sufficiently small ¢ > 0. Since I'y is dense, we observe
that ¢¥(t:f) = ¢i®' (1) for real f € H-'/2(R3). By the uniqueness of the
generator, we have the operator equality ¥(t, f) = ¢'(t, f) for real f €
H~'/2(R3). Note that ¢(t, f) and ¢'(t, f) are unitary equivalent to ¢q(f).
By the similar argument as in the proof of the closedness of ¢o(f), one can
prove that the following operator equation holds for non real f € H—/?(R3):

o(t, f) = ¢(t,Ref) +id(t, Imf)
= ¢/(t7 Ref) + i¢/<t7 Imf) = ¢/(t7 f)
w(t, f) = 7'(t, f) is proved similarly.

2.4. Wave operators
Let

U(t) = et
and

e—itwo 0
0t = |7y ]

One observe that
W(t)=Ut) U(t)
satisfies

W(t)e“l’(”)%(t)* — %*ei(w(Uo(t)v)+i(jt,QUo(t)v))q/t (2.12)
— W (UE)"Uo(t)v)+i(Uo(t)" j:,Qv)) (2.13)
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for v € Heo. By the Stone theorem, we have
W ()W (t)" = (U) Uo(t)v) +i(Uo(t)" je, Qu)- (2.14)
Lemma 2.6 Suppose that Assumptions 1.1 and 1.2 hold. Then:

s—t_l}rinoo U(t)*Up(t) = Wy,

where
Wy = Wa)sy (Wa)po
Wi)—y (Wi)——
with
(W)t = (Wa)-—
— %(wo_lﬂwiwarlm + warl/zwiwo_lm),
W) g = (W)s -
- %(wawwiwo*”? —wy Pwgwy ).
Proof. See Appendix A.3. O

Lemma 2.7  Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Then:
Jim Uo(t)"je = J,
where

' [gi] d : /iood —1/2giswoy v
+ = | an 4+ = ——F SW, (& w S-
J g+ g V2 Jo 0 *

Proof. 1t suffices to prove that

) 1 +oo B ]
. 1two _ 1/2 1SWQ ,,,*
ti}glooe gt = \/5/0 dswy ' Te"* 0wl J,. (2.15)

By a direct calculation, we have
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; 1 o ~1/2 ~1/2  1/2 ;
eztwogt — / dseztwowo (w _ WO)WQ - Wy w—1/2 . ez(t—s)ww—l/QJS
2v/2 Jo
1 o ~1/2 1/2 ;
——— [ dse™(w 24w w_l)e_l(t_s)sz. (2.16)
2\/5/0 0 0

Since wq V2 - wo)wg /2 i Hilbert-Schmidt by Lemma 2.2 and since
fot ds||w=1/2J,|| < oo by (b) of Assumption 1.3, the first term of the r.h.s in
(2.16) tends to zero as t goes to +oo. We show that the limit of the second
term in (2.16) equals (2.15). It holds that

1 —1/2 1/2 _— —q
eztwo (WO / + Wo/ w 1)6 itw
~1/9 . . . _
— (WO / eztwoe itw + eztwoe ztww 1/2)
itwo (,,—1/2 —1/2\, —1_—itw
+ e (wy T —w Jw e, (2.17)
—1/2

The first term of the r.h.s in (2.17) tends to 2w, ' “wi. The second term
tends to zero since

—1/2 _ 1 —i —1/2 /2 — 1
(Wo 2 _, 1/2)w 1, ztw:wo / (1—w0/w 1/2)w 1,—itw

and since, by Lemma 2.2, (1 — wé/ 21/ 2) is Hilbert-Schmidt. Using these
facts and Assumption 1.3 (b) again, we infer the limit of the second term in
(2.16) equals (2.15). O

By Lemmas 2.6 and 2.7, we have

Lemma 2.8 Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Then it
holds that, for v € He,

s tlﬂw(t)eiw(v)w(t)* — W@ (Wro)+i(j£,Qu)) (2.18)

In particular, the following properties hold: for real f € H_1/2(]R3) and
g€ H'2(RY),

$- thnj: W ()N y (1) = ¢+

s- tlinjl[ W(t)eiﬂo(g)yy(t)* = ¢mx(9)
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where

o+ (f)
T+ (f)

Y(Wiug) +i(j+, Quo),
Y(Wiwo) +i(j+, Quo).

