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Large time behavior of solutions
for parabolic equations
with nonlinear gradient terms
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Abstract. In this paper we prove the global existence of mild solutions for the semi-
linear parabolic equation u; = Au+ a|Vu|? +blulP~lu, t >0,z €R*, n>1,a €R, b€
R,p>14+(2/n), (n+2)/(n+1) < ¢ <2and qg <p(n+2)/(n+p), with small initial data
with respect to a norm related to the equation. We also prove that some of these global
solutions are asymptotic to self-similar solutions of the equations u; = Au + va|Vul? +
ublu|P~1u, with v, u = 0 or 1. The values of v and p depend on the decaying of the
initial data and on the position of ¢ with respect to 2p/(p + 1).

Our results apply for the viscous Hamilton—Jacobi equation: u; = Au + a|Vu|? and
hold without sign restriction neither on a nor on the initial data. We prove that if (n +
2)/(n+1) < ¢ < 2 and the initial data behaves, near infinity, like c|z|~%, (2 — q)/(q —
1) < a < m, ¢ is a small constant, then the resulting solution is global. Moreover, if
(2—-¢)/(g—1) < a < n, the solution is asymptotic to a self-similar solution of the
linear heat equation. Whereas, if (2 — ¢q)/(¢ — 1) = a < n, the solution is asymptotic
to a self-similar solution of the viscous Hamilton—Jacobi equation. The asymptotics are
given, in particular, in W1 °°(R™).

Key words: Semilinear parabolic equations, Global solutions, Large time behavior, Self-
similar solutions, Nonlinear gradient term, Viscous Hamilton—Jacobi equation.

1. Introduction
In this paper we consider the semilinear parabolic equation
uy = Au + a|Vul|? + blulP ™ u, (1.1)

whereu =u(t, z), t >0,z e R", n>1,a e R,beRandp>1,1<g<2.
We are interested in the study of the global existence and the asymptotic
behavior of solutions of the problem (1.1) with initial data u(0, -) = ¢
small with respect to the norm N defined below by (1.2). In particular,
we consider initial values ¢ € Co(R") such that o(z) ~ clz|~2/1=1D as
|x| — oo, in some appropriate sense, P; > 1+ (2/n) and ¢ a small constant.
These initial values are in L*(R") N C(R™) and are not in L*(R").
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The aim of this paper is to prove the existence of global solutions which
are asymptotic, as t — 00, to self-similar solutions of equations related to
(1.1) and depending on Py, p, . We note that, in general, the equation (1.1)
itself has no self-similar structure. The asymptotic equations are given by
(1.4) and (1.5) below and have self-similar structures.

Equation (1.1) for a # 0 and b # 0 is introduced in [8], for a mathe-
matical motivation. A physical meaning to this equation is given in [19].
A similar study to the present paper can be found in [17] where only the
critical case ¢ = 2p/(p + 1) is considered. In this paper we complete this
study by considering the case ¢ # 2p/(p + 1) and extend it, even for the
case ¢ = 2p/(p + 1) by considering other class of initial values. This allow
us to obtain new asymptotic behavior. See Theorems 2, 3 and 4 below. In
fact, in [17], the condition ¢ = 2p/(p + 1) is needed in the norm which is
used to prove the global existence. Here, we introduce an other norm N to
measure the size of the initial values. See (1.2) below.

Equation (1.1) for @ = 0 and b # 0 is the standard nonlinear heat
equation. The global existence and the large time behavior of solutions
to the nonlinear heat equation, in the spirit of the present study, is done
in [7, 18]. The method used in this paper is inspired by the works in
[10, 5, 7, 17, 18, 16]. We refer the reader to the introduction of [7] and to
that of [18] for a more historical account of this method.

Equation (1.1) for a # 0 and b = 0 is typified as the viscous Hamilton—
Jacobi equation in the stochastic control theory and in other physical situ-
ations. Also it is known as the Kardar—Parizi-Zhang equation (KPZ equa-
tion) from the theory of growth and roughening of surfaces. See [4, 1, 11,
12, 13, 14, 3] and references therein. See also [4, 2] for other applications of
such an equation. The Large time behavior of solutions to this equation is
studied in particular in the recent works [4, 1, 11, 17]. In [1, 11] the initial
values are in L!(R™) and we do not cover this case in this work. We improve
the results of [17] by exhibing new asymptotics, see Theorem 4 below. Also
our result, if a < 0, can be compared to that of [4]. In fact, we give more
refined asymptotics for large time. And unlike in [4], we didnot impose any
restriction on the sign of the initial data, but we require the smallness of
the initial value in some appropriate sense. See Theorem 4 below.

Let us present now an idea about the results obtained in this paper. We
first prove the global existence of solution to the integral equation related
to (1.1) for initial data ¢ small with respect to the norm
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N () = sup [t el , 22| VetB |,

t%2 [l 212V R, ], (1.2)

where here and in the rest of the paper, ||. ||, denotes the norm in L"(R™),

e!® is the heat semigroup, P; and P» are two real numbers satisfying

2
1+— <P < min(p, L) < max(p, L) < P.
n 2 2—q

Ifn>3a+#0,bb%#0,qg+# 2p/(p+1) and p < 2 we have to impose

the condition ¢ < p(n + 2)/(n + p), see Remark 3.1 below. r1, 7y are two
Lebesgue numbers satisfying in particular

TL(Pl - 1) _ P1 —1

5~ TR 1

and specified below in Lemma 2.3. 31, (2 are given by

ro < 00

1 n 1 n

_ " og _ 1.3
P1—1 27’1’ ﬁ2 P2_1 27’2 ( )

See Theorem 1 below.

Later, we show that if A'(¢) is small enough and ¢ ~ ¢|z|~2/(P1=1) as
|x| — o0, ¢ € R, then the resulting solution of (1.1) is asymptotic as t — oo
to a self-similar solution of the equation

A

wy = Aw + av|Vw|? 4 bu|w|P~ w, (1.4)

where w = w(t, x),t >0,z e R";anda e R,beR, p>1,1< ¢ < 2are
the same parameters in Equation (1.1) and v, p are defined by
v = lim s~ @/(P1=-1)=(2=9)/{2(¢-1)})
U )(Pi—1)—1/(p—1 (1.5)
= lim s 1—1)=1/(p—1))

§—00

Clearly since 1 < Py < min(p, ¢/(2 — q)), the previous limits exist and are
finite. More precisely, we have v = 0 or 1 and g = 0 or 1. One can verify
that if w is a solution of (1.4) then

wy(t, ©) = XD\ Az), A >0, (¢, z) € (0, 00) x R?

is also a solution of (1.4), for all A > 0. A self-similar solution is a solution
for which

w(t, z) = wx(t, x), YA >0, (¢, z) € (0, c0) x R™.
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The self-similar solutions, to which the solutions of (1.1) are shown to

converge, are constructed in [7, 17] and have in particular a slow spatial

decay, see [7, Theorem 6.2] and [17, Theorem 2.4]. For spatially rapidly

decaying self-similar solutions to the equation (1.4) see [4, 1, 3, 13, 25, 26]

and references therein.

The asymptotic equation (1.4) depends on the values of P;, p and ¢q. If
1 < P; < min(p, ¢/(2—q)), then Equation (1.4) is the linear heat equation,
that is (1.1) with a = b = 0. If P, = min(p, ¢/(2—¢q)), we have the following
three cases:

(i) ifl1<qg<2p/(p+1) (hence P, = q/(2 — q)), then Equation (1.4) is
the viscous Hamilton—Jacobi equation, that is (1.1) with b = 0,

(ii) if ¢ =2p/(p+ 1) (hence P, = q/(2 — q) = p), then Equation (1.4) is
the equation (1.1),

(iii) if 2p/(p+ 1) < g < 2 (hence P, = p), then Equation (1.4) is the
nonlinear heat equation with one power nonlinearity, that is (1.1) with
a=0.

