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Tropical algebraic geometry
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Abstract. The construction of a tropical hypersurface is given by modeling the clas-
sical construction of a complex hypersurface. A tropical meromorphic function of finite
type is shown to be a tropical rational function. One also has tropical nullstellensatz.
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1. Introduction

Tropical geometry is a new geometry which occur in many fields of
mathematics, such as enumerative algebraic geometry, combinatorics, and
so on. A tropical hypersurface can be seen as a “limit” of amoebas ([8], [9],
[14]), or equivalently, a non-Archimedean amoeba ([5], [9]). It is well-known
(see, for instance, [1], [4], [6], [12]) that it also equals the corner locus of a
convex piecewise linear function f : R™ — R defined by

flx1,...,2n) = 0 m?x)el_(ail...in +irz + -+ inTy)
sreeybn

for some finite subset 7 C Z%, and a;,,.. i, € R.

Let us denote the operators max and + by “tropical operators” @& and
® respectively. Then f turns out to be a polynomial function of “a tropical
polynomial” denoted by tropical operators as

i i
flz1,...,2n) = g iy iy T @ - Q@ Ty
(i1...in)€I

Thus a tropical hypersurface is the corner locus of a polynomial function.
Let us formulate the above polynomial function more rigorously and study
it under the help of semiring theory and complex geometry.

In the first half of this paper, we treat the algebraic structure of a tropi-
cal semiring. We define tropical polynomials, tropical polynomial functions,
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tropical rational functions, and tropical meromorphic functions based on
semiring theory.

In contrast, the latter half, starting from Section 7, is devoted to the
geometric side. We first define the mixed loci of a meromorphic function.
It turns out that the mixed loci of a nonmonomial polynomial equals a
traditional tropical hypersurface. Then we expand the definition of a weight
to each affine linear subset of maximal dimension (“a facet”) of a mixed loci
and explore the properties. As a consequence, we have two theorems that
resemble those of complex geometry:

e Theorem 9.1 A tropical meromorphic function of finite type is a trop-
ical rational function.
e Theorem 10.1 Tropical Hilbert’s nullstellensatz holds.

The latter is already shown more generally in [15]. However, our statement
is simpler and the proof is more straightforward from the properties of a
weight.

2. Tropical semirings and tropical polynomials

Throughout this paper, a semiring (resp. semifield) means a commuta-
tive semiring (resp. semifield) with an identity and a zero.

Definition 2.1 Let T denote the set RU {—o00}. We define @ and ® to
be the operators called “tropical addition” and “tropical multiplication” on
T by the followings:

e a®b:=max(a,b),
e a®b:=a+b,

where
e 4P —00=—-—00Da=a,
e 4R —00=—00&a= —0o0.

Under these operations, (T, @, ®) satisfies all the properties of a field except
for the additive inverse (if a # —oo, then the additive inverse “—a” does not
exist). Note that —oo is the zero and 0 is the identity. Thus (T, ®,®) is a
semifield. We call this semifield, according to tradition, the tropical semiring
or the maz-plus algebra.
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Remark The zero —oco is an absorbing zero, i.e., a ® —o0o = —oo0. We
write the set of all nonzero elements T\ {—oco} as T*. Since T is a semifield,
every element of T* has an inverse element a~'.

Note that T™ is a semiring by the componentwise tropical addition and
multiplication. Also it has a topology induced from the Euclidean topology
on RY, by the bijective map

Exp: T" > a = (ai1,...,a,) — Exp(a) := (e™,...,e") € RY,,

where e~ = 0. Let {p() = (pgi), . ,pgf)) € T"}2, be a sequence satisfying
max(pg»i) | i,7) < const. Then {p(} has a convergent subsequence.

We call the set T \ R"™ the corner after Oda [11].

Similar to constructing a polynomial ring from a ring, one can construct
a polynomial semiring from a semiring.

Theorem 2.1 ([3], Theorem 2.1.6) Let S be a semiring with an absorbing
zero. Then the set of all polynomials

Slz] == {Zaixi |n € Z>o, a; € S}

i=0
is a semiring with an absorbing zero.
Corollary 2.1  Tlzy,...,x,] is a semiring. We call each element a tropical

polynomial, or simply a polynomial.

F= E @iy 0, T T

i1, sin €ZL>0

We shall often abbreviate (x1,...,x,) to X and write each element using
multi-index:

F= )Y aX"eTX]:=Tz,...,2l,
Iezy,

where XT =z zin for I = (iy,...,in).

Remark We usually omit the term with the coefficient —oo (zero of T).
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Also we usually do not write the coefficient 0 (identity of T). Thus for
example,

0@ —ocoz @ (—1)2? @ 12° © 02* © —00x® ® —00x® @ —c0z” @ - - -

=0o (-2’ 12° @ 2.