Proof. Since (") (v € H¢) is unitary, it suffices to prove (2.18) on Dy,
which is an easy exercise. O

Lemma 2.9 Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Then there
exists a unitary operator ¥4 such that

Wi yr = W) +i(G2.Qu) -y e H
In particular, it holds that: for f € H=Y/2(R?) and g € H'/?(R?),
Wego(VE = o+(F),
Wamo(f)Wi = me(f).
Proof. Note that (W3)_. = W3 _ is equal to

1 1/2
7

« —1/2 —1/2 &« 1/2

= (w;‘Fw_l/Qwé/Q) . (wo_l/g(w — wo)wo_l/g)

and hence is Hilbert-Schmidt. By Lemma 2.1, it holds that there exists a
unitary operator %, such that

UV Y = VW) g e He.
Setting #4 = %, e"*U+) one obtains the desired result. O

3. Scattering theory

Throughout this section, we suppose that Assumptions 1.1-1.3 hold.
Since any two quantum systems which are transformed from one to the other
by a unitary transformation are physically equivalent, one can redefine the
solution of the Klein-Gordon field as
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d)(ta f) = W—*d)(tv f)W—7 W(tag) = Wjﬂ(t,g)W_

for f € H-'/2(R3) and g € H'/?(R3). Then it follows from Proposition 2.4
(see also Remarks 2.1-2.2) that ¢(¢, f) and 7 (¢, g) satisfy (1.1) in the op-

erator valued distributional sense. The field operators ¢s(t, f) and m4(t, g)
defined by

Gs(t, ) = WU () U (s =)o (f)U (s — )" U (s) -,
ms(t,g) = WU (s)" U (s —t)mo(9)U (s — )" U (s)W_
satisfy the free Klein-Gordon equation with the initial condition:
¢s(5’f) :¢(5’f)’ Ws(tyg) :71'(8,9).

The asymptotic fields ¢y (¢, f) and m4(t, g) (# stands for out or in) are defined
as

ei(l)out/in(t:f) = lim eid)é'(tvf)’ eiﬂout/in(tvg) = lim eiﬂs(t,g)
t—+oo t—+oo

for any real f € H~'/2(R3) and g € H'/?(R3). Then, by Lemmas 2.8 and
2.9, the incoming fields ¢, (f) = ¢in(0, f) and min(g) = min(0, g) are

Oin(f) = do(f), min(9) = m0(9) (3.1)
and
{Pw(f),mn(f) | f € HV?(R?), g € H'?(R?)}

gives the Fock representation of the CCR (see, e.g., [1]). The out going fields
¢out(f) = ¢0ut (07 f) and Tout (g) = Tout (0, g) are

bous () = WLV -) b (F)HLH-),

(3.2)
minlg) = (WEW) molg) HEN).

The scattering matrix .7 = .#(V, J) is defined by

S =WW
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Proposition 3.1  Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Then:
I ()L = boue(f) and ST min(f)S = Tour(f)-
Proof. By (3.1) and (3.2), we see that
S () = WA Ao (W= = tous (),

where win/out,o stands for d)in/out,O OT Tin/out,0- O

Let us define the associated annihilation and creation operators by
an(f) =c(f) and  cout(f) =7 c(f)S

and ¢ (f) = ¢4(f)*. The free Hamiltonians of the incoming field and outgo-
ing field are defined by

Hi, = dl'(wg) and Hyy = L% dl (wp).
The asymptotic vacua
Qn =90 and Quu =50
satisfy
HiQy =0 and ¢4(f)Q =0.
The asymptotic fields satisfy
Gu(t, f) = e igpy(fle™e, and  my(t, f) = e Memy(fle M,

and

Cbﬁ(t, f) = (C;f (eitwowo—lmf) i Cﬁ(eitwowo_l/2f>)7

wy(t, f) = (c; (eitwowarl/2f) g (eitw0w§1/2f.))

Sl %l-

hold on D.
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4. Inverse scattering

4.1. Uniqueness of the potential V'
Let

S =wiw_.
When we want to emphasize the dependence of V', we write S = S(V). We

will prove the following theorem:

Theorem 4.1  Suppose that Assumptions 1.1, 1.2 and 1.3 hold. If
LV, J) =2V, J), then S(V)=S(V’).

