Hokkaido Mathematical Journal Vol. 37 (2008) p. 349-362

Comparison results for a class of weakly coupled systems
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Abstract. We present two comparison theorems for a class of weakly coupled systems
of Hamilton-Jacobi equations with convex, coercive Hamiltonians. These results apply in
particular to systems arising in large deviations theory for random evolution processes.
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1. Introduction

We study comparison results for the weakly coupled system of Hamilton-
Jacobi equations

M
H;(z, Du®) + ch(af)(u’ —uw)=0 zeD. (1.1)
j=1

Systems of this type arise in the optimal control of a random evolution
process (see [7], [12]).

Another motivation for (1.1) comes from large deviations theory for
random evolution processes (see [4], [5]). Large deviations functionals de-
fined on the sample paths of this type of stochastic process typically solve
weakly coupled systems of second order linear equations [5]. A standard
way to prove large deviations results via PDE methods is to take the log-
arithmic transform of the path functional and to pass to the limit in the
equation so obtained (see [1], [2], [8], [11]). In the case of random evolution
processes, passing to the limit in the system satisfied by the logarithmic
transform of the path functional we formally get the system (1.1) where
the Hamiltonians are the large deviations ones

_ el

Hi(, p) = B = bi@) . (12)

2000 Mathematics Subject Classification : Primary 49L25; Secondary 35F30, 35B25.



350 F. Camilli and P. Loreti

To make rigorous the previous method, a key tool is a comparison result
for the limit problem (1.1). But the system does not satisfy monotonicity
assumptions with respect to the variable u which are usually assumed for
this type of results. In fact, rewriting the system (1.1) as

J#i
(we prefer the former notation, instead of more common latter one, in view
of the application to singular perturbations) where d;; = Zj cij is the co-
efficient of u; and d;; = —c;; are the coefficients of u;, j # 4, in the i-th
equation, then we have

di; + Z di; =0
J#i
forx € D,i=1, ..., M, while in general it is required that dii—i—zj# dij >
cp > 0. In other words, in the terminology of [9], the system (1.1) is quasi-
monotone but not monotone (see also [7], [12]).
If the system (1.1) has only one component, i.e. M = 1, it reduces to

H(xz, Du) =0, ze€D. (1.3)

It is well known that the existence of a strict subsolution is a sufficient,
and also necessary, condition to get comparison result and uniqueness for
Hamilton-Jacobi equations without zero order terms (i.e. quasi-monotone).
More recently, by the Aubry-Mather theory for critical Hamilton-Jacobi
equations [6], it can been shown that to a convex, coercive Hamiltonian
H(x, p), it is possible to associate a closed, possible empty set A, said the
Aubry set of H (for the definition of Aubry set and its properties we refer
to [6]). The main property of the Aubry set is the following

There exists a C*-function 1 and a nonnegative continuous function f
such that

H(.’E, D¢)§—f(l’), xeD

with f > 0 out of A.

In particular, if A is empty, then there exists a strict subsolution in all D
and it is possible to have a comparison result for (1.3) ([9]). Otherwise,
the Aubry set A behaves as a sort of interior boundary where, to have
uniqueness, the value of the solution has to be prescribed ([6]).
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The idea we follows for (1.1) shares several analogy with the case of a
single equation. We consider a function ¢ € C' which is a subsolution of
all the equations H;(z, Du) =0,i =1, ..., M, the crucial point being that
1 is the same for all the Hamiltonians H;. We introduce some assumptions
to control the sets where v fails to be a strict subsolution of the equation
corresponding to the Hamiltonian H;. Assuming the existence of such a
strict subsolution, the proof of the comparison result for (1.1) is similar to
the one in [9] for (1.3). Also in this case the difficulty is given by the absence
of a zero order term in the equation. For this reason, given a subsolution
u and a supersolution v to (1.1) we compare v with uy = (Au; + (1 —
M, .oy dupr+ (1= A)), where X € (0, 1) and ¢ is the strict subsolution.
Then we get the result sending A — 1.