See Theorems 2—4 below, for the asymptotic behavior results. In particular,

we give an estimate for the rate at which an asymptotically self-similar solu-

tion u converges, in W11 (R"), to a self-similar solution w. For the viscous

Hamilton-Jacobi equation, we show that ||u(t) — w(t)||, and vt||Vu(t) —

Vw(t)|, r € [r1, oo] decrease as a negative power of ¢ faster than the decay

of the self-similar solution w by itself. This gives more refined asymptotic

results than those of [4, Corollaries 2.2, 2.3 and Theorem 2.11].

We remark that the large time behavior of global solutions of (1.1)
depends on the position of ¢ with respect to 2p/(p+1). If ¢ < 2p/(p+1), the
term |u|P~1u has no effects on the large time behavior of solutions. Whereas
if ¢ > 2p/(p+ 1), the term |Vu|? has no effects on the large time behavior
of solutions. It is pointed out in some previous works that the position of
q with respect to 2p/(p + 1) has an influence on the behavior of blowing
up solutions. For this, We refer the readers to [8, 9, 20, 21, 22, 23, 24] and
references therein.

The rest of this paper is organized as follows. In Section 2, we establish
some preliminaries which will be needed later in the proofs of the theorems.
In Section 3, we state and prove Theorem 1 concerning the existence of
global solutions. In Section 4, we state the asymptotic behavior results,
Theorems 2—4, and give their proofs. In this paper, we sometimes denote
u(t, -) by u(t). C will designate a constant which may change from line to
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line and we also denote it by Cs or C'(9) to indicate that it depends on a
real number §.

2. Preliminary lemmas

In this paper we need the following well-known smoothing properties of
the heat semigroup:

le®plls, < (dmt) (/DO (2.1)
IVe'2plls, < HEH2 R m=) g, (2.2)

for all 1 < s1 < s9 < ooandt > 0. H is a positive constant. Recall
that (e'2¢)(z) = (E(t, -) * ¢)(z), where E(t, z) = (dt) 21217/ (40) ¢
0, x € R", is the heat kernel and x denotes the convolution product. We
also use the Gagliardo-Nirenberg inequality,

lullm < GVl ull ™, (2.3)
for u € Wh(R"), where 1/m = (1/r) — (N/n) and 0 < N < 1, see [15].

The last condition on N is equivalent to: r < m and m < nr/(n —r) if
r < n. We will use also the following interpolation inequality

0 —0
lulls < llully, lull, (2.4)

= ro

for w € L™ (R™)N L™ (R™), where s € [r1, ro], 6 € [0, 1] with 1/s = (0/r1) +
(1 —0)/rs.

In this section we establish some preliminary lemmas needed for the
proofs of the main results of this paper. The proofs of some of the following
lemmas is obvious and can be omitted.

Lemma 2.1 Letp>1andl < qg<?2. Let P, and Py be two real numbers
satisfying
. q q
< — < — ) < . .

1<P1_m1n<p,2_ >_max(p,2_ )_Pg (2.5)
Then we have the following:
(1) P/g—(PA—-1)/2<1, P/p<1,
(i) {(h-1)/(P=1)}P/q—(P1—1)/2< 1, {(P1—1)/(P2—1)}P2/p < 1,
(i) 1<{(-1)/(Pi-1)}P1/q—(P2—1)/2, 1 <{(P—1)/(P1—1)}P1/p,
(iv)

iv) 1< Py/qg—(P—1)/2,1< Py/p.
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Lemma 2.2 Let n be a positive integer and the real numbers p and q be
such that

2 n+2
1+—<p and —— <qg<2.
n n+1

Let Py be a real number such that

2
Pr>1+—. (2.6)
n
Then the following inequality
P (P —1) q
P—l(l——) 1), 2.7
e L (G (RO R (27)

holds for all real numbers Py satisfying (2.6) if and only if

n—+2

< .
q_pn—i-p

Proof. Equation (2.7) is equivalent to
2
f(P1—1)>0, VP1>1+E’

where f is a function given by

f(a:):9:2(1—%)(n+p)+x(n+p—2)—2, x €R.

Clearly, since ¢ < 2, f is positive for large x. On the other hand, since f is
negative at zero, it has a positive root, and a negative root. Then (2.7) is
satisfied for all P, —1 > 2/n if and only if f(2/n) > 0 and then if and only
if (2.8) is satisfied. This finishes the proof of the lemma. O

Lemma 2.3 Let the positive integer n and the real numbers p and q be
such that

2 n+ 2 n—+2
1+=-<p, ——<q<
+n pn+1 q_pn+

and q < 2.

Let Py, Py be two real numbers satisfying (2.5). Assume that
’I’L(Pl — 1)
2

Then there exist two real numbers r1, ro = [(Py — 1)/(P1 — 1)]r1 satisfying:
(i) nPA-D/2<r,n(Pr—-1)/(p+1)<ri,nPr—1)(1—q/2) <r,

> 1.
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(i) (AA—1)(1—-¢q/2)+1<ry,

(iii) nPl/(p+n) <7y,

(iv) m<(nP-1)/2)((P-1)1-q/2)+1),

(V) 7“1<7”L<P1—1)/(3—P1) ifP1<3,

(vi) n(Po—1)/2<re,n(Pa—1)/(p+1) <re, n(Py—1)(1 —¢q/2) < ro
(Vii) (Pg—l)(l—q/2)+1<7“2,

(viii) nPa/(p+n) < rg,

(ix) ro<(n(P2—1)/2)((P.—1)(1—¢q/2) + 1),

(X) TQ<TL(P2*1)/(3*P2) if Py < 3.

We now state the following lemma.

Lemma 2.4 Let the positive integer n and the real numbers p, q, P1 and
P> be as in Lemma 2.3. Let r1, ro be the two real numbers given by Lemma
2.3. Then there exist two real numbers mi and mo such that

pri prin
p <my, P1 <m17n—|—r1 mi,
n(Pp—1) npri . pri
my < rip, mip < 5 ; m1<nP1—p7“1 if P <n,
and
p(PQ — 1)7’1 (PQ — 1)pr1n
< -— <
Py o, S nP ) rr(P—1)
P2 —1 TL(PQ — 1)
m2<7“1pP1 1,77”b2< 5 p,
Py—1 Py —1
g < npri(P2 — 1) if p(P2 — 1)ry
n(P1 — 1)P2 — p’l“l(PQ — 1) (Pl — 1)P2
Let us define the real numbers r;;, §;; for i, j € {1, 2} by:
L . P1 —1 ( P1 1)
11 r \q(P—1) 2/
P1 1 n
=(—t ) - (29
fn (q(P1 —1) 2) 21, (29)
1 1P
T12 rp’
P, n
B2 = ! (2.10)

p(PL—1)  2ry’
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1 . P1 — 1( P2 1)
21 r \g(Pp—1) 2/’
P2 1 n
—(—2 Y- " (@en
fan (q(Pg—l) 2) 291 (2.11)
1 P-1 P
22 o p(P2—1)
Py n
B2 (2.12)

Tp(Pr—1) 2y

We state now the following Lemma which contains all the needed tools for
the proof of the global existence result.