Do not mistake 123 for 3. Sometimes (—1)z? is abbreviated to —x?. How-
ever, this notation is misleading since —z? is not the additive inverse of 2
(—22 @ 22 = 2?).

We frequently write FF ® G as F'G.

The zero of T[X] is —oo. Thus the term nonzero means that it is not
—o00. E.g., £ ® 2 and 0 are both nonzero elements.

A monomial is an element with every coefficient being —oo except one
(which may also be —oc0). A binomial is an element with at most two
coeflicient being nonzero. Thus a monomial is a binomial. We call a binomial
which is not a monomial a strict binomial.

Remark The addition of indexes occurs by multiplying two tropical poly-
nomials. This addition is the usual addition and not the tropical addition.
For instance,

=2, o) (-1)=2>®1lza0.

Each tropical polynomial F' = > ayz! defines a continuous function
u(F) : T — T by

T" > p=(p1,....pn) — p(F)(p) ==Y arp’ €T.
I

Note that
arp’ =a; @ @pF @+ @ ply
=ar+i1-p1+iz-p2t--+in - pa.

The thick lines in Figure 1 illustrates the graphs of two polynomials
F=2®0and F/ = z(z ®0) = 22 ® 2. The thin lines in contrast graphs
the value of smaller-valued terms.
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Figure 1. F=x2®0/ F =x(z®0)

Definition 2.2 We call a function ¢ : T" — T a tropical polynomial
function (or just a polynomial function) on T"™ if there exists a tropical
polynomial F' such that ¢ = u(F).

Remark We sometimes identify F' and u(F). However even if u(F) =
1(G) holds, F' and G may be different as tropical polynomials (e.g., F' =
2230, G =223 2®0. See Proposition 3.2).

3. Tropical polynomial functions
An integral domain has a quotient field.

Definition 3.1 Let (S,+,:) be a semiring. Then an element a of S is
a multiplicatively cancellable element if ab = ac infers b = ¢ for any two
elements b and c.

If every nonzero element of S is a multiplicatively cancellable element,
we say that S is multiplicatively cancellative.

Theorem 3.1 ([3], Theorem 2.2.5) Let (S,+,-) be a multiplicatively can-
cellative semiring. Then there exists a quotient semifield Q(S), that is, a
semifield generated by all the elements of S and the multiple inverse of all
nonzero elements of S equipped with the following addition/multiplication:

o FiGT' + PGyt = (FiGo + F2G1)(G1Ga) 7Y,
° FlGl_l . F2G2_1 = (FlFQ)(GlGQ)_l.

As usual, we often write FG™! as F/G.

Remark Every semifield F' is multiplicatively cancellative. Thus we can
take the quotient Q(F), which equals F. So we often write ab~! € F as a/b.
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Thus we are led to the following question: Is T[X] multiplicatively can-
cellative?

Proposition 3.1 T[X] is not multiplicatively cancellative. Indeed a non-
zero element F € T[X] is a multiplicatively cancellative element if and only
if F' is a monomial.

Proof. Obviously nonzero monomials are multiplicatively cancellative.
Suppose F' is not a monomial and take a grading which makes F' inho-
mogeneous. Then divide F' into two polynomials G; and G5 such that the
lowest degree of G1 is d; and the highest degree of G is d2 (d1 > da).

The following equation holds:

(G18G2)(GIBG1G2 8 G3) =Gl GiG2 0 GG 8 GS
= (G1®Gy)(GF @ G3).

Since G? ® G1G2 @® G3 contains the degree (d; + d2) term which is not
contained in G% & G3, we come to the conclusion. O

So we cannot simply take the quotient of T[X].

Definition 3.2 We say that F' and G are equivalent and write as F' ~ G
when F(p) = G(p) holds for every p € T™. This is an equivalent relation
and we denote T[X]/ ~ as Poly(T™). Poly(T™) is canonically equipped with
tropical operators and is a semiring.

Definition 3.3 ([2], [10]) For a tropical polynomial F = Y, ;a; X' €
T[X], we define the extended polyhedral domain as

A(F) = ConvexHull{(I,b) e R" xR | I €Z, b<ar}.

Proposition 3.2
F~G < A(F)=A(G).

Proof. Suppose A(F) ¢ A(G) holds and take a point (I,b) from A(F) \
A(G). Then it is well-known that there is “a separating hyperplane” H
(which separates A(G) and (I,b)). Let 21, ..., ,, and y be the coordinates
of R™ x R. Then since A(G) C {y < M} holds for some constant M, we
may assume H to be defined as follows:
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P1x1+ -+ Py, +Y =cC

Then for a point p = (p1,...,pn) € T", we have F(p) > ¢ > G(p).
Conversely suppose that a point p = (p1, ..., p,) satisfies F(p) > G(p).
Then by setting H to be

H={pizi+ - +ppzn+y=F(p)},

we have H N A(F) # () and, on the other hand, H N A(G) = 0. O

Corollary 3.1 If F and G are equivalent and F is a monomial, then
F = G holds.