In the last section, we discuss our assumptions, in particular we prove
that an assumption introduced in [5], named strong Levinson’s condition,
implies the existence of a strict subsolution to (1.1) when H; are the large
deviations Hamiltonians (1.2).

2. Definitions and assumptions

Consider the weakly-coupled system of Hamilton-Jacobi equations
M
Hi(z, Du;) + Zczj(x)(ul —uj)=0 zeD,i=1,...,M (2.1)
j=1

where D is a bounded set with Lipschitz-continuous boundary. In all the
paper we will assume that

(2.2) c¢ij: D — R are continuous for x € D, 4, j =1, ..., M,
(2.3) H;(z, p) is continuous in (z, p), convex and coercive in p for i =
1,.... M

(2.4) there exist a C! function ¢ and continuous functions f; > 0 such
that Hi(z, DY) < —fi(x)in D,i=1, ..., M.

For the uniqueness results, we consider two different sets of assumptions.

We define

Ai ={z € D: fi(z) = 0}

and we will assume either
(2.5) c¢ij(x) >0forx € D,i,5=1,..., M, i# j, and A; is empty, for
anyt=1,..., M,
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or
(2.6) cij(x)>0forxzeD,i,j=1,..., M,i+# j, and ﬂf\il A; is empty.
Note that assumption (2.6) implies that the intersection of Aubry sets, see
[6], of the Hamiltonians H; is empty. But it is stronger in the sense that it
also require that there is a same subsolution for all the Hamiltonians which
is a strict subsolution at any point of D for at least one Hamiltonian.

For a function u: E — RM we say that u = (u1, ..., up) is w.s.c. and
we write u € USC(E) if all the components w;, i = 1, ..., M, are u.s.c. in
E. Similarly v € LSC(FE) if all the components v;, i = 1, ..., M, are Ls.c.
in F.

Ifu=(uy,...,upn), v=(v1, ..., vp), are two functions defined in a
set E we write wu <wvin Fifu; <v;in E,i€ {1, ..., M}.

We recall the definition of viscosity solution for weakly coupled systems
(see [7], [9] for more details)

Definition 2.1

i) An ws.c. function u: D — RM is said a viscosity subsolution of (2.1)
if whenever ¢ € CY(D), i € {1,..., M} and u; — ¢ attains a local
maximum at x € D, then

Hi(x, Dg(x +ch —u;) <0.

ii) Als.c.v: D— RM is said a viscosity supersolution of (2.1) if whenever
¢ € CYD), i € {1,..., M} and v; — ¢ attains a local minimum at
x € D, then

M
(z, Dp(x +Zc vj) > 0.

Jj=1

iii) A continuous function w is said a viscosity solution of (2.1) if it is both
a viscosity sub- and supersolution of (2.1).

Proposition 2.2 Let u € USC(D) be a viscosity subsolution to (2.1).
Then u is Lipschitz continuous in D.

Proof. 1t is sufficient to observe that u;, ¢ =1, ..., M, is a viscosity sub-
solution of

Hi(z, Du)<C xze€D
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where C'is a sufficiently large constant such that || Z]]Vil cij (@) (Ui —uj)|loo <
C'. Then the Lipschitz continuity of u; is consequence of the coercitivity of
the Hamiltonian H; (see [1, Lemma 2.5]). O

3. Two maximum principles for weakly coupled systems of
eikonal type

Aim of this section is to show a comparison theorem for (2.1) under
either assumption (2.5) or assumption (2.6).

Theorem 3.1 Assume (2.2)—(2.4) and (2.5). Let u € USC(D) and v €
LSC(D) be respectively a subsolution and a supersolution of (2.1) such that
u<vondD. Then

u<wv inD.
The proof of the theorem is based on the following lemma.