Lemma 2.5 Let the positive integer n and the real numbers p, q, P1 and
P, be as in Lemma 2.3. Let r1, 7o be the real numbers given by Lemma 2.3.
Let 1, B2, rij, Bij, 1, j € {1, 2}, be given respectively by (1.3), (2.9)-(2.12).
Consider also the real numbers mi and mo given by Lemma 2.4. Then the
real numbers 1, r2, 51, B2, m1, ma, rij and B;; satisfy the following:
( i ) Br > 0,82 > 0, Tij € [7”1, 7”2], ﬂij S [BQ, ﬂl],Vi,j S {17 2}. Also
there exist 0 < 0;; < 1, for i, j =1, 2 such that
Lol 2% s -0

T’ij ™ 9

—
=

1 <rig<my, 1 <rog < ma,

m1 < nriz/(n —ri2) if rig <n and ma < nraa/(n — re2) if ree < n,
L<ri/g<r, 1<ro/g<ry, 1<mi/p<ri,1<ma/p<rs,
Br—(n/2)(q/r1i1 —1/r1) — (B +1/2)g+1 =0,

B — (n/2)(p/r12 —1/r1) = pBi2a + 1 =0,
)
)

=

S

B2 — (n/2)(q/r21 — 1/r2) — (B21 +1/2)g+ 1 =0,

B2 — (n/2)(p/ra2 — 1/12) —pPa2 +1 =0,

n(g/rin—1/m) <1, (Bu+1/2)g<1,

n(g/ra1 —1/r2) <1, (Ba1+1/2)g <1,

n(p/m1 —1/r1) <1, Biap+ (pn/2)(1/r12 — 1/m1) < 1,

n(p/ma —1/r2) <1, Poop+ (pn/2)(1/ra2 — 1/m2) < 1.

Proof. Part (i) follows by Lemma 2.3 part (i) and Lemma 2.1. The proof

of (ii)—(iv) and (ix)—(xii) follows by Lemmas 2.4 and 2.3. The properties
(v)—(vii) follow by (1.3) and (2.9)-(2.12). O

/\/\/‘\/‘\?/‘\/—\/\/\/\/\
e <

SR~ =H=F H ST
S S N e e e e e S N N

o

In the proof of existence of global solutions to (1.1), in the next section,
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the property (i) is related to the interpolation inequality, the properties
(ii)—(iii) are related to Gagliardo-Nirenberg inequality, the property (iv)
in Lemma 2.5 represents compatibility conditions for the heat semigroup,
that is e'® maps between the appropriate Lebesgue spaces; properties (ix)—
(xii) are integrability conditions: to assure that the various integrals are
convergent; finally, properties (v)—(viii) will allow the contraction mapping
argument to be done on the time interval (0, co) directly.

The following technical lemma will be needed in the proof of the asymp-
totic behavior results, Theorems 2 and 4 in Section 4.

Lemma 2.6 Let the positive integer n and the real numbers p, q, P1 and
P> be as in Lemma 2.3. Let r1, ro be the real numbers given by Lemma 2.3.
Let B1, B2, rij, Bij, 1, § € {1, 2}, be given respectively by (1.3), (2.9)-(2.12).
Consider also the real numbers my and ms given by Lemma 2.4. Let v and
ft be given by (1.5). Let 6 > 0 and define ry;, B1;, 7 =1, 2 and m} by

11 P, g\l
bt oy
74/11 7"11+ ( V) -1 2 11
P g\~
/_ — —_—
Bl=Bu+o0-v) (57 —5) A (213)
1 P-11
L S . =
o T2 S Py ra
1
Bio = iz + (1 — p) P B2, (2.14)
and
1 1
81— ).
7n/1 ml+ ( M)

Then there exists 6g > 0 such that for all 0 < § < §y we have

i ) Tllj S [Tla T2]7 ﬁij S [ﬁ?v Bl]? Vj € {17 2}7

) 1< iy <mi,

) my < nriy/(n—riy) if ry <n,

) 1<riy/g<ri, 1<m)/p<r,

v) n(g/rjy—1/m) <1, (B;1+1/2)q+vd <1,
) n(p/my —1/r) <1, Biap+ (pn/2)(1/rly — 1/mi) + pué <1,
) B —n/2)(g/ry —1/m) — (B11 +1/2)g+ (1 —v) +1=0,
) Br—(n/2)(p/rie —1/11) — pBia + (1 —p) +1=0,
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Proof.  Since conditions (i)—(vi) are satisfied for 6 = 0 by Lemma 2.5 they
are still satisfied for § > 0 and small. &g is the largest § such that the
previous conditions are satisfied for 0 < § < d¢. (vii) follows by (2.9), (2.13)
and (viii) follows by (2.10), (2.14). O

3. Global existence

In this section we prove the global existence of a mild solution of the
equation (1.1). That is a solution of the integral equation associated to the
equation (1.1) which is

t
u(t) = e®p + a/ =2 (1Vu(0)|?)do
0

+b /0 =2 (|u(o) P~ u(o))do. (3.1)

We have obtained the following result.

Theorem 1 (Global existence) Let the positive integer n and the real
numbers p and q be such that

2 n 4+ 2 n+ 2
I+4—<p, —<q¢g<p— d < 2.
+n p7n+1 q_pn+p ana q
Let Py, Py be two real numbers satisfying (2.5). Assume that
P -1

Let r1, o be the real numbers given by Lemma 2.3 and consider the real
numbers mi1 and ms given by Lemma 2.4. Consider also the real numbers
b1, B2 and rij, Bij, i, j € {1, 2}, be given by (1.3), (2.9)—(2.12) respectively.
Suppose further that M > 0 satisfies the inequality

oM™t KCoMP~t < 1, (3.2)

where K1 and Ko are positive constants given by (3.23) and (3.24) below.
Choose R > 0 such that

R+ K1 M9+ KoMP < M. (3.3)

Let o be a tempered distribution such that

N(p) = igg[tﬁlllet%l\m 2|Vt g,
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t%2 e |, 17212V Rl ] < R (3.4)

It follows that there exists a unique global solution u of (3.1) such that
sup 7 [u(®) 7 2|V ut)

2 (), 72Vt ]]r,] < M. (3.5)

Furthermore,
(i) limgpu(t) = ¢ in the sense of tempered distributions.
(ii) u(t) —e®p € O([0, 00), L*(R™)) for max(my/p, r11/q) < s
<n(P; —1)/2 and max(ma/p, r21/q) < s < n(P>—1)/2.
(i) u(t) —e®p € L>®((0, 00); L*(R™)), forn(Py—1)/2<s
<n(P,—1)/2.
In addition, if ¢ and ¥ satisfy (3.4), and if w and v respectively are the
solutions of (3.1) with initial values ¢ and 1), then

sup[t [u(t) = v(t) lr,, 72| Vu(t) = Vo)l

t%2[u(t) = v(t) [y, 2V u(t) = Vo(b)]r]
< (1= (K MT + IoMP M) N (p — ). (3.6)

Remark 3.1 Assume that
2

2 n 4+
1+-—< d —<g<2.
+n p an n-+1 9

Then if ¢ = 2p/(p+1) or p > 2 the condition (2.8), i.e. ¢ < p(n+2)/(n+p),
is clearly satisfied. In particular, it does not appear for the critical case
qg=2p/(p+1), for n =1 and for n = 2. Observe also that when b = 0
or a = 0 the condition (2.8) is not needed. We remark also that all the
results of this paper still valid if we replace (2.8) by (2.7), see Lemma 2.2
above. Finally, we remark that the condition (2.8) seems to be technical,
see Lemma 2.3 parts (iii)—(iv). Also see the first and the sixth inequality in
Lemma 2.4 and Lemma 2.5 parts (iii)—(iv) and (ix).

Remark 3.2 As an example of initial values ¢ satisfying (3.4) we may
take p € LMP=2/2(RM)AL P =2)2(R™) with ||| p,—2)/2 and [[@lln(py—2)/2
sufficiently small. See also Proposition 4.1 below for other examples.