Definition 3.4 We call an element of Poly(T") a monomial if a represen-
tative element is a monomial. We call an element of Poly(T") a binomial if
there exists a binomial representative. Also by a strict binomial we mean a
nonmonomial binomial of Poly(T™).

Proposition 3.3 Poly(T") is a multiplicatively cancellative semiring.

Proof.  Suppose that the elements F' # —oo, G, and Gy of T[X] satisfy
FG, = FG,. For a point p € R, F(p) is not —oo. Thus we have G1(p) =
Gao(p). Otherwise take € from R = T* and put € = (¢,...,€). Then pP e
is an element of R™. So we have G1(p ® ¢) = Ga(p © ¢). Since tropical
polynomial functions are continuous, we have G (p) = Ga(p) by € — —oo.
O

Remark Obviously each polynomial f € Poly(T™) uniquely determines a
tropical function by the isomorphism of semirings

Poly(T") > f — u(F) € {tropical polynomial functions on T"},

where F' is a representative element. Thus we freely identify an element of
Poly(T™) and a polynomial function and write as f : T — T. Especially
we call each element of Poly(T™) a (tropical) polynomial function.

4. Irreducible binomials

The following equation holds as tropical polynomial functions.
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Lemma 4.1

(fie-@f)f=ffe - afFePoly(T

Proof. By expanding the left side, we have

(he--—-ef)f= Y fre---eff

For a point p € T", fi(p) < max(fi(p),..., fs(p)) holds. So we have

) @ @ fE(p) < max (ff(p), ..., fF(p) = fFp) & & fE ),
and thus
(il e f)f=Hpa - flp. O

Definition 4.1 A polynomial f is irreducible if any representative of f
cannot be written as a product of two nonconstant polynomials.

Example 1 A nonconstant monomial 8 is irreducible if and only if § = az..
for some a € R and r € {1,...,n}.

For L = (ly,...,l,) € Z™, let us define ged(L) to be
ged(L) := ged(ly, ..., 1) > 0.

We say that L is primitive if gcd(L) = 1 holds.

Proposition 4.1 Let § = aX! © bX’ be a strict binomial of Poly(T™),
where I = (i1, ...,in) and J = (J1,...,n). Then 0 is irreducible if and only
if the following holds:

(i) for eachr € {1,...,n}, either i, or j, equals 0,
(ii) I+ J is primitive.
Remark From (i), we can replace the condition (ii) to the primitiveness

of I —J.

Proof.  Suppose 0 is irreducible. Then obviously (i) holds. Also if ged(I +
J) = k > 2 holds, then both I/k and J/k are the elements of Z%, and
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Lemma 4.1 shows that 6 can be written as § = ({/aX!/kF @ VbX1/*)k,
Here, {/a is the tropical expression of the usual division of a by k, namely,
“a/k”.

Now searching for a contradiction, suppose 6 satisfies both (i) and (ii)
and can be decomposed into a product of two polynomials 6, and . We may
assume that neither 6 nor 6, is a monomial. Since the extended polyhedral
domain of # is a line segment, the extended polyhedral domains of 6; and
0> are both line segments. Thus we can write 6; and 65 as

01 == CLlXII D leJl, 92 == CLQXI2 D bQXJQ.

Then (the representative of) 6 consists of four terms with the indexes
being Il + _[2, Il + JQ, Jl + _[2, and Jl + J2. Let us put Ll, L2 € Z"™ as
Ll = Il — Jl, L2 = 12 — JQ. Then Ll + LQ, Ll, LQ, and 0 must be on
a line. Thus there exists coprime integers ki, ko such that k1L, = koLs.
By exchanging I, for J, if necessary, we may assume both k; and ks to be
positive. Then we can write 6 as

0= a1a2X11+12 ©® bleXJ1+J2

and we have ged(I — J) = ged(Ly 4+ Lz2). On the other hand, k1 (Ly + La) =
(k1+k2)Lo holds. So Ly + Lo can be divided by k1 +k2 > 2. A contradiction.
O

Corollary 4.1 A representative of an irreducible binomial is unique.

Example 2 An element f of Poly(T) is an irreducible binomial if and
only if f = ax @ b holds, where a, b are the elements of T.

In Section 8, we define a weight of a facet with the help of irreducible
binomials.

5. Rational functions
Since Poly(T"™) is multiplicatively cancellative, we can take the quotient.

Definition 5.1 We write the quotient semifield of Poly(T™) as Rat(T")
and call each element a (tropical) rational expression.

Remark Let h be an element of Rat(T™). Then h can be written as



780 S. Odagiri

h = f/g, where f and g are elements of Poly(T").

If both f and g can be taken as a monomial, we call h a monomial. A
monomial can be written as aX” for some @ € T and L € Z".