Lemma 3.2 Let g; € C°(D), i =1,..., M, and assume that (2.2)—(2.4)
and (2.5) hold with g; in place of f;. Let u € USC(D) be a subsolution of

M
Hi(z, Dui) + > cij(x)(ui — uj) < —gi(z), z €D, (3.1)
j=1

v € LSC(D) a supersolution of (2.1) and assume that u < v on dD. Then

u<wv in D.
Proof. Weset A={1,..., M} and we assume by contradiction that

M = r{leag({ui —v;} > 0.

xzeD
We define
2
. T —
Ve, 9, 1) = i) — wily) — 22

Let (2c, ye, ic) be such that V. (z., y., i) = maxpy, 55, 4 ¥(z, y, j). Since
M < ‘ljs(xsa Ye, ,L'E)
we have

|xa - ya|2

5oz < Ui (%) — i (ye) — M (3.2)
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and therefore lim._o|z: — y-| = 0. Let (z.,,, ¥e,,, %,) be a converging
sequence for €, — 0 and (z, y, 1) = lim;, oo (e, Ye,,, Gc,, ). Then x =y
and by (3.2)

2
. LT, — Y
lim sup M
m—o00 25m

< wi(z) —vi(x) — M <0.

It follows that lim._o |z — 9:|?/(2¢%) = 0 and, by (3.2), x.,y. € D for ¢
sufficiently small. By (3.2) we also have

‘1.6 - 96‘2
2e2

where L, see Proposition 2.2, is the maximum of the Lipschitz constants for
u;, 1 =1, ..., M. Therefore

< wi (2) — ic (ye) + tic (y2) — vic (ye) = M < Ll — ye|

‘ms _y€|

5 <2L

Since ¥(x, y., i) has a maximum point at z., we have

H,, (e, =55 ) + 3 i) (i, (1) = uy(a2) < =gy, (x2) (33)
jeA

Since —V¥(z., y, i-) has a minimum point at y., we have

Hi, (e =57 ) + 3 eini () (01, (92) — vs(32)) = 0. (3.4)
JEA

Subtracting (3.4) by (3.3), we get
Te — Ye Te — Ye
H’ie (xaa 2y ) _H’is (y87 2y )
€ €

+ Z(Ciaj (@) — €ij(ye)) (ui, (xe) — uj(2e))

JEA

+ 2 ei(ye) ((wi () = vi (ye)) = (wy(ae) = vj(ge))) < —gi ()

JEA

Recalling (2.5) and observing that U(z., y., j) < U(z., ye, i) implies that
uj(ze) —vj(ye) < ui(xe) —vi(ye), g =1, ..., M, we get a contradiction
for ¢ sufficiently small. O
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Proof of Theorem 3.1. For A € (0, 1), set uy = (Aur+(1—=N), ..., dupr+
(1 — N)%), where v is as in (2.4). Then, by convexity of H;, it is straight-
forward to verify that w) is a subsolution of

Hi(x, Dug) + > cij(@)(ui — ug) = —(1 = ) fi(x)
jeEA
zeD,i=1...,M (3.5)

Since 1) is defined up to a constant, we can assume that ¢ < minjca{u;}
in D, hence uy < v on dD. By Lemma 3.2, we have for any X € (0, 1)

uy <v in D
and we get the statement for A — 1. O

For the maximum principle under assumption (2.6), we need to assume
the continuity of the supersolution.

Theorem 3.3 Assume (2.2)—(2.4) and (2.6). Let u € USC(D) and v €
LSC(D) N C°(D) be respectively a subsolution and a supersolution of (2.1)
such that u < v on 0D, then

u<v in D.

Given the following lemma, the proof of Theorem 3.3 is exactly the
same of that of Theorem 3.1.