Proof of Theorem 1. Throughout the proof, we use the notation estab-
lished in Section 2. The proof is based on a contraction mapping argument
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on a suitable metric space. Let X be the set of Bochner measurable func-
tions u: (0, co) — WHTH(R™) N W T2(R™) such that

[ullx = Stl;g[thU(t)llm 2 Tt
2 u(t) g, V2V ut)llry] < 00, (3.7)

where 31, (2 are given by (1.3) and ry, 79 are given by Lemma 2.3. Let
M > 0 and define

Xy ={ue X ||ullx <M} (3.8)

X endowed with the metric d(u, v) = ||[u—v||x is a complete metric space.
Consider the mapping F, defined by

Folu)(t) = e +a / (=23 (|Vu(0)|%)do

+b /0 e =DA(|u(o) P u(0))do, (3.9)

where ¢ is a tempered distribution satisfying (3.4). We will prove that F,
is a strict contraction mapping on Xjs. Let ¢ and ¢ satisfy (3.4) and u, v €
Xuy. For i =1 or i = 2, we have

| Fo(w) () — Fy (0) ()1, < 871" (0 = 9)lIr,

+ |alt? /OtHe@—U)A [IVu(0)|? — |Vo(o)|7]|| do

Ti

do.

T

et [ = @) (o) = fo(e) P o(o)]

Now, we respectively use the smoothing property of the heat semigroup

(2.1) with respectively so = r;, s1 = r;1/q and s2 = 1;, s; = m;/p on the
second and the third term of the right-hand side of the last inequality, where
the real numbers 7;, ;1 and m; are as in Lemma 2.5, to obtain

F 0 ~ Fo@Oll, < e = D)l
t
+|a’tﬁi/ (47r(t_U))—(H/Q)(Q/Tu—l/ri)
0

x |[|Vu(o)|? = |Vo(o)?|, do

ri1/q



Large time behavior 323

t
T (b5 / (4r(t — o))~ (/2 mi=1/r)
0
x |[lu(o) P~ Yu(o) — |U(U)’p_1U(U)Hmi/de' (3.10)
By using the Holder inequality, we have

|| Vul? — [Vol?

Tll/q

< q(IVulldt + IVolli D IV = Vol (3.11)
and

[[ul? ™ u — o~ o]

mosp < PUllt + [0l5 ) e = vl (3.12)

Also, by using the Gagliardo-Nirenberg inequality (2.3), with m = m;, r =
r;2 in the right—hand side of the inequality (3.12) and by Lemma 2.5 parts
(ii)—(iii) and (2.3), we obtain
H|u]p_1u — ]v\p_lv| mi/p
< pGP[|| V|| (1/riz—=1/m;)(p— 1)||u” [1=n(1/ria—1/m:)](p—1)
Ti2
+ va”?lgl/m 1/m;)(p—1) HU” [1—-n(1/ria—1/m;)](p— 1)]

x Hvu VUH” (1/ri2— l/ml)Hu UH[I n(l/rio— 1/m,)} (3‘13)

742

Now by using (3.11) and (3.13), we deduce from (3.10) that

t9|F () (t) = Fy (0) ()l < 7] (0 = ) I,

[ t s (t — o))/
0

+ |a|gt?

< (IVu@)IEt + V(@) 1) IVu(o) = Vu(o) |, do

Tzl

|b|pGpt’6’ [ (4m(t — o‘))_(n/2)(p/mi—l/7’i)

x [[Fu(o) [/ re=1mCD (o) im0/t molp=)

732 Ti2
([T (o) [ et mIE Dy o) | iVt mollo—1)]
Ti2 Ti2
% HVU(O’) ( )Hn (1/ri2—1/m;)
x |lu(o) — v(o)||i; "/l do | (3.14)

Using the interpolation inequality (2.4) with s = 71 in the second term
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of the right hand-side of the last inequality and s = r;o in the third term,
along with the fact that u, v belongs to Xjs, we obtain

P Fou)(t) = Fp) ()l < 7 (0 = 9)lr,
+ QCilMlI—ltﬁi—(n/2)(Q/Ti1—1/Ti)—Q(Bi1+1/2)+1

1
% </ (1 . 0)(n/2)(q/n11/ri)aq(ﬁi1+1/2)d0_> Hu . UHX
0
+ QCiQMP—ltﬁi—(n/Q)(P/Tiz—1/Ti)—135i2+1

1
" ( / (1- U)(n/2>(p/m¢1/n>apﬁi2<np/2)<1/n21/mi>dg> T
0

where

ci1 = |a|q(4m) (/2 a/ra=1/r), (3.15)
and

Cio = |blpGP (4m) = (/2 p/mi=1/r:) (3.16)

where G is the constant appearing in (2.3). Then, due to Lemma 2.5 parts
(v)—(viii), we have

7| Fo(u) () = Fy () (0)]|r,
< 911" (0 — ¥)|lr, + (CtMT " + CoMP™ Y |lu — v x, (3.17)

where
1
Ci = 261 / (1 o)~ /2alra=1/r) y=a(Bu+1/2) g (3.18)
0

and

1
Cia = 201'2/ (1- g)—(”/2)(p/mi—1/ri)
0
X O—_Pﬁﬂ_(np/z)(l/rig—1/mi)d0_7 (3'19)

where the constants ¢;; and ¢;2 are given respectively by (3.15) and (3.16).
Due to Lemma 2.5, the positive constants C;; and Cjo are finite for i = 1, 2.
Also, by the inequality (2.2) we obtain analogously for i = 1, 2

P2\ T F,(u)(t) — VFy(0) (@) || < Y2V (0 = 0|1,
+2|a|qHM‘1—1t5i—(n/2)(q/m—1/ri)_q(5ﬂ+1/2)+1
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x (/1(1 - U)_(n/2)(q/m_1/”)_1/20_‘1(6"1+1/2)d0) lu—v||x
+2\b(\)pHGpMpfltﬁi*(nﬂ)(p/nz*l/m)*pﬁizﬂ

x (/él _ 0-)*(n/Q)(p/mifl/n)71/20.7pﬁ,~2f(np/Z)(l/mgfl/mi)do_)
XHUO— vllx,

where G is the constant appearing in (2.3) and H is the constant appearing
n (2.2). Then, due to Lemma 2.5 parts (v)—(viii), we have

2|V Fp(u) (t) — VF(0) ()], < P2V (0 — )],
+ (D MT + DppMP™ Y ||u —v||x, (3.20)

where
Da = 2lgl [ (1= o) 2B D (3)
0
and
Dy = 2|blpHC? /1(1 _ o)) epmi-/r)-1/2
’ x g PBi2=(p/2)(/ria=1/mi) gz (3 29)

Due to Lemma 2.5, the positive constants D;; and D;s are finite for i = 1, 2.
Let

K1 = max (Cj1, D; 3.23
! ie{iQ}( ! 1) ( )
and
Ko = max (Cjo, Dj2), 3.24
2 i€{%2}< 2 2) ( )

where the constants Cj1, Cj2, D;j1 and Djy are given respectively by (3.18),
(3.19), (3.21) and (3.22). Now combining (3.17) with (3.20), we get by (3.4),

d(]{p(u), ]:w(v))
<N(p =)+ (KM + CoMP~Yd(u, v). (3.25)
Setting ) = 0 and v = 0 in (3.25), we obtain
1P (w)llx < N (@) + (KiMT™ + Ko MP7H]fulx, (3.26)
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and so by (3.3) and (3.4) F, maps X into itself.
Letting ¢ = 9 in (3.25), we get

d(Fp(u), Fp(v)) < (KiMI™ + Ko MP~ N d(u, v). (3.27)

Hence inequality (3.2) gives that F, is a strict contraction mapping from
X into itself, so F, has a unique fixed point « in X which is solution of
(3.1).
We now prove that u(t) — e"®p € C([0, c0); L*(R™)) for
max(ﬂ, ﬁ) <s<
qa p

n(P;—1)

—i=12 (3.28)

First, the existence of a such s is insured by Lemma 2.3 parts (iv) and (ix),
Lemma 2.4 and the expressions of 717 and 791 respectively given by (2.9)
and (2.11). Now, since continuity for ¢ > 0 can be handled by well known
arguments, we only give the proof of (ii) at ¢t = 0.