Let T denote the set T U {co}. Then T can be obtained by gluing two
T’s along T* by

T 5a+—a ! eTx.

We induce a topology in T from this construction. In particular, T is com-
pact and sequentially compact.

Since T = T U {oc} canonically contains T, we can calculate the tropical
addition and multiplication of elements a,b in T if both a,b are in T. Also
we can calculate the inverse a ! if a is in TX. Let us extend these operations
to T.

We naturally put (:l:oo)_1 = T 00 since lim,_, 100 a~ ! = Foo. Thus the
inverse element a~! of T is defined for all a. Similarly, both co®a and a@® oo
are defined as oo, and co ® a and a ® oo are defined as oo if a # —oo. Thus
the addition a @ b is defined for all a,b € T and the multiplication a ® b is
defined for all a,b € T except for (a,b) = (400, Foo).

Let h = f/g be an element of Rat(T"™). Note that both f(p) and g(p) are
elements of T for p € T™. Thus for every p € T™ outside f(p) = g(p) = —o0,

u(h)(p) == f(p)/9(p) = f(p) ® g(p)~" is an element of T =T U {oo}.
Thus we have a continuous function

{peT" | f(p)©g(p) # —oo} 2 p+> pu(h)(p) €T
which is at least defined over R™. We will write the function above as
w(h): T" -—-» T

to imply that the closure of the domain is T".

Definition 5.2 Let ¢ : S — T be a function with S being a subset of
T™ containing R™. We call ¢ a (tropical) rational function if there exists a
rational expression h such that ¢ = p(h). Rational functions are canonically
equipped with tropical operators and forms a semifield.

Remark We do not distinguish a rational expression from a rational func-
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tion since they are obviously isomorphic as semifields. We also call each
element of Rat(T™) a rational function and write as h : T --» T by abbre-

viating u(h)(p) to h(p).

Remark A function taking the value oo everywhere is not a rational
function since 0/(—o0) ¢ Rat(T").

Remark If & is nonzero, im(h|gn) C R.

h

A

11

|

|
~— - — — — — — L2 T
—00 0 1

Figure 2. h=(z®1)/(x®0)

Figure 2 graphs a rational function h = (x @ 1)/(z & 0). It is not convex
around x = 0. This is the main difference between a graph of a polynomial
function and that of a rational function. See Corollary 9.2 and Corollary
9.4.

Remark A polynomial function is a rational function with the domain
being T™ and the image contained in T.

6. Meromorphic functions
Also in tropical geometry, a rational function is a meromorphic function.

Definition 6.1 Let D be a subset of T". We call a function ¢ : D — T
a piecewise linear function if there exists a covering {Dy}aea of D such
that ¢|p, = ma|p, for each D), where each m) € Rat(T") is a monomial.
In particular, if we can take a finite covering, we call ¢ a piecewise linear
function of finite type.

Remark We take the covering {Dy,} to be minimal provided that each
D, is connected. Thus if Dy, N Dy, # () holds, then ®|ps, # M Dy, -

Definition 6.2 Let ¢ : D — T be a piecewise linear function with D
being an open dense subset of T™. Then ¢ is called a (tropical) meromorphic
function if it satisfies the followings:
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e ¢ is continuous,

o im ¢ # {00},
e {D,} is locally finite; For every p € T™, there exists a neighborhood
B such that

#{A e A| BN D, # 0} < oo.

A meromorphic function ¢ is of finite type if ¢ is of finite type as a piece-
wise linear function. Meromorphic functions are also equipped with tropical
operators and forms a semifield.

¢ ¢
A A
\ \
| N . |
- = — —V—>» T -— - = - — T
o0 Meromorphic. o0 Not meromorphic.

Figure 3. Functions ¢ and ¢’

Figure 3 graphs two functions ¢ and ¢’. ¢ is a meromorphic function
not of finite type. ¢’ is not a meromorphic function because the numbers of
D,’s are infinite around z = —oo.

Remark We say that two meromorphic functions ¢1 : D1 — T and ¢ :
Dy — T are equivalent if ¢1|p,np, = ¢2|p,np, holds. Then this is an
equivalence relation since a meromorphic function is continuous.

Thus from now on, we mean by a meromorphic function an equivalent
class or more precisely, a representative element with the domain D being
maximal. Especially, every meromorphic function is defined over R™.

Example 3 Let ¢ be a meromorphic function satisfying #A = 2. Then
—1

either ¢ = m1 ® ms or ¢ = (mf1 @ my )Tt =mima/(my & ma).

We call a point in T™ \ D a point of indeterminacy. Let p be a point
of indeterminacy. Then lim; ., ¢(p;) varies (if exists) by the choice of an
infinite sequence {p; € D}$2; converging to p.

Example 4 A rational function ¢ = (z @ ly)/(x @ y) has a point of
indeterminacy at p = (—oo0,—00). Let T be the set of sequences {p; €
T2\ {p}}32, such that
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e {p;} converges to p,
o {4(p;)} converges.

