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Involutions of the Mathieu group M,y

Maro KiMIZUKA and Ryuji SASAKI
(Received December 2, 2005)

Abstract. We shall construct involutions, in the symmetric group Sa4, which generate
Moo, Moz and Moy.
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1. Introduction

In his paper [1], N. Chigira constructed involutions, in the symmetric
group S12 by playing a 3 x 3 board game, which generate the Mathieu groups
M1 and M. Order three version of Chigira’s theorem are proved in [4, 5].
In this article, we make a 4 x 5 board game and, by playing this game,
we construct involutions which generate the Mathieu groups Mas, Mas and
Ms,. The precise statement is as follows.

We define two actions F' and F’ on the 4 x 5 board by the following:

ll l2 *
L ladad F Iy oot F .
I3 I, a || (OO
l4 b1 b2 ll (12o|a 1 b a

C1C2 C2C1

* is a new point.

First of all we take the following board, which is denoted by I :

5191317
610[14[18
7111519
8 1121620,

=[N —

By applying actions F, F? and F? to the board I, we get the following
three boards:
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2|6 [LOL7]L3 3| 711317 418121713
3|7 [11R0[L6G 43021418 115]9 2016
4|8 [1219]15 115]915019 216 101915
1[5[9[1814 216101620 3171111814

These three boards are denoted by J, K, L, respectively. Next, applying
the action F' to I, J, K and L respectively, we get the following four boards:

2117181920 221 3[16[15[14] 2317181920, 2411 3[16{15[14]
2131415016 , 720191 | 413141516 | 117201918
419101112 11011129 21112 9]10 S[129[10L1L
3[5]6[7]8 4(6]7(8]5 1{7]8[5]6 2|1815]|6]7
We call them I', J', K', L.
For the board I, we define five involutions i1, ..., i5 in Soqy by the
following:
=l T =l @3:<)<><)<)
oA —_ ==l
== Lo
Ml AT &&-
s NN
We denote the subgroup (i1, ..., i5) by I, i.e., the name of the board.

Similarly we define the subgroups I’, J, J', K, K', L and L’ of Soy.

Theorem Let X1, Xo, X3, X4 be any permutation of the four group I', J’,

K', L'. Then we have the following:

(1) <I, X1> ~ <J, X1> ~ <K, X1> ~ <L, X1> ~ PSL(3, 4)

(2) <I, Xl, X2> ~ <J, Xl, X2> ~ <K, Xl, X2> ~ <L, Xl, X2> ~ M22

(3) <I, X1, XQ, X3> ~ (J, Xl, XQ, X3> ~ (K, Xl, XQ, X3>
~ (L, X1, Xo, X3) >~ Mos

(4) (I, Xy, Xo, X3, X4) ~ (J, X1, Xo, X3, Xy) ~ (K, X1, Xo, X3, X4)
~ <L, Xl, XQ, X3, X4> ~ M24
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2. Involutions of May

First of all we recall the binary extended Golay code. Let Q = {1, 2, ...,
24}. We denote by P(2) the power set . It is a vector space over Fy via
the addition operation A + B := (AU B)\(A N B). Consider the following
4 x 6 arrangement of

PIL[5]0 3]
0. P22[6MoI8
= RI3[T L5
pAT4[3 121620

We denote this arrangement by
((k, 7)), keFy, 1<i<6.

Namely, (0, 1) =21, (1,1) = 22, (w, 1) = 23, (@, 1) = 24, (0, 2) =1 and
so on. Here F} = (w). Therefore we have

P(Q) ~ Y Fa(k, i).
(k1)

For each i, we define a typical element ¢; in P(2) by

1

1
=0 |:] 0
1
Define a map
s;: Fy — Z Fo(k, i)
kelFy
by
k— (k, 1),
and set S = (s1, ..., sg). When H is the 4-ary hexacode [6, 3, 4], the linear
code

Cou=(ci—cj, ;i +S(t)|1<4,j<6,tcH)CP(Q)

is the binary extended Golay code. For details, we refer to [2], [3] and [4].
A 4 x 6 arrangement (v( ;) of  is called an M-matrix if the map
(k, i) = v, ;) induces an automorphism of Cag. As for the M-matrices,
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we refer to [4] and [6]. The matrix ((k, i)) itself is apparently an M-matrix,
and we have the following seven M-matrices:

22126101713 23[3 [ TL113]17 24{4 8121713
233 |7 [L12016] | 2414 |8 121418 | 21{1[5]92016
24148121915 21{1({5[9[1519 22(2[6 101915
21]1[5[9[1814] 22(26 101620 233 [T111814
1 2117181920 222131611514 3 2317181920
222 131411516 | 23 3[L7ROLILY | 24 413141516 |
2314 [9[1011{12 241 101112(9 2121112910
24{31516[7|8 211416|7[8]5 22011 7|8[5]6

4 24113161514

2111 17201918

223112191011

2312[8]5[6]7

The table in [7] of octads, i.e., 8-set elements in Cay4 is helpful in deter-
mining M-matrices.

Lemma 1 For each M-matriz, we have five involutions in Aut(Cay):

L] A

b1

F-t-t

it

3. Proof of Theorem
We begin with the following lemma:

Lemma 1 Let

¢ = (iyigig)™ = (1)(17)(5 9 13)(8 10 15)
(6 11 16)(7 12 14)(3 2 4)(18 19 20).

Then we have
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(i1, io, i3, 14, €) ~ 2% X Zs.
Moreover I is transitive on the set Q = {1, 2, ..., 20}.