Lemma 3.4 Let g; € C°(D), i =1,..., M, and assume that (2.2)—(2.4)
and (2.6) hold with g; in place of f;. Let u € USC(D) be a subsolution of
(3.1), v € LSC(D) N CY(D) a supersolution of (2.1) and assume that u < v
on 0D. Then

u<wv inD.
Proof. Weset A={1, ..., M} and we assume by contradiction that

M = mzjqu{ui — v} > 0.
1€
€D
Let z € D be a point where the maximum is achieved. Then z € D. We
distinguish two cases:

A) There exists k € A such that ug(z) — vg(2) < M — ¢ for some 6§ > 0;
B) w;i(z) —vi(z) = M for any i € A.
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We start proving A). Let ¢ € A be an index such that u;(z) —v;(z) = M.
Define

—ly— 2 (3.6)

V. (z, y) = ui(r) —vi(y) —
and let (z., y.) € D x D be such that . (z., y.) = maxp, 55 V. Let us show
that

‘$s - y€|2
2e2

By U.(z, z) < ¥ (xe, y-) and recalling that z is a maximum point for u—wv,

+lye — 2> — 0 fore—0F. (3.7)

we get

2
.
eVl <) — i)

—(ui(2) = vi(2)) + wize) = wi(ye) < Llze = yel

where L, see Proposition 2.2, is the maximum of the Lipschitz constants for
u;, 1 =1, ..., M. Therefore

‘xs _y€|

S <2l

and
lim z. = lim y. = z. (3.8)
e—0 e—0

Since ¥(x, y.) has a maximum at x., we have

H; (x xg—g ye) + 37 eyie) (iles) — uj(22)) < —gilze).  (3.9)
JEA

Since —V¥(z., y) has a minimum at y. we get

H; <y€7 ‘%E_g e _ 2(ye — Z)) + E :Cij (ys)(vi(ys) - Uj(ys))
jJEA
> 0. (3.10)

Subtracting (3.10) by (3.9), we get

Te — Te —
HZ' (-Te’ ET?JE) - Hl (y& 662 Yo - 2(y€ - Z))
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+ ) (eij(we) = eij(ye)) (wilwe) — uj(ze))
JjeEA
+ 3 cij(ye) ((wilee) —vilye)) = (uj(e) —vj(ye)))
JFk
+ ein(ye) (ui(ze) — vilye)) — (ur(@e) — vk(ye))) <0
Recalling (2.2), (2.6), (3.8) and that u;(2) —v;(z) > u;j(z) —v;(2), j € A and
u;i(2) —vi(2) > ug(z) — vr(z) + 6, we get a contradiction for e sufficiently
small since u, v € CO(D).

To prove B), let i be such that g;(z) > 0 and define ¥, as in (3.6).
Repeating the same argument of the case A), we get

Te — Te —
Hi(xé‘v 682 ya> - Hz'<y57 6872% —2(ye — z))

+ ) (eijlae) = e (ye)) (wi(ae) — uj(xe))

jEA

+ 3 eijl@e) (wilwe) — vilye)) — (uj(ze) — vi(ye)) < —gilae)

JeEA

which gives immediately a contradiction for e sufficiently small since
gi(z) < 0. O

Remark 3.5 Concerning the existence of a solution to (2.1), Ishii in [9]
extended the Perron’s method for viscosity solutions to weakly coupled sys-
tems of nonlinear equations. We remark that for the Perron’s method,
besides standard continuity assumptions, it is sufficient to assume that the
system is quasi-monotone. It follows that if the system (2.1) satisfies as-
sumptions (2.2)—(2.4) and there exist a subsolution v and a supersolution v
of (2.1) such that v = v on 9D, then there exists a solution to (2.1) which
assume the same boundary datum.

4. Examples

In this section we discuss two examples of systems satisfying the hy-
potheses (2.5) or (2.6).