Then

{ lim 6(p:) | {p:} € T} = [0.1]

7. Tropical hypersurfaces

From now on, we will treat geometry of meromorphic functions on T".
We denote by 4+ and - the usual addition and multiplication. Do not mistake
them for tropical addition/multiplication. In fact, we hardly use the tropical
operators except for describing tropical functions.

First, we remark some definitions and properties of a convex function

([13])-

Definition 7.1 Let D be a convex subset of R". We say that a function
®: D — Ris a conver function if the epigraph of f defined as

{(@,p) |z € Dyp € R > @(z)}

is a convex subset of R™+1.
If —W is a convex function, we call ¥ a concave function.

Theorem 7.1 ([13], Theorem 4.1) @ is convez if and only if
P(1=Nz+ X y) <(1=N)P(x)+AP(y), 0<A<1

holds for every x,y € D.

Definition 7.2 We say that ® is locally convex at a point p € D if there
exists an open neighborhood B of p such that ®|p is a convex function.

Proposition 7.1  Suppose ® is continuous. Then
D is a convex function < ® is locally convex at every point.

Proof. = is obvious. < comes from the compactness of [0, 1]. g

Let ¢ be a meromorphic function defined over D by ¢|p, = mx|p, for
each A € A. Put three subsets V°(¢), Z(¢), and P(¢) of D as follows:
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Vo (p):= U Dy, N Dy,, the corner locus of ¢,
AI,AQEA
A1#£A2
Z(g):={peT|o(p) =—oc}, the zero locus of ¢,
P(¢):={peT|o(p) = oo}, the pole locus of ¢.

Remark P(¢) is contained in the corner T™ \ R™. Also Z(¢) is contained
in the corner except for ¢ # —oo.

Definition 7.3 For a meromorphic function ¢, we define the mized loci
V() of ¢ to be

V(¢) :==V(p)U Z(6) U P(9).

We call ¢ a defining (meromorphic) function of V(¢).

Example 5 Let a be a constant function. Then

{’IF”, if a = —o0,

Vi(a) =
0, otherwise.

The inverse also holds:

{V(¢) =T" = ¢=-0o,

V(¢p)=0 = ¢ is anonzero constant.

Remark V(¢) = V(¢*) holds for any positive integer k.

On each connected component of D \ V(¢), ¢ is a monomial. We call
each connected component an open chamber and its closure in D a chamber.
A chamber equals a D). The number of chambers is finite if ¢ is of finite
type.

Suppose ¢|p, = aX|p, holds. We call L the exponent of Dy. Since
| p, = a*X*E|p, holds, the exponent of Dy of ¢* is k - L.

Let f be an element of Poly(T™). Note that P(f) is an empty set.

Definition 7.4 The mixed loci of a nonconstant polynomial function is
called a tropical hypersurface.
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Figure 4. Hypersurface (line) / non-hypersurface

Example 6 The left figure of Figure 4 is the hypersurface defined by
x @y ® 0. Since the defining polynomial is linear, V(x @ y @ 0) is “a line”.
On the other hand, the right figure is the mixed loci given by V(zy~!(z ®
0)"1(y®0)~(x ®y P 0)). Note that the defining function has a point of
indeterminacy at (—oo, —o0). This is not a hypersurface. See Example 7.

Remark
V(fg)=V(f)uVlig), "fgePoly(T")

holds. However, V°(fg) may strictly contain V°(f)UV°(g) if either f or g is
a monomial (e.g., V°(z(z®0)) = Vo(22®x) = {—00,0}, VO (z)UV°(z®0) =
{0}). This is one of the reasons why we should consider the zero locus (and
the pole locus) along with the corner locus.

The definition of a tropical hypersurface is the same as the traditional
definition provided f is not a monomial.

Proposition 7.2 Let F =3, arX! € T[X] be a polynomial satisfying
#I > 2 by allowing a coefficient to be —oo if necessary. Then

V(F)= {p e T"|F(p) = ay,p”* = az,p’? for some Jy, Jo € I, J # JQ}.

Proof. Let us put V to be the right hand side of the above.
Since both V°(F') and Z(F') are contained in V', we have V(F') C V.
Conversely, suppose p is a point in V. If F' takes the value —co at p,
then p is in Z(F'). Otherwise F' is not a monomial and p is contained in the
corner locus. O
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8. The weight of a facet

In this section, we mean by a meromorphic function a meromorphic
function satisfying #A > 2.
The tropical hypersurface V' (0) of an irreducible binomial  is as follows:

e If = az, is amonomial, then V(6) = {(p1,...,pn) € T" | p, = —o0},

o If0=aX! ®bX’' (I = (i1,...,in),J = (j1,--.,7n)) is a strict bino-
mial, then V(0) is the closure of an affine hyperplane in R™ defined
by

(i1 — j1)xr + -+ (in — jn)Tn = a —b.