Let s be a positive real number satisfying (3.28), then

t
[[u(t) —etAwllséla\/o le“=2(1Vu(o)|)||sdo

+|bl/O = (u(o) [~ u(0)) |sdor

Let i =1 or 2. The using (2.1) in the right-hand side of the last inequality
with s1 = 7;1/q; s2 = s for the first term and s; = m;/p; s2 = s for the
second term, we obtain

lu(t) — '], < |a] ()~ /D a/ra-175)
X /t(t — 0)_(n/2)(q/r“_1/s)HVU(U)H,‘!“da
+ |b?(47r)—(n/2)(p/mi—1/8)
X /Ot(t — U)—("/Q)(P/mi—l/S)||u(0>”£%dg.

We now use the Gagliardo-Nirenberg inequality (2.3) with m = m; and
7 = 152 in the third term of the last inequality. Then, by the interpolation
inequality (2.4) and the inequality (3.5), we get

”u(t) - etA(PHs < |CL|(47T)_("/2)(Q/7‘1'1—1/5)
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t
“ / (t — o)~ (/D a/ra=1/5) ;=(Bu+1/2)a pa gy
0
+|b| (47 )~ (/2 p/mi=1/5) Gp
t
« / (t — o)~ (/2 @/mi=1/3) o =Biap—(n/D(1rea=1/m) p o gy
0

which leads to

Hu(t) _ etASOHS < Cilt*(n/Q)(Q/ril*1/5)*Q(ﬂ¢1+1/2)+1
_|_(:'Z.zt—(”/2)(1?/77%‘—1/8)—1?[51'24-(71/2)(1/Ti2—1/mi)]-&-17 (3'29)

where, for i =1, 2;
Ci1= ‘a’(47r)_(”/2)(Q/7’i1—1/s)Mq
1
X / (1 — U)i(n/z)(Q/Tz‘l*1/8)0_7(B“+1/2)qd0—7 (330)
0
and
Ci = |b](4m)~ (/2 @/mi=1/s)Gp P

1
" / (1 = o)~ (/D/mi=1/9) y=Beap=(p/D(1fra=1/m0) gy (3 31)
0

where G is the constant appearing in (2.3). One can easily see, owing to
Lemma 2.5, that C;; and C;s for ¢ = 1, 2 are finite constants.

Now, due to the expression of r;; and 3;; given by (2.9)-(2.12), the
inequality (3.29) becomes

[u(t) — e oplls < (Cit + Cig)t™ o)1/ (=D, (3.32)

Then, due to (3.28), the right-hand side of Inequality (3.32) converges to
zero as t \, 0. This proves the statements (i) and (ii) of Theorem 1. State-
ment (iii) for the particular case s = n(P; — 1)/2,i = 1, 2 follows from
(3.32) which still holds if s = n(FP; —1)/2. Statement (iii) follows then by
interpolation.

Finally, the inequality (3.6) of Theorem 1 follows by considering F(u)
= u and Fy(v) = v in the estimate (3.25). This inequality expresses the
continuous dependence of the solution on the initial data. This finishes the
proof of Theorem 1. O
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4. Asymptotic behavior

In this section we prove that some of the solutions of the equation (1.1)
are asymptotic, as t — 00, to self-similar solutions of the integral equation
associated to the equation (1.4), which is

t
w(t) =ePp+av / =2 (1Vw(o)|?)do
0

t
o [ DA (o) w(o)do, (41
0
where a, b, p and ¢ are the same parameters appearing in Equation (1.1)
and p and v are given by (1.5). We have obtained the following result.

Theorem 2 (Asymptotic behavior) Let the positive integer n and the real
numbers p and q be such that

2 n+2 n+ 2
1+g<p,7<q<p and q < 2.

n+1 T n+p
Let Py, Py be two real numbers satisfying (2.5). Assume that
TL(Pl — 1)
2

Let r1, ro be the real numbers given by Lemma 2.3 and consider the real

> 1.

numbers mi1 and ma given by Lemma 2.4. Consider also the real numbers
B, B2 and rij, Bij, i, j € {1, 2}, be given by (1.3), (2.9)—(2.12) respectively.

Let 1) be a tempered distribution satisfying (3.4), where we also assume
(3.2) and (3.3), let u be the solution of (3.1) with initial data v, constructed
by Theorem 1 and let w be the solution of (4.1) (also constructed by Theo-
rem 1) with initial data 1. Then, for all §, 0 < 6 < dg, and with M perhaps
smaller, there exists Cs5 > 0 such that

[u(t) = w(®)]l,, < Cst™7°, Vvt >0, (4.2)
[Vu(t) — Vw(t)||y, < Cst=71/270 v >0,
where dg is given by Lemma 2.6.

Proof of Theorem 2. Throughout the proof, we use the notation estab-
lished in Section 2 and Lemma 2.6. From the equations (3.1) and (4.1), we
have
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w(t) — w(t) = a /O A [[Tu(0)|! - v|Vw(o)|7] do

t
+b / =2 [u(o) [P u(o) — plw(o) P~ lw(o)]do.  (4.4)
0
Then

[u(t) = w(@)]}r, < Ial/O [~ 2 [[Vu(0)|? = v|Vw(o)| ]|, do

+ \b!/o He(t_U)AUu(U)\p_lu(a) — ,u|w(a)\p_1w(o*)] Hmdo’. (4.5)

Now, we use the smoothing property of the heat semigroup (2.1) with sg =
r1, s1 = 11/q and s2 = r1, s; = m)/p respectively in the first and the
second term of the right-hand side of the last inequality, where the real
numbers r1, 7}, and m} are as in Lemma 2.5 and Lemma 2.6, to obtain

0 u(t) — w(t)|r,
t /

< |a|t®+9 / (4n(t — o))"/ 1)
0

><H|Vu(0)]q —v|Vw(o)|? do

m11/4
bl / ' (4t — o))~ /D@l 1/r0)
0
<[ [u(@) " u(0) — (@) o) o, (46)
where 6 > 0 is as in Lemma 2.6. Using the following inequality,
AP =algl |, < (AR +allgl™ I = aglls, (47)
where 1 <y <s, a =1 or a =0, we deduce from the inequality (4.6) that
0 u(t) — w(t)|lr,
< Jalgth+? / (am(t — o))=Y )
0
< (IVa(@)f ! + vl Vw (@)} ) [Vu(o) = vVw(o)lly, do
- [plpthite /t(ém(t_ o))~ (/D@m= /m)
0

< (llu(o) " + pllw(@)Il}, ) (@) = (o)l do.  (4.8)

s/
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Now, by using the Gagliardo-Nirenberg inequality (2.3), with m = m/} and
r = 1], in the second term of the right-hand side of the inequality (4.8), the
interpolation inequality (2.4) and inequality (3.5) we obtain

0 u(t) — w()]|r,
t
< gt / (t — o)~ (/Da/ris=1/m)
0
x o~ Pt Tu(0) — vVw (o), do

4 ogtfit / (£ — o)~ /D p/ms1/r)
o Uo—ﬂaz(p—l)—{n(p—l)/z}u/raz—l/ma)
% |lu(0) = pw (o)l VI Vu(o) — pVw(o)|y do,  (4.9)
where, N = n(1/r}, —1/m}) and
1 = |alg(1 + v)(4m) = (/2a/T1=1/m) pra—1 (4.10)
o = |blpGPY (1 + p) (4r)~ (/2 p/mi=1/m) prp=1 (4.11)

where G is the constant appearing in (2.3).
Let T' > 0 be an arbitrary real number. Then we have