We need the following:
Lemma 4.2  Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Then:

lim (c* (0 £)Q,.7¢* (€0 )Q) = (Q,.7)(f, Sg). (4.1)

t—too

Proof of Theorem 4.1. For notational simplicity, we write .(V', J") = &’
and S(V') = S’. Note that (Q2,.Q) # 0 since .¥ is unitary. By Lemma
4.2, we have

(f,59) = lim_(c"(e" )0, Fc*(e09)02) / (2, 79)

= lim (c*(eit“’of)Q,y’c*(eit“’og)ﬁ)/(ﬁ,ﬂ/ﬁ):(f,S/g). O

t—+too

In the remainder of this subsection, we will prove Lemma 4.2. Let
Ii(f,g) = (¢ ("0 [)Q, S c* ("0 g)Q).

We see from Lemma 2.9 that #4 = %4e'¥(+). By a direct calculation, one
obtains the following:

Urc(N)UE = c(We) gy f) +(We) - ),
U ([)UE = (Wa)arf) + e(We) - f),
ei¢(ji)c(f)€_i¢(ji) =c(f) —i(f, js),

W) c* (e U = ¢ (f) +i(jx, f)-
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It holds from the above that
%iei¢(ji)c*(eitwof)g
= (" (W) 44 €™ f) + c(Wi)4—e 0 f) +i(gy, €0 f)) Upe™ ) Q)
= ¢ (W) 4g ™0 ) ™ V2 + 0(1)

as t — 4oo in the strong topology since (W), _ is Hilbert-Schmidt and
since lim;_, 400 (g+, €™ f) = 0 by the Riemann-Lebesgue Lemma. Hence
we have

Zi(f.9)
= (¢ (W) 40 [) UV IDQ, ¢ (Wo) gy €0 g) 2 I)Q) + 0(1)
= (W) e f,(W_) 4 g) (Q, 7Q)
+ (c((Wo) 41 €0 )1 eV IDQ, (W) 1y €0 YU e-)Q) + o(1)
(4.2)

as t — too. It is straightforward that

(W) (W) e

Lo a2 o 172 | 4172 4 —1/2y( —1/2 1/2 | +41/2 —1/2
= 1(“0 Pwtw? +wf M Pwtwg ) (wg Peowy? + wf P _wg )
1
=S+ Zwi [(w_l/Qwow_l/Q —1) 4 (W 2wy w2 - 1]w-. (4.3)

Note that Se’*o = ¢"“o S and that the second term in the r.h.s of (4.3)
is Hilbert-Schmidt by Lemma 2.2. Hence, by (4.2), we have (4.1) if the
following holds true:

(W) g pe™0g) 2 U0, (W) y e ) e"U-)Q) = o(1). (4.4)
To prove (4.4), we use the relation
Urel U = o(We)1y) — & ((We) 1 ),

which is obtained from %/ eV = ¢¥(@WikQv) By the above and the
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fact that (W4)* , is Hilbert-Schmidt, we observe that
c(W_)yye™0g) U, U+ = 02/+ei¢(j+)c((W_)++eit‘“°g)Q +o(1).

Since the first term of the above equals zero, the proof of the lemma is
completed.

4.2. Characterization of the external source J
Our aim of this subsection is to represent the classical source J in terms
of the functional

F(t7 f) = (Qina ¢0ut(ta f)Qin)7 f S S(Rd)

We set
Ze[fl = X[f] FiY[f],
where
X[f] = %F( w7 f) By and  Y[f] = (0,00 f).
Note that

do(t, f) = Y(vr),

where v; is

eitwowal/zf‘/ﬂ
Ve = —itwo, ,—1/2 F ’
€ “o f/ﬁ
We see that

ztwow_l/Qf/f
Cvy = Ut
[e—“wowa”zf/f ] g

and v; € He. By a direct calculation, we have for v € He:

_1¢(U)<5ﬂ = w(QWjQWJrU) + l(Q]Jr - W_T_QW,].,,U).
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Since (2,1 (v)2) = 0 and

(Qiy —WIQW_j_,v) = (WiQW,Qjy —W_j_),v)
= (Wijr —W_j_,QWyv),
one obtains
(9, 1(0). 7)) = i(Wyjr = W_j,QWyv), v € He.