Note that the following holds.

Proposition 8.1 Let 6 and €' be irreducible binomials satisfying V(0) =
V(6'). Then 6 = 0" holds up to constant.

Proof. The statement is obvious if 6 (and thus 6’ too) are monomials. So
we may assume that both 6 and 6 are strict binomials and write them down
as

0=aX'obX’, 0 =dX" 00X’

Then V(0) = V(#') and the primitiveness of I — J and I’ — J' yields
either I —J=1'—J or I —J=J —1TI In the first case, we have [ = I’
and J = J'. Then a —b = a’ — b’ holds. In the second case, we have I = .J/
and J = I’. Then we have a —b="b"—a'. O

Definition 8.1 Let ¢ be a meromorphic function defined at D C T™ and
put V' to be a subset of V(¢) given by

V= V(@) \V(#)U{pER" | p€ Dy, NDyx,, {1, A2 | AL # A2} C A}

(which corresponds to all the “smooth” points of V(¢)).
Then we define as follows:

e an open facet is a connected component of V’,

e a facet (or a (n — 1)-cell) is the closure of an open facet,

e a cornered (resp. a mon-cornered) facet is a facet contained (resp.
not contained) in the corner T™ \ R™,
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e an intersecting neighborhood B of a facet H is an open subset of D
satisfying ) # BNV (¢) C H.

We write the set of facets (resp. non-cornered facets) as £(¢) (resp. Lr(¢)).
Remark From the openness of B, BNV (¢) is contained in an open facet.

Let ¢ be a meromorphic function and take a facet H of ¢. Then there
exists an irreducible binomial 6 satisfying V' (#) O H. Note that 6 is unique
up to constant by Proposition 8.1.

Lemma 8.1 There exists a unique integer w(H) and a monomial m €
Rat(T™) satisfying V(m) N B =0 such that

gf)’B :m®0w(H)|B

Remark This w(H) is independent of the choice of 6.

Proof. If H is cornered, then the statement is obvious. Thus suppose H
is non-cornered. Let D1, Dy be the chambers of ¢ adjacent to H and put

aXt1, if X € Dy , ,
Plp = 6=adX" ovXx”,

bXL2, if X €Dy’

where we assume 0|p, = a’X!" and |p, = ¥X’'. Then either ¢|p =

aXt @ bXE2 or ¢|p = abX Ptz /(aX T @ bXT2) holds. It is enough to

show the case on ¢|p = a X1 ©bX 2. Here, a, b, a’, and b’ are all nonzero.
Since V(¢) N B = V(0) N B holds, we have

Lo—Li=w(H)-(J' =TI) and b—a=w(H)-(V —a')

for some integer w(H) from the primitiveness of J' — I’. Let L and ¢ be
defined as

L=T—-wH)I'=J-wH)], c=a—wH)d=b—w(H).
Since §@(H) = (g/ywH) xwH)I" g (p/yw(H) xw(H)-J" holds, we have

Pl =cXt o),
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Note that V(cX%) N B is an empty set because it is not contained in V().
Thus the statement is proved. Il

Definition 8.2 We call w(H) the weight of H.

Remark Let H be a cornered facet. Then from the definition,

w(H)>0 & HC Z(¢),
w(H) <0 & HC P(9).

In the next section, we will see that the signature gives the local con-
vexity of the function at an intersecting neighborhood if H is non-cornered.

Remark Let ¢ be a meromorphic function and H be a facet of weight
w(H). Then H is also a facet of ¢* of weight k - w(H).

Corollary 8.1 Suppose H is non-cornered and let the chambers adjacent
to H be Dy, and Dy, with the exponents being Ly, and Ly, respectively.
Also let v be the vector orthogonal to H pointing from Dy, to Dy,. Then

L)\ L)\ :w(H)v

2 1
Proof. FEvident from the proof of Lemma 8.1. U

We call a subset E of S a non-cornered (n — 2)-face if

e F is given as an intersection of two facets,
e the affine hull of E N R™ in R™ (denoted as aff(E' NR™)) is of codi-
mension two as a subspace of R™.

Lemma 8.2 Let H be a facet satisfying dimaff(E N H NR") = n — 2,
where E is a non-cornered (n — 2)-face. Then E C H holds.

Proof. Tt is enough to show that for a chamber D’ satisfying dim aff(E N
D'NR"™) =n—2, EC D’ holds. In other words, it is enough to show that
the monomial representing ¢ at D’ above also equals ¢ at E.