0 u(t) — w(t)]r,
< e tBH1=)e= (/D) (/1 —1/m)=a(8],+1/2)+1

1
" / (1 — o)~ M/DMa/r=1/ra) =a(By+1/2) -0 g
0

x sup (0t u(o) — vw (o),
t€(0,7) H

to 2T (o) — vV w (o),
4 eptBrT(1=m)3=pBiy—(n/2)(p/r}5=1/r1)+1

1
“ / (1 — o)~/ i =1/10) =Blop=(p/ D) (1/r,=1 [} )= gy
0

x sup (t72510lu(o) — puo (o),
te(0,T7]

18121/ 28| |7y () — pVw(o)|lp, ). (4.12)

Then by Lemma 2.5 and Lemma 2.6 we have
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0 u(t) — w(t)lr,

< (7 sup (tﬁthmSHU(U) - Vw(o-)Hr’llv
t€(0,T]

tﬂ11+1/2+1/5”vu(0') — I/VUJ(U) ”r’u)

+ Cy sup (%2 |u(o) — pw (o),
te(0,T

52| (o) — pVw(o),,,),  (4.13)

where

1
Cr=cr [ (1= o) Do D g a1
0

1
C, = 62/ (1 — o)~ (/2 p/mi=1/r1)
0
x g Prap= (/A rip=1/mi)=pd g5 - (4.15)

where ¢; and co are given respectively by (4.10) and (4.11). By Lemma 2.6,
C1, Cy are finite positive constants. By similar calculations as above, but
by using (2.2), we obtain

tHFE T u(t) — V() |,

< D; sup (tﬁh"'”éuu(a) —I/’w(U)HT/H,
te(0,T]

B +1/24+v6
2| Tu(o) — vV w (o))
+ Dy sup (%M u(o) — paw (o),
te(0,T]
Bho+1/24us
1200 G () — p V(o). ), (416)
where
1
Dy = lalgH(1 + v) M / (1= o)~ (/2)a/riy=1/r)=1/2
0
x o101 +1/2) =18 g0 (4.17)
1
Dy = [bpHGP~! (1 + u)Mpl/ (1 — o)~ /2@/mi=1/m)=1/2
0
x o Biap—(np/2)(1/ri5—1/mi)—pé g (4.18)

By Lemma 2.6, D; and D, are finite positive constants. Now, by using
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(4.13) and (4.16) we have
e (5 Nfu(t) = w(t) [y, 72NV u(t) = Ve t)lr,)
(0,

< max(Cy, Dy) sup (tﬁiﬁ”‘sHu(U) —vw(o)|
te(0,T]

tl@il+1/2+l/6||vu(o') — VV?U(U) Hr’n)

+ max(Cs, D2) sup (tﬁiﬁ“‘sHu(a) — pw(o)
te(0,7T

P20 (o) — pVw(o)lly,). (4.19)

|/
7"117

[t
g0

We have to distinguish the cases v, y = 0 or 1. As one can remark if v or
1 =0, then the corresponding term in the right-hand side of the inequality
(4.19) is bounded by M > 0. Otherwise, if v = 1 then r{; = r11 = 1
and 3]; = f11 = (1 and the corresponding term in the right-hand side of
the last inequality is the term in left-hand side, up to a constant. If u =1
then 7y = 112 = r1 and ], = Bi12 = (1 and the corresponding term in the
right-hand side of the last inequality is the term in left-hand side, up to a
constant. See (1.5), (2.9)—(2.10) and (2.13)—(2.14). Then, for M perhaps
smaller, we obtain

2 (15 u(0) = 0, % Vall) = V0l < CO)
S )

where C(0) is a positive constant not depending on 7. Then the previous
inequality is valid for any T' > 0 and we have

[u(t) = w(®)]l,, < C@EE 7, V>0, (4.20)
IVu(t) — Vw(t)||,, <C@)t 1279 wi>o, (4.21)
for 0 < § < dg. This finishes the proof of the theorem. O

We now establish the following result.

Proposition 4.1 Let the positive integer n and the real numbers p and q
be such that
2 n+2 n—+ 2

1+—<p, —— < ¢ <
+n pn—l—l q_pn—i—p

and q < 2.

Let Py, Py be two real numbers satisfying (2.5). Assume that
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n(P1 — 1)
2

Let r1, o be the real numbers given by Lemma 2.3 and the real numbers

B1, B2 be given by (1.3).
Let ¢ be a tempered distribution which is also homogeneous of degree

—2/(Py — 1) and such that
plx) = wia)z| 72/, (4.22)

> 1.

where w € L"(S™1) is homogeneous of degree 0. Then

jgg(tﬂlllemsollm 12| vetlp|,,) < oo (4.23)

Also, for any L cut-off function n (identically equal to 1 near the origin

and with compact support), we have

(1) supgso (0™ () [y, 9 F12H0 W2 () 1, ) < 00,
for0<d<n/2—-1/(P —1),

(i) N[(1—=n)¢] < .

The proof of the previous proposition is similar to that of [7, Lemma
4.2], [17, Theorem 2.7] and [18, Proposition 4.2] and so is omitted. We note
that for a tempered distribution ¢, by the smoothing properties of the heat
semigroup, N(¢) is equivalent to supq(t%! |2 ¢, t72[le' 2|, ).

We give now the self-similar asymptotic behavior.

Theorem 3 (Asymptotically self-similar solutions) Let the positive inte-
ger n and the real numbers p and q be such that

n 4+ 2 n -+ 2
I+-<p, —7 <a=<p

d < 2.
n+1 T n+p ane 4

Let Py, Py be two real numbers satisfying (2.5). Assume that

TL(Pl — 1)
2

Let r1, 9 be the real numbers given by Lemma 2.3 and consider the real

> 1.

numbers m1 and ms given by Lemma 2.4. Consider also the real numbers
b1, B2 and rij, Bij, i, j € {1, 2}, be given by (1.3), (2.9)—(2.12) respectively.

Let ¢ be a tempered distribution which is also homogeneous of degree
—2/(P; — 1) and such that

p(x) = w(@)la| ">/, (4.24)
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where w € L™2(S"1) is homogeneous of degree 0. Let 1) = (1 —n)¢ where n
is any L cut-off function (identically equal to 1 near the origin and with
compact support). If necessary, we multiply ¢ by some constant such that
supysq (1 [t 2|, 92| Vet2pl|r,) and N () are smaller.

Let w be the solution of (3.1) with initial data 1, constructed by The-
orem 1. Let v be the self-similar solution of (4.1) with initial data ¢ con-
structed by Theorem 2.7 in [17]. Then, for all §, 0 < 6 < &), and with M
perhaps smaller, there exists Cs > 0 such that

|u(t) — v(t)]l,, <Cst™P170 vt >0, (4.25)

IVu(t) — Vo(t)||,, <Cst™P7Y279 vt >0, (4.26)
and

[t/ PV (t, - VE) — (1, ||, < Cst™®, V>0, (4.27)

[t/ PV (8 V) — V(L )|y < Cst™%, VE>0, (4.28)

where & can explicitly be computed.
In particular, there exist dy > 0, do > 0 two constants, such that

dit™P < u(t)|ly, < dot™1,
dit=P V2 < || Vu(t) |, < dot™P1Y2,

for large t.