It holds that

F(t, f) == (. (v + Cvy).7Q)

N

(Q S p(i(vy — Cy))-79Q)

l\')\w

) . .
= 5 (Wi = Wjo, QW4 (v + Cur))

- §(W+J+ —Q_j—, QW4 (v — Cuy))
=i(Wijy —W_j—,QWiCuy).

Thus we infer

X[fl = \}5 <W+J+ -W_j-,QWy [_ff] >,
-7

(- ]

Zof] =2 (W+j+ SWojQw, [f } )

and

0
‘ . 0
Z-[f]= —\@<W+J+ - W_j-, QW [f] >
Lemma 4.3  Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Let

Z(f, 9] == Zy[f] — Z-g].
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Then
2181, f] = =2V2i(Im(gc), w- ),
Z[Sf,—f] = 2V2(Re(goo), w_ f),
where
1 oo .
Joo ‘= WGy —W_g— = _ﬁ N dsw™ 2% J, .

Proof. By definition, we see that

By direct calculation, we have

o VA Re(gc) + i P 21m<9°°>]

Wy —Qw_j_ =|"
o [wo 1/2<,(11/2Re(goo) - iwé/2w_1/21m(goo)

and

wSFl/Qwﬂﬂf
:Fw[Tl/2wi1/2f ’

which completes the proof. O
We introduce the functional Z : L?(R3) — C by

1
For f € L?(R®), A > 0 and k,x € R?, we denote e~*® f(\z) by f ().
Fo stands for the Fourier transform: h > f — (Fof) = f and f(k:) =
(27)=3/2 [ dke~"*® f(z). The generalized Fourier transform F. is defined
by Fow’. Let x € b such that 0 < x < 1 and x(z) = 1 if || < 1 and
x(x) =0 if |z| > 2. We introduce a function z) by

(Z[Sf, 11+ Z[Sf, —f}), fe L(®).

za(k) == —V2(2m) 7322 [X?] .



Inverse scattering for the Klein-Gordon equation in QFT 175

Lemma 4.4  Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Then z) € b
and

: — > —isw, ,—1/2 .
;\Lmo Z) / dsFy (e w JS) mn b.

— 00

Proof. Since, by the above lemma, we have

211 = (wZgeo, f), (4.5)

it follows that

(k) = (/ dsw*_eisww_l/QJs,Xﬁ)

— 00

= (27r)3/2/daceik'zx()\a:) X [/ dswi e w2 ] | (k).

— 00

Hence z) converges in h to

.7-"0[/ dswj_e_is“’w_l/2js] :/ ds]:+e_i5“w_1/2Js. O
Let
=1 . 4.
2= lim 2y (4.6)

Proposition 4.5 Suppose that Assumptions 1.1-1.2 and 1.3 hold. If
LV, J) =L (V' J), then

/ dse™ "% J, = / dse™ "% J'.

Proof. Let 2'(k) be defined as z(k) with replacing (V. J) by Z(V', J').
By Theorem 4.1, we have S(V) = S(V’), V = V'’ and hence z = 2/. By
Lemma 4.4, we obtain

/ dse w12, = / dse_is“’w_lmJé

— 00 —00

by the unitarity of F.. O
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Henceforth, we suppose that J is expressed by
J(t, ) = j(t)p(x), (4.7)

where j € L'(R) and p € H~'/?(R3). In Subsection 4.3 below, assuming
that j is a given function and that j is analytic, we will represent p in
terms of z and j. In Subsection 4.4 below, we next assume that p is a given
function. We will show that j is determined by z and p if j satisfies the
following;:

For some § >0, €ltlj(t) e LY(Ry). (4.8)

4.3. Reconstruction of p
Let j be a given function belonging to L'(R;). Then we immediately
obtain the reconstruction formula for determining p:

Theorem 4.6 Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Assume
that J € (R x R3) satisfies (4.7) and that j is a monzero, real analytic
given function. If w(k) & (7)7(0), then (F1p)(k) is uniquely determined by

