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C' — Gy-determinacy of weighted homogeneous function
germs on weighted homogeneous analytic varieties
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Abstract. We provide estimates on the degree of C! — Gy-determinacy (G is one of
Mather’s groups R or K) of weighted homogeneous function germs which are defined on
weighted homogeneous analytic variety V' and satisfies a convenient Lojasiewicz condition.
The result gives an explicit order such that the C!-geometrical structure of a weighted
homogeneous polynomial function germ is preserved after higher order perturbations,
which generalize the result on C!' — K-determinacy of weighted homogeneous functions
germs given by M.A.S. Ruas.
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1. Introduction

In singularity theory of smooth functions and maps, a fundamental
question is raised for a given equivalence relation: when is a map germ
equivalent to a finite part of its Tayor expansion?

It is concerned with determinacy of map-germs and trivialization for
families of map-germs.

There is an extensive literature related to trivialization and determinacy
for families of map-germs. In C'-determinacy theory (I > 0), the question
of determining the degree of CY — G-determinacy of weighted homogeneous
map germs has been considered by several authors (e.g. ref. [4], [6], [8], [5])-
Estimates for the degree of C! — G-determinacy of weighted homogeneous
map-germs have been studied by M.A.S. Ruas and M.J. Saia (ref. [10]).
Recently, the sufficient conditions for the topological triviality of families
of germs of functions defined on an analytic variety V are provided by
M.A.S. Ruas and J.N. Tomazella (ref. [11]). But these results do not include
estimates for the degree of C! — Gy -determinacy of function germs defined
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on real analytic varieties.

In this paper, when (V, 0) is a weighted homogeneous analytic variety,
we construct a C! — Gy- (G is one of Mather’s groups R or K) trivializa-
tion for a one parameter family f; = f + tf of a weighted homogeneous
polynomial function germ f, defined on a class of weighted homogeneous
real analytic varieties V satisfying a convenient Lojasiewicz condition, and
give an explicit order for the filtration of a map-germ #: (R", 0) — (R, 0)
such that the C!-geometrical structure of f (consistent with V) is preserved
after higher order perturbations. So a weighted homogeneous polynomial
function germ f (consistent with V') after higher order perturbations is fi-
nite determined. Our method is concretely offering a controlled vector field
whose integration gives a C! — Gy -trivialization.

An application of our result to free arrangement is also presented.

2. Preliminaries

In this paper, we assume that germs are in real analytic category.

Let O,, be the ring of germs of analytic functions h: (R™, 0) — (R, 0).
This is a local ring with maximal ideal M,,, consisting of these h € O,, such
that h(0) = 0. We denote by J¥(n, p) the set of k—jets of elements of O,,.

A germ of a subset (V,0) C (R", 0) is the germ of a real analytic
variety if there exist germs of real analytic functions fi, ..., f, such that

V={z: filz) == f(x) = 0}.

Definition 2.1 Let R be the group of germs of diffecomorphisms of (R",0),
and Ry = {¢ € R: ¢(V) = V}, i.e. Ry be the group of germs of diffeo-
morphisms preserving (V, 0). Also, let C' — Ry (I > 0) denote the group of
germs of C'-diffeomorphisms preserving (V, 0).

Ry (C' —Ry) acting on germ hg: (R", 0) — (R, 0) is given by com-
position on the right.

Two germs hy and hg: (R", 0) — (R, 0) are C' — Ry-equivalent iff
there exists a germ of C!-diffeomorphism ¢: (R”, 0) — (R", 0) with ¢(V) =
V and hlo(b:hg.

A one-parameter deformation h: (R" xR, 0) — (R, 0) of hy: (R™, 0)
— (R, 0) is C' — Ry-trivial if there exists C!-diffeomorphism

¢: (R" xR, 0) — (R"xR,0), oz, 1)= (2, 1),1)
such that h o p(z, t) = ho(z) and ¢(V x R) =V x R.
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We denote by 6,, the set of germs of tangent vector fields in (R", 0).
Then 6,, is a free O,-module of rank n.

Let I(V) be the ideal in O,, consisting of germs of real analytic function
vanishing on V. We denote by

Oy = {n € bu;n(I(V)) C I(V)},

the submodule of germs of vector fields tangent to V. Oy is a finitely
generated O,-module for it is a submodule of 6,, which is Noetherian since
O,, is.