Proof. We have the following elements in (I):

i1:=(1)(2)(3)(4)(5 9)(6 10)(7 11)(8 12)(13 17)(14 18)(15 19)(16 20)
i9:=(1)(2)(3)(4)(5 6)(7 8)(9 10)(11 12)(13 14)(15 16)(17 18)(19 20)
i3:=(1)(2)(3)(4)(5 7)(6 8)(9 11)(10 12)(13 15)(14 16)(17 19)(18 20)
i4:=(1)(2)(3)(4)(5 13)(9 17)(6 14)(10 18)(7 15)(11 19)(8 16)(12 20)
i5:=(17)(18)(19)(20)(5 1)(2 8)(3 6)(4 7)(13 9)(14 11)(15 12)(10 16)

b1 :=i2=(1)(2)(3)(4)(5 6)(7 8)(9 10)(11 12)(13 14)(15 16)(17 18)(19 20)
by:=i3=(1)(2)(3)(4)(5 7)(6 8)(9 11)(10 12)(13 15)(14 16)(17 19)(18 20)

by :=i2i3=(1)(2)(3)(4)(5 8)(7 6)(9 12)(11 10)(13 16)(15 14)(17 20)(19 18)
by:=i1=(1)(2)(3)(4)(5 9)(6 10)(7 11)(8 12)(13 17)(14 18)(15 19)(16 20)
bs:=1i1i2=(1)(2)(3)(4)(5 10)(6 9)(7 12)(8 11)(13 18)(14 17)(15 20)(16 19)
bg:=1i1i3=(1)(2)(3)(4)(5 11)(6 12)(7 9)(8 10)(13 19)(14 20)(15 17)(16 18)
by :=i1i2i3=(1)(2)(3)(4)(5 12)(6 11)(7 10)(8 9)(13 20)(14 19)(15 18)(16 17)
bs:=1i4=(1)(2)(3)(4)(5 13)(9 17)(6 14)(10 18)(7 15)(11 19)(8 16)(12 20)
bg:=i2i4=(1)(2)(3)(4)(5 14)(7 16)(9 18)(11 20)(13 6)(15 8)(17 10)(19 12)
bio:=1314=(1)(2)(3)(4)(5 15)(6 16)(9 19)(10 20)(13 7)(14 8)(17 11)(18 12)
bi1:=t2i3i4=(1)(2)(3)(4)(5 16)(7 14)(9 20)(11 18)(13 8)(15 6)(17 12)(19 10)
bia:=1i114=(1)(2)(3)(4)(5 17)(6 18)(7 19)(8 20)(13 9)(14 10)(15 11)(16 12)
biz:=i1igig=(1)(2)(3)(4)(5 18)(6 17)(7 20)(8 19)(13 10)(14 9)(15 12)(16 11)
brg:=1i1i3i4=(1)(2)(3)(4)(5 19)(6 20)(7 17)(8 18)(13 11)(14 12)(15 9)(16 10)
b1s:=i1121314=(1)(2)(3)(4)(520)(6 19)(7 18)(8 17)(13 12)(14 11)(15 10)(16 9)

Using these elements, we see that (I) is transitive on (2. By an easy but
tedious calculation, we see that (i1, i, i3, 14) = (i1) X (i2) X (i3) X (i4) ~
24, Since (i1)¢ = bia, (i2) = ba, (i3)¢ = bg and (i4)¢ = by, it follows that
(11, 12, 13, 14) is a normal subgroup of (i1, 42, i3, i4, c). Hence we get

<i1, ig, ig, i4, C> = (<11> X <ZQ> X <Z3> X <Z4>) A <C> ~ 24 X Z3.
[l

Now we shall prove the theorem. Corresponding each component of the
4 x 6 array of 2 defined in §2 to one of the following:
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(0,1,0) (1,0,0) (0,0,1) (1,0,1) (w,0,1) (w,0,1)
I (1,1,0) (0,1,1) (1,1,1) (w,1,1) (@1,1)
11 (l,w,0) O,w,1) (l,w,1) (w,w,1) (W ,w,1)’

117 (1,»,0) (0,0,1) (1,w,1) (w,w,1) (w,w,1)

we obtain a bijection between the set {1, 2, ..., 24} and P3(F,)U{I, II, I1I}
(cf. [2], Ch. 11. § 11). Then the involutions {i1, iz, ..., i5} act on the space

P3(F,4) as
1 0 0 1 0 0
o010, [o10],
1 0 1 01 1
0
; ) 0
w
respectively. It is easily seen that ¢} = ia, i = i1, i = i4, i) = i3, and that
it corresponds to

0
0
1

o = O

1
0
w

O O =
_— o O

0
1
w

o o &

El = =
o o

0

By Lemma 1, we see that (I, I') is 2-transitive on the set Q U {21} ~
P3(FFy); thus |(I, I')| > 21-20-2%-3. On the other hand, we see that (I, I')
can be considered as a subgroup of PSL(3, 4); hence we have |[(I,I')| <21-
20 - 24 - 3. Therefore (I, I') ~ PSL(3, 4).

Since (I, I', J') is transitive on the set Q U {21, 22} and (I, I', J') C
(M24)24 23 X~ MQQ, it follows that

22-21-20-2%.3 = |My| > (I, I', J')|
>22-|PSL(3,4)| =22-21-20-2%.3.

Therefore (I, I', J') ~ May. Similarly, we have
(1, I, J, K’) ~ Mg, (I, I'J, K, L/> ~ Moy.

By symmetry, we have (1), (2), (3) and (4).
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