)
) = 5 ok

Remark 4.1 Since j is real analytic function, (7)~*(0) is a discrete set
and hence countable. Thus, (4.9) holds for almost all k& € R and we have
p = Fi(z/(j(@)). If the generalized eigenfunction vy (k,x) of —A +V
exists, then the inverse of the generalized Fourier transform F, is given by

(4.9)

(F () = (2m)%2 / Ay (k, 2) £ (K),

R3

where we denote Rl_l}inoo fl ki< @k by Jgs dk. In this case, we have

pla) = (2m)~%2 | dk

4.4. Reconstruction of j
In this subsection we suppose that p is a nonzero, given function be-
longing to H~/2(R?). The following lemma will help us to identify j:
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Lemma 4.7 Suppose that j satisfies (4.8). Then j is real analytic. Fur-
thermore, the radius of convergence of the Taylor series of j is larger than

J.

Proof. By the assumption (4.8), it follows that for any non negative integer
m7

[tI™(t) € L*(Ry).

Therefore, we have j € C*(R) and

N () = 2 [ (pymeitt ,
()™ (1) NG IR( t) j(t)dt, T €eR,

where (7)(™ is the m-th order derivative of j.
Since

supt™e 0 = mmeT e ™,
>0

we obtain for any 7 € R,

G0 < <= [ i

1 N .
< — t) ettt e~ gt
<<= [l e

1
< ———mMy T M ™ i(£)]ed1t gt
<= / 50|

Thus, we have

@)

m!

1 mme™™
< ) (T 5|t|dt> —5 ™,
<= ( [lwretar) e

Using Stirling’s formula
m! = V2rmMmL/2e=mm/12m g < g(m) < 1,

we see that
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7)(m) 1/m
lim sup L)) <6 h
which completes the lemma. O

Applying Lemmas 4.4 and 4.7, we have the following result:

Theorem 4.8 Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Assume
that J satisfies (4.7) and p € H_1/2(]R3) is a monzero, given function. If j
satisfies (4.8), then j is uniquely reconstructed by the following steps:

(Step I)

(Step II)

(Step III)

(Step VI)

Fiz a point ko ¢ (Fyp)~1(0). Let Uy be a ko-neighborhood such
that 0 ¢ (Jx)(Uy). Then we have

5 z(k)

k) = =5 ke, (4.10)
(Frp) (k) ’
Therefore, we see exact values of (7)™ (rp), m = 0,1,2,...,
where 79 = w(kop).
For any T € (19 — 6,70 + 0), we have
s (m)
Z TO (1 —70)™

m=0

Let | be a positive integer. Suppose that we have already deter-
mined (j)(t) with T € (10 — @,Tg + %ﬁ) For any 7 €
[T0 + (l+21)5,70 + (l+22)5), we see the value of (Jr)(T) by

(50 (7,
— Z (]) (m'+ l6/2)(7__7_0 _16/2)771

On the other hand, For any T € (7'() — @, O — W]

the value of (J7)(1) by

, we see

m)!

. 2 (5)(m) (1 —
Gyr) = 3 W0 (g
m=0

From (Step III), } 18 reconstructed completely. Hence we can
determine j by the inverse Fourier transform.
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A. Appendix

A.1. Hilbert-Schmidt operators
We prove Lemma 2.2. We first show that w1/2w0—1/2 — 1. To this end,
we use the formula

Sll’l

AY =

/ AL A+ ) A (A1)

on D(A) (0 < a < 1). With the aid of (A.1) for & = 1/4, we have

—1/2 —1/2
wl/QwO /2 _q = [(w2)1/4 . (w2)1/4}w0 /

:\/1%/ AT (W2 + M) rw? — (W) ]wo—l/Q
:éfomdw“[—(oﬂ»—l (f + X wp
1

N NN NV (W2 4 N) g V2,
[NV + ) g

where the above equation holds true on some dense domain, e.g. D(wy 3/ 2).