Since F is given as an intersection of two facets, there exists a chamber
D containing E. Let m, m’ be the monomials satisfying ¢|p = m|p, ¢|p =
m'|ps. Then ¢(p) = m(p) holds for every p € E. Since m(q) = m’(g) holds
for every point ¢ € DN D', m(q) = m’(q) also holds for every point ¢ in the
closure aff(D N D' NRn). aff(D N D’ NR") contains E. O
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Theorem 8.1 (Balancing property) For a non-cornered (n — 2)-face E
of ¢, write the chambers adjacent to E as D1,...,D,,. Here, we assume
D;ND; 2 E if and only if j—i = £1 (mod m). Then put the facet adjacent
to D; and D11 as H; (we assume Dy, 1 = D). Also let the primitive vector
orthogonal to H; pointing from D; to D;y1 be v;. Then

ZUJ(Hl) sV = 0,

=1

where the operators are the usual operators and not the tropical ones.

—00 Y
N Table I
Ls——— Ly \\ Lé
D, // i ¢, w(Li) | (L)
Dl/ 1| zy '(ye0)! -1 (0,1)
E} LI:T 2 y72($€9y) 1 (71,1)
‘ 3|ay (z@0)™' | ~1 | (~1,0)
D; : 4 xy ! 1 —
; 5 zy -1 —
M L4:
—00

Figure 5. Facets and their properties

Example 7 Consider ¢ = 2y~ (z®0) 1 (y®0) " (x®y®0) as in Example
6 and put the facets Lq,..., L5 as in Figure 5. Put B; to be an intersecting
neighborhood of L;. Then the list of ¢|p,,w(L;), and v(L;) for each i is
given by Table I.

Let E be (0,0). The balancing property at F will be

w(Ll) "1+ w(LQ) -V + 'UJ(Lg) - V3 = 0.

9. The geometry of meromorphic functions

Definition 9.1 We say that a meromorphic function ¢ is a convex function
(resp. a concave function) if ¢|gn is convex (resp. concave).

Proposition 9.1 Let ¢ and v be convex meromorphic functions. Then
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both ¢ © 1) and ¢ @ Y are conver.

Proof. Let p1,p2 € R" and t € [0,1]. Then

(¢ @) (tp1 + (1 — t)p2) = max (¢(tp1 + (1 — t)p2), ¥(tpr + (1 — t)p2))
< max (tg(p1) + (1 — t)(p2), t¥(p1) + (1 — t)h(p2))
< tmax (¢(p1),1(p1)) + (1 — t) max (¢(p2), ¥ (p2))
=t(¢®v)(p1) + (1 —1)(¢ ® ) (p2)-

The convexity of ¢ ® ¢ is well-known and also easy to prove. O
Corollary 9.1 A polynomial function is conver.

Proposition 9.2 Let ¢ be a meromorphic function of finite type defined
by ¢|p, = mx|p, for each chamber Dy with my being a monomial. Then

o= ZmA <= ¢ s convex.
AeA

Proof. From the previous proposition, we already know that = holds.

Suppose ¢ # > my. Then there exists a point p such that ¢(p) <
> > my(p). Especially, we can take p from R™ from the continuity of ¢. Let
A1 € A satisfy > my(p) = my, (p) and take a point ¢ from the open chamber
of Dy, NR™. Also take ¢t € (0,1) small enough so that tp + (1 — t)q is an
element of Dy,. Then

o(tp + (1 —t)q) = my, (tp + (1 — t)q)
= tma, () + (1~ ym, (0

> tp(p) + (1 —1)¢(q)
which yields ¢ is not convex. O
Lemma 9.1 Let ¢ be a meromorphic function defined by

a Xt if X eDy (L €Zm),
" \aoXE2, if X €Dy (Ly €M),
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where D1 and Dy are the monempty chambers of ¢ and put H to be the
unique facet. Then

¢ is conver <= w(H) >0,

¢ is concave <— w(H) < 0.
Proof.  First of all, we know that w(H) # 0 from the minimality of {D,}.
By sliding ¢ if necessary, we may assume both a; and as to be 0. Let
v be a primitive vector orthogonal to H as before pointing from D; to Ds.

Then from Corollary 8.1, we have Ly — Ly = w(H) - v. Take a point p from
Dg. Then

$(p) = p=> = plr eI = pha @ pu v — pla o y(H) - p?.

Note that p¥ > 0 holds because p is a point in Ds. Thus we have

o > pkt if w(H) >0,
p
<ph, ifw(H) <0,

which proves the statement. O

Corollary 9.2 Let H be a non-cornered facet of a meromorphic function
¢ and B be an intersecting neighborhood. Also let the exponents of the
chambers adjacent to H be L1 and Ly. Then we have the followings:

¢\ is conver < w(H) = ged(Ly — L1) > 0,
¢|B is concave < w(H) = —ged(Ly — L1) < 0.

Proof. Corollary 8.1 and Lemma 9.1. O

Proposition 9.3 Let ¢ be a meromorphic function. Then
¢ is conver <= w(H) >0, "H¢c Lg(¢).

Proof. We already know that = holds.