Since I(V) - {0/0z;} C Oy, it follows in the real analytic case that

0
Ov = On{(it1<j<p + I(V)O"{a;c- }

where {(j}1<j<p together with I(V) - {0/0x;} generate the Op,-module of
vector fields tangent to V.
In the real analytic category, let

Ry = { T80 o, 1) = @la 1), 1

:(R"xR,0— R" xR, 0),
with B(z, 0) = id and ¢(V x R) = V x R}.

Then

0
TRv,e = Ov = On{(it1<j<p + I(V)On{

8@-}’ (p. 59 of ref. [1])

Moreover the tangent space of Ry

0 o
TRy = Mu{¢ihi<j<p + I(‘/)On{%} =0y

is computed by taking families of germs in Ry .
The tangent space of the orbit of h under the action of the group is TRy (h)
= dh(Oy). ([11])

Definition 2.2 ([11])

(a) We assign weights w1, wa, ..., wp, w; € QT, i =1,..., n to a given
coordinate system z1, ..., =, in R”. The filtration of a monomial z° =
xf ! 3:52 2P with respect to this set of weights is defined by fil(z”) =

> iy Biw;.
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(b) We define a filtration in the ring O,, via the function defined by

8
fi(f) = inf{fil(="): %g(()) £0}, 181 =F1+ -+ B

for any germ f in O,,. This definition can be extended to O, 4, the ring
of r—parameter families of germs in n-variables, by defining fil(z*t%) =
fil(z®). For any map germ f = (f1, ..., fp): (R", 0) — (R?, 0) we
call fil(f) = (di, ..., dp), where d; = fil(f;) foreach i =1, ..., p.

(c) We extend the filtration to Oy, defining fil(0/0z;) = —w; for all
i =1,...,n, so that given { = Y70, §;(9/0z;) € Oy, then fil(¢)
= inf]{ﬁl(fj) w;}.

(d) For given (w1, ..., wp: di, ..., dp), w;, dj € QT, amap germ f: (R", 0)
— (RP, 0) is weighted homogeneous of type (w1, ..., wy: di, ..., dp)
if for all A € R — {0},

FOU g, X220, X ,) = A1 (2), A2 fo(z), ..., AT fo(z)).

Definition 2.3 ([10]) Let (wi, .. n: 2k) be fixed. We define the stan-
dard control function pg(z) by pi(z ) = xlal + 3% 4 ... 4 227 where the
«; are chosen in such way that the function p; is weighted homogeneous of
type (w1, ..., wy: 2k).

Remark ([10]) We observe that py satisfies a Lojasiewicz condition pj, >

c|z|?® for some constants ¢ and a.

Lemma 2.4 (Lemma 1 of [10]) Let h(z) be a weighted homogeneous poly-

nomial of type (w1, ..., wy: 2k) and hi(x), t € [0, 1] a deformation of h,

which is weighted homogeneous of the same type as h. Then:

(a) There exists a constant ¢y such that |hy(x)| < c1pr(z).

(b) If there exist constants ¢ and a such that |hy(x)| > c|z|®, then |hy(x)| >
copr(x) for some constant ca.

Lemma 2.5 (Lemma 2 of [10]) Let h(x) be a weighted homogeneous poly-
nomial of type (w1, ..., wy: 2k), with w; < we < -+ < wy, p(x) the stan-
dard control function of same type as h and hi(z) a deformation of h such
that

fl(hy) > 2k + lw, +1, te(0,1],1> 1.
Then the function v(x) = hy(x)/p(x) is differentiable of class C'.
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Definition 2.6 ([11]) The germ of an analytic variety (V, 0) C (R", 0)
is weighted homogeneous if it is defined by a weighted homogeneous map
germ f: (R™, 0) — (RP?, 0).

A set of generators {1 ---7ym} of Oy is called weighted homogeneous
of type (wl, cey Wyt dy, ey dy) iy = Z_?:l %](8/8mj) and ;; (’L =
1,...,m;j = 1,...,n) are weighted homogeneous polynomials of type
(wi, ..., wy: di +wj) whenever ~;; # 0.