4.1. Systems with Eikonal Hamiltonians

Consider the system (2.1) where H;(x, p) = |p| — Fi(x), with F; non-
negative, continuous functions such that either {x € D: F;(z) = 0} is empty
for any i = 1,..., M or ﬂf‘il{x € D: Fi(z) = 0} is empty. Then ¢p =0
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and f;(z) = F;(x) satisfy (2.3)—(2.4) and either (2.5) or (2.6).
We also give an example of system having infinite many solutions. Con-
sider the one-dimensional system

|Duy| — F(z) + ui(x) —uz(x) =0 z€(—1,1)
|Dug| — F(z) + uz(x) —ui(x) =0 =z e (-1,1) (4.1)
u;(£1) =0 i=1,2

where F(z) = 2|z|. Then ui(z) = ua(z) = 1 — 2% and u1(z) = ua(x) =
min{1 — 2%, 22 + C}, C € (0, 1), are viscosity solutions to (4.1). Note that
the set A; for the Hamiltonian H;(x, p) = |p| — 2|z| coincide with {0} and
therefore the assumptions (2.5) and (2.6) are not satisfied.

4.2. Systems with large deviations Hamiltonians
Consider a right continuous strong Markov process (X;, v;) with phase
space RV x {1, ..., M}. The first component of process satisfies

dX§ = bye (X7)dt + '/2dW, (4.2)

where X5 = x € D, while the second component v; is a random process
with states {1, ..., M} for which

P{visa =J lvi =i, Xi = 2} = cij(x) + O(A) (4.3)
for A —0,4,j=1,..., M,i# j. For e =0 the process (X;, v;) degener-
ates into the random process (X7, 1)) defined by

dX"© 0

with v satisfying (4.3) for ¢ = 0. The process (X7, 1) is said a Random
Evolution process. Large deviations functionals defined on the paths of the
process (4.2) satisfy weakly coupled systems of second order linear equa-
tions. Passing to the limit in the system satisfied by the log-transform of
the large-deviations functional (see [5]) we get the system (2.1) where the
Hamiltonians H; are the large-deviations ones

_ ol _

Hi(z, p) = =~ — bi(z) - p. (4.5)

When v.(t) has only one state for any e, then (4.2) corresponds to a small
random perturbation of a dynamical system. In this setting, a classical
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assumption which gives large deviations principles is the regularity of the
vector field b. This corresponds to require that

(4.6) 3T > 0 such that for any integral curve of & = b(z(t)) with x(0) € D,

there exists s < T for which x(s) ¢ D

Condition (4.6) is known in the probabilistic literature as the Levinson’s
condition for the dynamical system & = b(z(¢)). It has also a significa-
tive consequence in the PDE approach to large deviations. In fact (see [1,
Lemma 6.1] for the proof)

Proposition 4.1 The following conditions are equivalent
i) Condition (4.6)
ii) There exists a C' function 1 such that

|Dy?
—b
2

As discussed in the introduction the existence of a strict subsolution is

(x)-Dyp <0 forxeD

fundamental to get comparison results for Hamilton-Jacobi equations with-
out zero order terms. For this reason, condition (4.6) has been used by
several authors to study singular perturbation results in the framework of
viscosity solution theory (see [1, Chapter VI], [2], [8], [11]).

An analogous of the Levinson’s condition for random evolution pro-
cesses is that the process (4.4) exits out of D a.s. in a uniformly bounded
time, i.e. there exists T < oo such that

P,i("<T)=1, foranyz€ Dandi=1,...,M (4.7)

where 7 is the exit-time of the process X°(t) from D and P, is the condi-

tional probability with respect to the initial condition X°(0) = z, v°(0) = i.

A sufficient condition for (4.7) (see [5]) is the following condition

(4.8) For any smooth vector field A(z) = (Ai(x), ..., Am(x)) satisfying
Ai(z) >0, M N(z) =1 for € D the vector field b(z) =
Zf\il Ai(z)b;i(z) is regular, i.e. it satisfies (4.6).

In the next proposition, we show that (4.8) is equivalent to (2.5) for the

Hamiltonians (4.5) and we also give a simple geometric condition which

guarantees the property

Proposition 4.2 The following three conditions are equivalent:
i) Condition (4.8).
ii) For any x € D, the null vector does not belong to the convex hull
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cofbi(@), .., bur(x)}.
iii) There exists a C1 function 1 such that H;(x, D) < 0 in D, for any
i=1,..., M.