If w(H) > 0 holds for every facets, ¢ is locally convex outside boundaries
of facets. Thus we come to the conclusion from the continuity of ¢ and
Proposition 7.1. U
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Corollary 9.3  Let ¢ be a meromorphic function defined by ¢|p, = mx|p,
for each chamber Dy, where my is a monomial. Then

¢=> my<=w(H) >0, "HEL(e)
AeA

Example 8 V(¢) given in Figure 5 is not a hypersurface restricted to
D = T?\ {(—o0,—cc)} because there are no positive integers wy, ws, w3
satisfying the balancing property at E:

wy - v +wy - ve +wz-vz £ 0 if wy, wa, w3 € Zsg.

Corollary 9.4 Let ¢ be a meromorphic function of finite type. Then ¢ is
an element of Poly(T™) if and only if every weight of facets is positive.

Proof.  From the Corollary 9.3, we know that ¢ = > my holds. If any of
m is not contained in Poly(T™), the pole locus exists. The weight of a facet
contained in a pole locus is always negative. The other side is a consequence
of Corollary 9.3 and the fact that polynomial functions does not have a pole
locus. O

Let H be a non-cornered facet of ¢ of negative weight. Assume ¢ satisfies
¢|p, = mx|p, as before. Let the chambers adjacent to H be D), and
D,,. Then by setting a rational function h to be h = my, & m,,, we have
hlp,, = mx,|p,, and h|p,, = my,|p,,- Also the facet H' of h satisfies
w(H')=—-w(H)>0and H D H.

Now h ® ¢ is a meromorphic function satisfying h ® ¢[p, = my, ®
my,|p,, and also h ® ¢|p,, = my, ® my,[p,,. Thus H is not a facet of
h® ¢ anymore. h® ¢ may have new facets though their weights are positive.

Let us formulate what we have seen.

Let Lz (¢) be a subset of Lg(¢) such that the weight of each facet is
negative.

Proposition 9.4 Let ¢ be a meromorphic function. Then there exists a
rational function h such that

Ly () 2 Lg(h@ ¢).

If ¢ is of finite type, then the number of facets is finite so we have the



Tropical algebraic geometry 793

followings.

Proposition 9.5 Let ¢ be a meromorphic function of finite type. Then
there exists a rational function h such that

Lg(h®¢)=0.

Theorem 9.1 A meromorphic function of finite type is a rational func-
tion.

Proof. Let ¢ be a meromorphic function of finite type. Then there exists a

rational function h such that Lz (h ® ¢) = 0. This means that every weight

of facets is positive. Then from Corollary 9.3, h ® ¢ is a rational function.
O

Remark This theorem shows that (after a suitable extension of the def-
inition of a meromorphic function), a meromorphic function defined over a
tropical projective space (in the sense of Kajiwara [4], Mikhalkin-Zhakov
[7]) is a rational function since a tropical projective space is compact.

10. Hilbert’s nullstellensatz on hypersurfaces

Hilbert’s nullstellensatz in the following form is now easy to prove.

Theorem 10.1 Let f,g € Poly(T"™) be polynomial functions. Then if
V(f) D V(g) holds, then there exists a natural number k € Zso and a
polynomial function h € Poly(T™) such that

f5 = gh.

Proof.  Since the statement is obvious if f is a constant, we may assume f
to be nonconstant.

Note that the number of facets is finite. Thus take k large enough so
that every weight of facets of f*/g is positive.

Then from Corollary 9.3, h := f¥/g is an element of Poly(T") and we
have f* = gh. O

Remark The inverse also holds from Remark 7 and Remark 7.

Corollary 10.1 Let F,G € Tz1,...,z,] be polynomials satisfying
V(F) D V(G). Then there exists a natural number k and a polynomial
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H such that

rk~ G H.
Theorem 10.2 Let f,g € Poly[T"] be nonconstant functions satisfying

the followings:

o V(f)=VI(9),
o cvery weight of a facet of f equals the weight of the same facet of g.

Then f = g holds up to constant.

Proof.  Since f/g has no facets, it is constant. O

Corollary 10.2 Let f € Poly|[T| be nonzero and put V(f) = {p1,.--,Pm},
with the weight of each p; being w;. Then

f=(@@p)" (D p2) ... (2D py)™

holds up to constant.
Especially T is “algebraically closed”.

Remark Because the irreducible decomposition of an element of Poly (T™)
is in general not unique, V(f) = V(g) does not imply f = g up to constant
for two reduced polynomials f and g. For instance,

f — (I@y@O)(ﬂflf)le @y16@$8)
9=y oye0) (PP ooy’ o)

are reduced polynomials satisfying V' (f) = V(g), but are different.
On the other hand, we have f* = gh and ¢® = fh’ for the following h
and h':
h= (Y or*ey’ e x)B(x6y6 o’y @yd o) (2 oyl xS)B,
W=@oye0) (% ey’ s0)’
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