When V is a weighted homogeneous variety, we can always choose
weighted homogeneous generators for Oy . (see [2] or [11])

Definition 2.7 ([11]) Let V be defined by weighted homogeneous poly-
nomials. We say that h is weighted homogeneous consistent with V' if A is

weighted homogeneous with respect to the same set of weights assigned to
V.

3. Estimates for the degree of C! — Ry -determinacy of weighted
homogeneous function germs on a class of weighted homoge-
neous real analytic varieties

Theorem 3.1 Let V be a weighted homogeneous subvariety of (R™, 0),
and let there exist a system {1 ---ym} of weighted homogeneous generators

of type (w1, ..., wy; di, ..., dp) for O, where wy < wy < --- < wy, and

wi € ZT and v; = 377, 75i(0/0%:);

If

(a) f: (R™, 0) — (R, 0) is a weighted homogeneous function-germ of type
(w1, ..., wy;d), which is consistent with V,

(b) f satzsﬁes a Lojasiewicz condition

Nry f(z) = (df (v5))" = Z(Z 9 7]2)2 > clx|®

=1 =1

for some constants ¢ and «.

Then deformations of f defined by

filx) = f(z) +t0(x), t €0, 1],
with f1(0) > d + lwy, — wy, for allt € [0, 1] and I > 1 are C' — Ry -trivial.
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Remark We discuss the case I = 1 in another paper. Actually, when
Il =1, f; is V-bilipschitz triviality.

Firstly we observe df(;). Because

") "9
df (v;) = df (Z m%) = 87{%4,
i1 3 3

i=1

it follow that

9
fil(df (v;)) = lgén{ﬁl((%{wi)}
- éﬁn{ﬁl(f) —w; + (dj +wi)}
=1fl(f) + d;.

Let s; = fil(f) + d; and N f be defined by N f = ZTZl(df(ryj))Qaj,
where a; = k/sj, k = l.c.m.(s;). Then Ny f is a weighted homogeneous
control function of type (wi, ..., wy;2k). By Remark of Definition 2.3,
N7*2Vf > c1(Nwr,y, f)? for some constants ¢; and .

For a deformation f; of f, let N fi by N fi = Z;"zl(dft)r(fyj))hj,
where (dfy), = >.r (0ft/0x;)dx;, and «; are same as above. If f; is
weighted homogeneous of same type as f, then Ny f; is weighted homoge-
neous of type (wy, ..., wy;2k) for all t. If fi(x) = f(x)+t6(z) and fil(0) >
d, it follows that fil(Ng fi) > fil(Ng  f).

Lemma 3.2 Let f and f; satisfy the condition of the above theorem. Then,
there exist positive constants a1 and as such that

azpe(z) < N, fr < arpr()

Proof. When f; is weighted homogeneous of the same type as f, the result
follows from Lojasiewicz condition and Lemma 2.4.

If fil(fi) > £il(f), we write N fi = Ng, f + tR(z, t) where R(z, t) is
a polynomial with fil(R(z, t)) > fil(Ng,, f).

Then N f < Ng fi + |Ri(z)], for 0 < ¢t < 1. Because Ny f >
c1(Nry f)P for some constants ¢; and 3, we have Np f = cc1|z|*? by
condition (b). So by Lemma 2.4, there exists a constant ag such that

agpr(r) < N, f < N, fio + | Re()].
Again since fil(Ri(z)) > fil(Ng  f), it follows that lim, .o [Ri(z)|/pr(z) =
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0. Thus azpy(z) < N3, fi-
It is easy to see that there exists a constant a; such that Ni fi <
a1 px(x) for small ¢. O

Lemma 3.3 Let p(z) be the standard control function of same type
(w1, ...y Wyt 2k), with wy < we < -+ < wy, h(xz) an analytic deformation
of a analytic function h: (R™, 0) — (R, 0) such that

fil(hy) > 2k +lw, +1, t€(0,1],1>1.
And Z(x) is differentiable and satisfies
ash(@) < Z(2) < arpr(a).
Then the function \(x) = hy(z)/Z(z) is differentiable of class C'.

Proof. 'We will proceed by induction on the class of differentiability (similar
to the proof of Lemma 2 of ref. [10]).

In fact, A(z) = h¢(z)/Z(x) is C' if x # 0. It is sufficient to prove that
Az) = hy(x)/Z(z) is C' when x = 0.