Remark 4.2 For the particular case where v = 4 = 1 in (4.1), that is ¢ =
2p/(p+1) and P; = p, the previous result is established in [17, Theorem 2.8].
If v =p=0in (4.1), that is P, < min(p, q/(2—¢q)), then (4.1) is the linear
heat equation and in this case the self-similar solution v in the previous
theorem is given by

2
o(t, z) = etA(w(x)’J?‘_Q/(Pl_l))a P>1+ ~.

Proof of Theorem 3. We begin by remarking that the existence of u is in-
sured by Theorem 1 and Proposition 4.1 part (ii). The existence of v is
insured by [17, Theorem 2.7]. We remark that one can prove the existence
of v using the first two terms of the norm (1.2), that is using the norm:
sup;so (7 e 2|, tﬁ1+1/2||VetA<p||rl), as in the proof of Theorem 1 and
using similar idea as in [17]. We note that if v = 1, u = 0 or if v =
0, # = 1, we do not need all the conditions on the Lebesgue number 7|
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in [17, Lemma 2.1, p. 1294]. Precisely, we only need to require the con-
ditions related to the corresponding nonlinear term. See [17, Lemma 2.2,
Corollary 2.3].

Let now w be the solution of (4.1) with initial data 1. If we write

[u(t) = v(@®)llr < [lu(t) = w®)]lr + lwt) = o),
we obtain by (4.2) in Theorem 2 and by [17, Theorem 2.8]
Ju(t) = v(t)||r, < Cst™ 70 4+ C5t=~° (4.29)

where 0 < § < §p and 0 < § < d1. dg > 0 is given by Lemma 2.6 and
91 = 01(v, p) > 0 is given by:

n 1 np 1
MO0 =y O = s TR
_ " Ip 111 __1
(1, 0) = 21 [(Pl 1>(1 2) + 1} P -1

and

. np 1 n q 1
1,1)=min| ~2 — 2l —(1-4) 4] - .
o1 1) mm(zml Pi—1 2r {( ! )< 2)+ ] P1—1>

See [17, Theorem 2.8]. Hence (4.29) gives (4.25) for 0 < § < min(dp, 1) :=
8- (4.26) is obtained by similar arguments. (4.27) and (4.28) follow by
dilation arguments. This finishes the proof of Theorem 3. U

We now turn to prove the W result for the viscous Hamilton-Jacobi
equation.

Theorem 4 (Wh*°-Asymptotic) Let the positive integer n and the real
number q be such that

n-+ 2
n—+1

<g<2 (4.30)
Let Py, Py be two real numbers satisfying

1<P < % <P, (4.31)

Assume that
n(Pl — 1)

> 1.
2
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Assume b =0 in (1.1). Let r1, ro be the real numbers given by Lemma 2.3
and consider the real numbers mi and ms given by Lemma 2.4. Consider
also the real numbers By, B2 and 145, Bij, i, j € {1, 2}, be given by (1.3),
(2.9)—(2.12) respectively (we may take p = q/(2 — q)). Define p1(r), B2(r)
by

1 n 1 n
ﬂl(r) B Pl 1 - gv ﬁQ(T) T P2 1 - Z)

Assume (3.2)—(3.4). Let u be the solution of (3.1) with b = 0 constructed
by Theorem 1. Then we have

vr>1. (4.32)

igg[tﬁl(’")Hu(t)Hh 2 Gy (t)]),] < 0o, Vr € [r1, o0, (4.33)
sup [t%20) |u(t) |, 1722 Vu(t)||,] < oo,  Vr € [, 00]. (4.34)
t>0

Let ¢ be a tempered distribution which is also homogeneous of degree
—2/(Py — 1) and such that

p(a) = wa)|e| /P, (4.35)

where w € L™(S™1) is homogeneous of degree 0. Let ¢ = (1 —n)p where
is any L cut-off function (identically equal to 1 near the origin and with
compact support). If necessary, we multiply ¢ by some constant such that
supyso (1 [t |, 92| Vet2p|,) and N () are smaller.

Let v be the solution of (3.1) with b = 0 and with initial data ), con-
structed by Theorem 1. Let w be the self-similar solution of (4.1) with b =0
and with initial data ¢ constructed by Theorem 2.7 in [17]. Then, for all ¢,
0 <6 <6, and with M perhaps smaller, there exists Cs > 0 such that

v(t) —w(t)], < Cst™M=0 vt >0, (4.36)
[Vo(t) — Vw(t)|, < Cst=P1=1270 "y > g, (4.37)
and
[t/ =Dy, VE) —w(l, )| < Cst™®, VE>0, (4.38)
[t/ P20 (¢ VE) — Vw(l, )|, < Cst™0, vt >0, (4.39)

Vr € [r1, oo], where & can explicitly be computed.
In particular, there exist dj > 0, d5 > 0 two constants, such that

d'lt_ﬁl(r) < lo@®)| < d/2t—ﬂ1(7“)7
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dllt—ﬂl(r)—lﬂ < IVo(t)||» < dét‘ﬂl("')_l/27
for large t and for all m <71 < 0.

Proof of Theorem 4. The result of Theorem 1 is established for all b € R
and then in particular for b = 0. In the particular case where b = 0, we
may take an arbitrary value of p and in particular p = ¢/(2 — ¢). With this
choice of p, we remark that if ¢ > (n +2)/(n + 1), then p > 1+ 2/n and
the condition (2.5), satisfied by P; and P», becomes the condition (4.31).
On the other hand the condition ¢ < p(n + 2)/(n + p) is satisfied, since
qg>(Mn+2)/(n+1), ¢g=2p/(p+1). See Remark 3.1. Thus by (3.5) we have
(4.33) for r = ry and (4.34) for r = ro.

We turn now to prove the W1 >-estimates. We apply an iterative argu-
ment as in [18]. This iterative argument was used in [3, Proposition 2.3, p.
253] for the KPZ equation. Here we prove other estimates. Let us denote the
real numbers 71, ro, 711, r21, S11, B21 respectively by so, s{, So1, so1, Bo1,
By1- Choose the real numbers si, s} such that

s’:P2_1s
1= p 1!
S 1
so<51,1<£<81,n(i——><1
q S01 S1

and

S¢ 1
86<s/1,1<ﬂ<s'1,n(,i—7> <1
q o1 51
Precisely a choice of such si, s| is possible thanks to Lemma 2.5. With

these notations, we have from (3.5) that
sup [0 ()], £ V() s,
260 u(t) |, 202Vt ] < M.

In the sequel of the proof, C' denotes a constant which may vary form
line to line. Sometimes we make precise its dependence on the parameters.
We write now

t
u(t) = e(t/2)Au<§> +a / =2 (1Vu(0)|?)do.
t/2
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It follows from the smoothing properties of the heat semigroup (2.1), that
t\ —(n/2)(1/s0—1/51)
lulls, <C(3) Ju(t/2) s

t
+C [ (t— o) /D=1 gy (o)||2 do.
t/2

By using the interpolation inequality (2.4) and the inequality (3.5) we have

t\ Bi(so)
Bi(s1) <C(=
P ully <0 (5) " |ult2)]
+ MaIC P (1) (n/2)(g/s01~1/51) = (Bo1+1/2)q+1

1
X / (1_U)—(”/2)(Q/501—1/81)0—(ﬁ01+1/2)qd0.
1/2
By the hypotheses on sj, the previous integral is finite. Note that the

integral does not present a singularity at o = 0. By Lemma 2.5 part (v)
and the definition of By; given by (2.9), we have that

Bi(s1) — E(i - i) - (ﬂm + %)Q+1

2\s01  s1

n/ q 1) ( 1)
- ERLYL S g+t
B1(s0) 2(301 ” ﬁ01+2 q-+
=0.