It suffices to prove that the operator (w?+ )"V (w2 + )" tw, /2 is Hilbert-
Schmidt and satisfies

< 00, (A.2)

/ AN (@? + 0TV (W + 0w

0

where || - |2 is the Hilbert-Schmidt norm. Since V € L?*(R3) and
(VK2 +m2)=3/27¢ ¢ L2(R3), Vw_3/2 “ is Hilbert-Schmidt for € > 0 (see
[6, Theorem XI.20] for details). Since ||(w? + A)7|| < (m? + A)~!, we have

(@ + X)WV (W + N twg 2,
< (m2 ) Ve, - bt w2 + 07
< (m2+ )7 Vg /27|, - b e (@B + 2) 0972

% H(w(Q) +)\)—1+(1+6)/2H
< (m2 + )\)—3/24‘6/2.
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Thus (A.2) holds if 0 < € < 1/2 and hence w'/?w; /2 _1 is Hilbert-Schmid.
We shall prove that w=1/2 0/ ? _ 1 is Hilbert-Schmidt. From a similar
argument as above, we infer that it suffices to show that

[N G A < (A
0

Since, as will be seen later, L/J0_1/2cho_1_6 (e > 0) is Hilbert-Schmidt, we
have

o™ 2 (w? + 2) TV (wd + N) 7|, < Cm? + N T2 wg PV e

with some positive C. Thus (A.4) holds true if 0 < e < 1/2.

1/2

To prove that w, Y ?(wo—w)wy % is Hilbert-Schmidt, we use the formula

(A.1) for « = 1/2 and write

_ _ 1 [ _ _
wo M (wo — w)wy 1/22—/ AN 2wy P (@2 4+ 0TIV (W2 4+ N) ey 2
0

s

where the above equation hold true on some dense domain (for instance
D(wg’/ %)). Tt suffices to show

/OO N2 [|wg 2 (@2 N TV (B N g VP, < oe. (A.4)
0
If wy 1/2Vu)07176 (e > 0) is Hilbert-Schmidt, then
llwo 2 (@ + ATV (WE + A) ‘1/2“2
e e L e I I el
< g 22 1P+ 2T [l 2" - flwg Ve

T T TR WS
S C(m2 + )\)5/2—7/4

with some C' > 0 and 0 < € < 3/2. This implies that (A.3) holds true for
0 < € < 1/2 and we obtain the desired results.
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It remains to show the following.

Lemma A.1 For any e > 0, u)o_l/chuO_l_E is Hilbert-Schmidt.

Proof. Note that
wo_l/2Vw0_1_E = Vf,uo_g/z_6 + [wo_l/2, V]wo_l_e.

As seen above, the first term of the r.h.s. is Hilbert-Schmidt. It suffices to
show that [w 12 V1] is Hilbert-Schmidt. To this end, we write it as

[wo 12, V] = i/o A2 [(wd + 27 V.

By direct calculation, we see that
[(@Wf + 075 V] = (Wi +2) 7 Vowgl(wg + )7
=Vi+ Vs,
where
Vi= (w5 + ) HAV) (g + A7,
Vo = 2w+ M) "HVV) V(wd+ 1)L

One observes that the operators (AV)(wg +A)~! and (w2 + \)~1(V,V) are
integral operators with the kernels (47|z — y|) = (AV)(z)eV™ tM==¥l and
(4m|z — y|)~teV™ TA==vl(V,V)(y), respectively. Hence we have

Av)(x)‘2€—2\/m2+)\\ac—y|

2 =112 Z (4)2 - (
A3+ 27 = (m) 2 [ dnay S

6—2\/m2+/\\m|
= ) AV [ o —

m;Jr)\(H(i;i!%z /dxe’—aj"l:>

and



182 H. Sasaki and A. Suzuki

2 e—2|1:\
(@2 +0)HV,V)|s = ! (’(Z;ig“/dx )

I af?

Thus we obtain
Villz < [[(wg + 07| - [V(wg + 27,
< C(m? 4\~
and

3
IVallo < DI + 07V V) - Vs + 072 - l(wd + 07
j=1

< C(m? 4+ X\)73/4

with some C independent of A. Hence [w, 12 V1] is Hilbert-Schmidt since
[fwo /2, V]|, < c/ ATV (m? + N7 4 (m® 4+ A) ") < oo, O
0

A.2. Existence of the limits (1.8)
Under Assumptions 1.1 and 1.2, we prove the existence of

s~ lim eftweitwo,
t—+oo

Since w — wp is wp-bounded and S(R3) is dense in L?(R3) = Hac(wo), it
suffices to show that

/ dt||(w — wg)e*it“’oth < 00 (A.5)
1
for any f € S(R3). From (A.1), we see that

1 o0
w—wy = / dINT1/? [(W? +X) 7 1w? — (wg + A) ']

™ Jo

1 o
= / A2 = MNw? + N7 =1+ Awd + A7

™ Jo
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/Oo N2 [+ N7 = (Wi + )7
0

/Oo N2 W+ AT (wg + ) — (@ 4+ V)] (@ + )7
0

1 oo
——/ A2 + M)W (W2 + 07!