Firstly we consider [ = 1. The gradient of A(z) = hy(z)/Z(x) is

_ Viy(z) VZ(z)- h(z)

VAT Zw) T )y
because
azpk(z) < Z(x) < a1pi(),
So
Vh(z) B V(Z(x)) - h(x) < Vh(z) B VZ(x) - h(z)
a1p(x) (a2p(2))*  — Z(x) (N, fo)?
o Viu(z)  V(Z(z)) - hu()
~ azp(x) (a1p(z))*
with
irgf{ﬁl(agif) (a;))} > 2k —wy,
and

fil(he(x)) > 2k +wp, + 1,
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then
fl(|IV(Z(x)) - he(x)]) > 4k + 1.

Each term of

Vh(z) V(Z(z))- h(z)

arp(x) (azp(x))?
and

Vhi(z)  V(Z@) - )

azp(z)  (arp(x))?
is of form g(x) - m(z)/p(x), where m(z) is weighted homogeneous of type
(w1, ..., wy;2k) and limg; .9 g(z) = 0. It follows from Lemma 2.4 that

m(z)/p(z) is bounded, hence VA is continuous.

Let us assume by induction that for all function A(z) = hy(z)/Z(x)
with fil(hy) > 2k + (I — 1w, + 1, X is of class C'~1.

Let A(z) = hy(x)/Z(x) with fil(hy) > 2k + lw, + 1. Then VA(z) =
H(x)/Z(x) with fil(H) > 2k 4+ (I — 1)w, + 1 is of class C!~!, and \(z) is of
class C'. O

Proof of Theorem 3.1. Because

O (a)a ) 127) = (e (22 (o)) 5) )
and

Nj, fo = f}([(dft)x(w)]%‘f)v
then B

% Ni, fo = (df)e(Wry),
where

A

Wry =3 Wiy and Wy = S ((df)a(37))

Jj=1

Now we compute fil(W;).
Because v; = >, 7ji(0/0x;), where ~;; are weighted homogeneous
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polynomials of type (w1, ..., wy: dj + wy),

A1((dft)2(75)) =il (Z Wigg@

= it (R — i+ (6 )
=fil(f) + d;

=fil(f) +d;

=d+ dj

W) = (200 4 (205 — 1) ()
> (d+ lwy, —w1) + (20 — 1)(d + dj)
= (d + lwy, —w1) + (205 — 1)s;
=d+lw, —wy + 2k —d—d;

:2k+lwn—w1 —dj
Again because v;W; = > ;. 7;iW;(9/0x;), then
ﬁl(’inWj) > dj + w; + 2k + lw, — w1 — dj (*)
=2k + lwy, + w; —wy
>2k+ (I — 1wy, + 1.
Now from equation (0f/0t)(z, t) = (dft)s(Wr, /Ng,, ft), we obtain

aft W'Rv _
D 1) - (dft)x(N;ivft) —0.

Let v: (R" x R, 0) — (R™ x R, 0) be the stratified vector field

Wry, d
" +—=, z#0
Ni f o
9
ot’
where Wrg,, /N;“zvft eTRy = G)?/.
Again let Wr,, /N fr = >0, vi(x,1)(0/0z;), where

v(z) =
z=0

W

Vi(xa t) = ¥ 70
2 Nif,

1=1,...,n
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and it denotes the i—th component of v. Owning to (x) and Lemma 3.2,
it follows from Lemma 3.3 that 'ij-W/j/N;‘int (1 <i<nl<j<m)are
differentiable of class C'*~1. So v is of class C*~!, where | > 1.

Moreover the orbits of a vector field ¥ on R x R™ are the integral
curves (i.e., the graphs of solutions) of the first order system of differential
equations:

dxg

0

dt

dx;

;—Vz(a:,t), 1=1, , M

By hypothesis, R x 0 is an orbit of v. Designate by t — (¢, ¢(t, x)) the
solutions of the above system of differential equations corresponding to the
initial condition ¢(0, ) = x. By the fundamental theorems of first order
differential equations and Lemma 3.5 of [11], the mapping ¢¢: © — ¢(¢, z)
is a diffeomorphism. Again because Wg,, /Ny fi = > L, vi(w, t)(0/0z;) €
TRy, it follows that ¢, € Ry . Now equation