Then, we obtain
) ()]s, < C(M),

where C (M) is a constant depending on M.
On the other hand, we have that

t t
Vu(t) = e(t/z)AVu(§> ta | Vet=D2(Vu(o)|)do.
t/2
By using the smoothing properties of the heat semigroup (2.1) on the first
term of the right-hand side of the previous equality and (2.2) on the second
term followed by an interpolation argument, we obtain

PhHR|Tu(p),
t\Pr(s1)+1/2=(n/2)(1/s0—1/s1) t

< —

<o(3) vi(3)

S0
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t
+ O 0T/ /m(t — o) TR T T (o) |5, do

2 W(%) s

+ MICP(51)=(n/2)(a/s01-1/51)=(Bor+1/2)q+1

<C

( t >61(80)+1/2

1

% / (1— 0)—(n/2)(¢1/801—1/51)—1/20—(501+1/2)qd0'
1/2

By the hypotheses on s, the last integral is finite. We deduce by Lemma 2.5

and the estimates (3.5) that

D2 gy ()|, < C(M),

where C(M) is a constant depending on M. By a similar argument we
obtain

t260 |u(t) |, < C(M), 5| Vu(t)|ly, < C(M),
where C'(M) is a constant depending on M. Finally,

b [P () |5y, tP D2 ()]s,

D)y, 12DV Tu(t)] < COM).

We iterate this procedure and define, for all positive integer k, the
sequences sy, sj such that

s = P 13
g -1k
s 1
sk<3k+1,1<ﬂ<sk+1,n<i— ><1
q Sk1 Sk+1
and
st 1
s§€<s§€+1,1<ﬂ<s§€+1,n(,i— . )<1,
q k1 Skt1
where
1 B Plfl( P1 1)
Sk1 sp \qPr—1) 2/’

P1 1) n

Br1 = (m ~5 (4.40)

28k17
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1 _ngl( P2 1)
shy s, \gP—1) 2/
P2 1 n
= (PN g
M7 \g(P—1) 2/ 2sp (441)

One can check that we can construct a suitable sequence (si)x such that we
may take sg,+1 = oo for some finite ky. This proves (4.33) and (4.34) for r =
oo. For the other values of r, (4.33) and (4.34) follow by an interpolation
argument.

We turn now to prove the asymptotic behavior results. Let v be the
solution of (3.1) with b = 0 and with initial data ¢). Then v satisfies (4.33)—
(4.34). Let w be the self-similar solution of (4.1) with b = 0 and with
initial data ¢. We remark also that one can prove (4.33) for the self-similar
solution w by iterative argument as for v but only by using the two first
terms of the norm (1.2), i.e.: sup,q[t? "2, , t/31+1/2|]VetAg0Hr1] as for
the proof of its existence.

We first prove the W1 >®-asymptotic. Let T' > 0 be an arbitrary real
number and let § > 0 be sufficiently small. Define 67, by

P Q>_1
P—-1 2 ’

9/11 = 911 + 5(1 — l/)911(
We note that
011 1—01 P 1

P1—1+P2—1 _q(P1—1>_§

Also, we remark that if v = 1, then by (1.5) we have 67, = 61; = 1. Using
an interpolation argument combined with (4.33)—(4.34) we have that

Sup(t9’11/(P1*1)+(1*9’11)/(P2*1)+1/2 IVo(t)|leo) < C(M). (4.42)

t>0

o(t) —w(t) = @A <v<;) - w(é))
+ a/t/: =2 (1Vu(0))4 — v|Vw(o)|!)do.

Then, by using the smoothing properties of the heat semigroup (2.1), also
by using (4.7) with s = oo and v = ¢ and (4.42), we obtain

Write
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o (o(5)-+()

t
+ Jaltt/ (P00 / o2 (10 (0) |7 ~ v|Vu(o)9)]|| . do.
t/2

tl/(Plfl)Jr&Hv(t)_w(t)noo < 751/(P171)+6

HOO

hence
t t
t [o(t) — w(t)||e < Ct Hv(2> w(2> .
t
+C(M)’a‘t1/(P1—1)+6 </ a—q(e’n/(Pl—1)+(1—9'11)/(p2_1))_q/2_w;da>
t/2
><( sup [telu/(Pl*1)+(179'11)/(P2*1)+l/5Hv(t) — (),
te(0,T)
1050/ (PL=D)+(1=00,)/(Pa =D)L/ 2408 | 74y (1) — qu(t)Hoo]>
and

/D485 (4) — (8 || < CtﬁM’ ”(%) B w(@
1

+ C(M)|aftV/ P90 /(P14 (1=07)/(Po=1)=a/24(1-)51

1
X </ UQ(G’H/(E1)+(19’11)/(P21))q/2u6d0>
1/2

X ( sup [t(”n/(Pl—1)+(1—9’11)/(P2—1)+V5Hv(t) — w(t) oo,
te(0,T]

{9/ (PL=1)+(1=05)/(Pa =D)L/ 2408 |7 (1) — va(t)Hoo])'

We note that if v = 1 hence 67; = 1 then (4.42) is verified by w. Otherwise,
if v = 0, clearly we do not need it for w.
Now, by using (4.25) and the definition of 6}, we get

/PP o (t) —w(t)lle < C(6) + C(M, 6)

X ( sup [tﬁ”u/(P1*1)+(1*9’11)/(P2*1)+v5||v(t) — vw(t)]|so,
te(0,T)

t@’u/(P171)+(179’11)/(P271)+1/2+l/6va(t) . va(t)Hoo]) (443)

Write
Vo(t) - Vuo(t) = /25 (V“@ - Vw(i))
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¢
+a Ve(t_U)A(|VU(U)\q —v|Vw(o)|?)do.
t/2

Then, by using the smoothing properties of the heat semigroup (2.1)—(2.2)
and inequality (4.26), we get
¢/ P=DH250 7y (1) — Vw(t)||oo < C(5) + C(M, 6)

X ( sup [telu/(Pl*1)“1*9'11)/(1)2*1)*”5Hv(t) — vw(t)
te(0,T)

01/ (PL=1)+(1=00)/ (P2=)+1/2408 7, (1) — va(t)”oo})' (4.44)

oo

Now, if v =1 then 6}, = 611 = 1, we obtain

sup (t(”n/(Pl—1)+(1—9’11)/(P2—1)+v5||U(t) — vw(t)|
te(0,T]

|05
4052/ (P =D+ 000 (Pa= D1/ 2508 |7 (1) — (1) o)

= sup (/P o(t) — w(t)] oo,
te(0,T]

tl/(P171)+1/2+5Hv,U(t) . vw(t)Hoo) )
On the other hand, if v = 0 then by using (4.33)—(4.34) and an interpolation
argument, we obtain

sup (té”n/(Pl—1)+(1—9’11)/(P2—1)+V5Hv(t) — vw(t)
te(0,T)

o>

952 /(P +0=00) (Po=D)+1/2058 |7 (1) — 5V ()| oo)

= sup (t931/(P1—1)+(1—9’11)/(P2—1)Hv(t)Hoo
te(0,T)

00/ (P=DF(A=6010)/(PR=DH2) gy (1| o) < C(M).

Then by using (4.43)—(4.44) and for M perhaps smaller we get, for arbitrary
T >0,

sup (/704 o (t) — w () |oc,
te(0,T)
1/ (PI=DHL240 70 (1) — Vw(t)||o) < C(3, M).
Since the constant C' does not depend on T, one can take the supremum

over (0, c0). Hence we obtain (4.36) and (4.37) for r = oo. For the other
values of r, the result follows by using (4.25)-(4.26) and an interpolation
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argument. The estimates (4.38) and (4.39) follow by a dilation argument.

This finishes the proof of the theorem. U
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