We need a preliminary lemma. Let B(a, r) = {z € RM: |z —a| < r}
for a € RM and r > 0.

Lemma 4.3 Given M vectorsvy, ..., va in RN, then 0 & co{vy, ..., var}
if and only if B = ﬂf\il B(v;, |vi]) has non empty interior (co stands for
the convex hull).

Proof. Assume that 0 ¢ C' := co{vy, ..., var}. Let P be a point which
realizes the minimum of the distance between cl(C') and 0 and let ¢ be the
line through 0 and P. Denote by ¢;, i =1, ..., M, the intersection between
¢ and B(v;, |vi|). ¢; is a segment of positive length centered at wj;, the
projection of v; on £. Because of the choice of P, all the segments ¢; are on
the same side of /¢ with respect to the origin. Hence their intersection is a
segment of positive length and any point of its interior is in the interior of
B.

Now assume that B has nonempty interior. Hence there exists a non-
null vector p such that p € int(B(v;(x), |vi|)) or, equivalently,

p* -
7—vz-p<0, i=1,..., M. (4.9)
If, by contradiction, 0 € co{vi, ..., var}, then there exists \; € [0, 1],

SSM A\ = 1 such that M \w; = 0. By (4.9),

o (lpP P (- pf?
0> 3 (G —en) = - (X w) p =15
i=1 i=1
hence a contradiction since |p| # 0. O

Proof of Proposition 4.2. ii) = iii): By Lemma 4.3, for any oy € D, there
exists p € int(, B(bi(xo), [bi(20)|)). Then H;i(wg, p) < 0 for any i =

1, ..., M and, by continuity, the inequalities H;(xz, p) < 0 hold for z €
B(zo, 0), for ¢ sufficiently small. Hence the function ¢, (z) = p- (x — x0) is
a C'l-strict subsolution of H;(z, Du) = 0 in B(xg, §) for any i =1, ..., M.

Now applying the argument in [6, Theorem 3.3], based on a partition of the
unity of D, to each Hamiltonian H; we can construct a function  which
satisfies iii).
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iii) = i): Let ¥ be a C! function satisfying iii) and take a vector field A
as in i). Set H(x, p) = [p|?/2 — b(x) - p, where b(z) = le\il Ai(x)bi(x). We
have for z € D

[Dy* IDwI2
5 —b(@) Dy = Z)\

_ixi(:p)(wgw ) Z/\ (z, D) <
=1

Since 1) is a strict subsolution of the Hamilton-Jacobi equation correspond-
ing to b(x), then, by Proposition 4.1, the vector field b is regular and there-
fore i) holds.

i) = ii): Assume by contradiction that 0 € co{bi(xo), ..., ba(xo)}, for
some x € D, hence there exists p;, ¢ = 1, ..., M such that u; € [0, 1],
Zi]\il u; = 1 and Zf\il wibi(xg) is the null vector. By iii) and Proposi-
tion 4.1, we know that for any \(x) as in (4.8), there exists ) € C'(D) such
that

H(z, DY) = |D¢|2 Z)\ )- Dy <0 (4.10)

Now choosing A(z) in such a way that
Xi(xo) =iy, 1=1,..., M
and substituting in (4.10), we get for x = x

| Dy (o) |”
2

and therefore a contradiction. O

<0

Remark 4.4 Taking A\(x) such that for any z € D \;(x) = 1 and )\, ( ) =
0 for j # ¢ in (4.8), we get that the vector field b;(x), forany i =1, ..., M,
is regular in the sense of definition (4.6).

But, even if all the vector fields b; are regular, not necessarily (4.8) is
satisfied. In fact, taking by(x) = (1, ..., 1) and be(x) = —b1(x), then by and
by are regular vector fields in D = [0, 1]"V. But, since 0 € co{by(z), ba(z)}
for any = € D by Proposition 4.2, (4.8) is not satisfied. Another interesting
example of the same phenomenon is given in [5].
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