Oft = 0
O, 1) — (e (Yo e ) =0

i=1 g

implies d(f; o ¢) = 0 and this equation implies the C! — Ry -triviality of
family fi(z) in a neighborhood of ¢ = 0. Since the same argument is true
in a neighborhood of t = ¢, for all ¢ € [0, 1], the proof is complete. O

Example (Example 3.12 of [11]) Let V = ¢~1(0) where ¢(x, y, z) =
222y + 9% — 22 + x*y. We have ¢ is weighted homogeneous with respect
to the weights w1 = 1, wo = 2, w3 = 3. Let f(x, y, 2) = 2 + ¢ + 2%
Then f is a weighted homogeneous function-germ of type (1, 2, 3;12) and
consistent with V.

The module O3, is generated by

2z, 4y, 62),

0, 2z, z* + 4%y + 397),
2% + 3y, —4zy, 0),

z, 0, 22y + 2xy?).

(
(
(
(

a1
a2
a3
o7}

{a1, oo, as, ay} is weighted homogeneous of type (1, 2, 3;0, 1, 1, 2). More-
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over
df = (1221, 6y°, 42%),  df(a1) = 242'% 4 2495 + 2427,
then
4
S (df (ar))? > 2422 + 2455 + 242,
=1

But 242'2 + 249/ +242* is weighted homogeneous function of type (1, 2, 3).
So that there are some constants ¢ and « such that

24212 + 2495 + 242 > (2 + o + 22
Therefore the example satisfies condition of Theorem 3.1. If we let
fe(z, y, 2) = f(z, y, 2) + t(az® + by'® + ca?2%),
where
0(z) = az®® + by'® + ca?25.
Moreover
fil(#) =20>12+3x3—-1=124+9 -1 =20,
where [ = 3. Then deformation f; of f is C% — Ry -trivial by Theorem 3.1.

Now we present a application of Theorem 3.1 to free arrangement.

Let R be the real field and Vg a vector space of dimension [. A hyper-
plane H in VR is an affine subspace of dimension [ — 1.

A hyperplane arrangement Ag is a finite set of hyperplanes in VR.
Each hyperplane H € A is the kernel of a polynomial oy of degree 1. The
product Q(A) = [[yc4 an is called a defining polynomial of A. Let

O ={ne€bi: n(Q(A)) € (Q(A))
: (Q(A)) is ideal generated by Q(.A)},

©°% is the submodule of © 4 given by the vector fields that are zero at zero.

If each H € A contains the origin, we call A a central arrangement.
Then V4 = gy H is defined by homogeneous polynomial Q(A). Oy, =
O 4 and @?,A = ©%. Moreover we always choose homogeneous generators
for © 4 and ©% by Lemma 3.2 of [2].
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Corollary 3.4 Let
(a) A be a central arrangement, ©% has a system of generators consisting

of I homogeneous elements {C1, Ca, ..., (1};
(b) f: (R™, 0) — (R, 0) be a homogeneous function,
(c)

: 2
Nry, fl@) = (df ()™ > cla|*
i=1
for some constants ¢ and «.
Then deformations of f defined by

fi(z) = f(z) +t6(z),

with degree(©) > degree(f) + p, for all t € [0, 1] and p > 1, are CP —
Ry 4 -trivial.

This proof is obvious.

4. Estimates for the degree of C! — Ky -determinacy of weighted
homogeneous function germs on a class of weighted homoge-
neous real analytic varieties

First we give some basic notations. (see [3]) The contact group K
consists of pair of germs of diffecomorphisms (H, h) with H: (R"*?, 0) —
(R™P_0) and h: (R", 0) — (R", 0) such that
(1) Hoi=1doh for i(z) = (z, 0) and
(2) moH =hor for m(z, y) = x.
such an H acts on O, by (h(z), H- f(z)) = H(x, f(z)) (i.e. grap(H - f) =
H(grap(f)))

Let (V, 0) be the germ of a real subvariety of R? defined by a finitely
generated ideal I of O,. The group Ky is the subgroup of K consisting of
elements (H, h) € K such that H(R" x V) = R" x V. It is a geometric
subgroup of K in the sense of ref. [11]. In particular, if V' = {0} then this
is just contact equivalence.

We say that f and g are Ky -equivalent if there is an element (H, h) €
Ky such that (H, h)- f = g, where the action is that of contact equivalence.