T Jo
Therefore, we have for any f € S(R?),
[(w = wo)e ™ £

< C'/ A2 (@2 + A) TV (W + A) e o f|
0

<0 [T om0 Vi + )],
0

< CHV||L2(R3) / d)\)\l/z(ﬂ”&2 + )\)_1 H(wg + A)_le_itWOfHLoo(Rs)‘
0
Here, we have used the Holder inequality in the last inequality. It follows
from [4] that

1(wd + 27170 £ ey < CIIT*2 @5 + 2 7w £l 11 gy
for any ¢ € R. Since

H(w% + )\)_lwg/QfHL1(R3)
<[+ [2h) 721+ )2 (wf + N 7w Lo g

1 5/2

< 1+ fal) 2 gy | (0 + 1) (8 + X)) e

< O[5 + N7 Il paggay + ClllP@F 42 w0 | e

and

lz)% (Wi +A) 7! = (Wi + A) 7z 4+ 8(wd +AN)TPA = 6(wd + )T
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we see that
H(wg + )\)_IWS/QfHLl(RS)
< O(m” + ) H{|lwi £, + Izl £l + Ay 1], }-

Thus, we obtain for any ¢t € R,
(= waje 0], < Ol [~ a2 43
0

and hence (A.5) holds for any f € S(R?).

A.3. Classical wave operator
We prove Lemma 2.6. It holds that

U(t) Uo(t) = Uy (t)'e-iteo U__(t)*eiten

U++ (t)*e—itwo U_+ (t)*eitw()]

For a,b,c,t and s € R, we set
TIap,e)(s,t) = wgeis“’wbe“‘”owg.

If a4+b+c=0,then I(4 0 (s,t) is bounded and

I(G‘:b»c)(s’ t) = I(a7b7c)(787 71;).
By direct calculation, we have

U++ (t)*eiitwO =U__ (t)*e““’o

1

A [1(1/2707—1/2)(@ —t) + I(—1/2,O,1/2)(t7 —t)

+ Ly2,-1,172) (6 =) + L—1y2,1,-1/2) (8 —t)
+1(1/2,0,—1/2)(=t, =) + I(_1/2,0,1/2)(—t, —t)
—Iya, 1,12 (=t —t) — IZ1/2.1,-1/2)(—t, —1)]

and
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S

1
=1 [I(—1/2,O,1/2)(t7t) —I(1/2,0,—1/2)(t,t)

+ I1/2,-1,1/2) (1) — L—1/2,1,—1/2)(t, 1)
+I—1/2,0,1/2) (=t t) = I(1/2,0,—1/2)(—t, 1)
—Iya, 1172 (=t 1) + I1j21,-1/2)(—t,1)].

By the similar argument as in the proof of Lemma 2.7 with the aid of Lemma
2.2, one can prove the following lemma:

Lemma A.2 Suppose that Assumptions 1.1 and 1.2. Then:

im0yt —) = M Tzt —1) = wy Pwgwy 2,
. A n 12 1/2
tllgoo I_1/2,0,1/2)(t, —t) tllgoo I_1y2.1,—172)(t, 1) = wy " “wrwy' ",

tilrinoo I1/2,0,-1/2)(t,t) = tllgx Iiij2,-1,1/2)(t,) =0,

lim [(_y/20,1/2)(t1t) = tligloo I_1/2,1,-1/2)(t,t) = 0.

t—too

By the above lemma, we have

. * _—itw 1 - N
B U077 = L s 4 P ),
. 1 _ —
lim U_+(t)*€ztw0 _ § [WO I/qu:warl/Q _ W(TI/QU]:FWO 1/2] ‘

t—+oo
This completes the proof.
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