The function h: (R" x R, 0) — (R, 0) is k — C' — Ky -determined iff
for all g: (R™ x R, 0) — (R, 0) with the same k-jet as h the germs h and
g are C! — Ky-equivalent.
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In the real analytic case,
TICV,e = en ©® O:E,y{C’L} (See [3])

where {(;} a set of generators for Oy .

TKy = My - 00 & Ory{Gi}) (see [3)
Moreover
of
TKve-f=0:{ 55} +0:{Go f} (see [9])
TRy - f = Mo{ 5L} 4 OG0 1) (see [3)

Definition 4.1 Oy is called free if ©y is a free module over O,.

Lemma 4.2 Let (V, 0) be the germ of an real subvariety of RP defined by
a weighted homogeneous polynomial g. If Oy be free, then it has a basis
consisting of p weighted homogeneous elements.

Proof. We can always choose weighted homogeneous generators {¢;} for
Oy (see [2] or [11]).
Let r be the rank of the free Oy-module ©y. Note that

g0, C Oy C 0,.

Since 0, contains the p linearly independent elements 9/9y, ..., 0/0y,, and
g0, contains the p linearly independent elements g(0/dy1), ..., g(0/0yp),
it follows from Proposition A, 3(1) of ref. [7] that p < r < p. O

Definition 4.3 If ¢ € 6, then ¢ = Z?Zl ¢i(y)(9/0y;). Given vector fields
Ciy -5 Cp € b, define the coefficient matrix M ((i, ..., () = (G (y))-

If f: (R™, 0) — (RP, 0) is a weighted homogeneous polynomial map

germ of type (r1, ..., rp;wi, ..., wp), we define
p P
Nevf= Z(Z(C@'j o f)2>
i=1 j=1

and define Nrf =5, MIQ, where each M is a p X p minor of the Jacobean
matrix of f, I = (i1, ..., 14p) C (1, ..., n).

We observe that for each p x p minor M, there is an sy such that M
is weighted homogeneous of type (71, ..., rn;S1).
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Let Ny f be defined by Nyf = >, M Qﬁl, where 81 = k/s;, k =
lLem.(sr). Then Nj f is a weighted homogeneous control function of type
(ri, ..., mn; 2k).

For deformations f; of f defined by fi(x) = f(x)+tO(z), © = (O, ...,
©,), we define the control N% fy by Nifi = > MtQIﬁI, where M;, are the
p X p minors of Jacobean matrix Jy, of f; and [; are same as above. If
ft is weighted homogeneous of same type as f, then Ny f; is weighted ho-
mogeneous of type (ri, ..., rp;2k) for all t. If fy(z) = f(z) + tO(z) and
fil(©;) > d;, it follows that fil(N% f;) > fl(N& f).

Theorem 4.4 Let
(a) V' be a weighted homogeneous subvariety of (RP, 0), which is defined by
a weighted homogeneous polynomial g;

(b) Oy a free Oy-module, (1, ..., ( be a basis of weighted homogeneous of
type (w1, ..., wpidi, ..., dp), with dy < dy < --- < d,, for Oy, where

ZQJ Z Cijr— 8
7j=1

and (;j are weighted homogeneous polynomials of type (w1, - , wp; d; +
w;);
(¢) f: (R™ 0) — (RP, 0) a weighted homogeneous polynomial map germ
of type (r1, ..., rpywi, ..., wp) with ry <1y < -+ <1y, wp < wp <
- < wy;
(d) Nxvf=Nevf+Nrf>cl|al|® for some constants ¢ and o
Then deformations of f defined by

fi(x) = f(z) +tO(z), O =(O1,...,0))

with fil(0;) > d; +wy + lry + 1, for all i, t € [0, 1] and | > 1 are C* —
Ky -trivial.

Remark Condition (b) is satisfied by Lemma 4.2.

Proof. We firstly define vector fields v1 and W in following (1) and (2).
(1) Let

Nevf= Z(Z Gjof) 2’8”>

=1 j=1

where (j;0 f is a weighted homogeneous polynomial of type (r1, ..., ry;di+
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wj), Bij = kl/(dl —}—’U)J) and k1 = lcm{dl + w; ‘ 1<1<p, 1< < p}.
Let
p p

Nevfe= Z(Z(QJ o ft)%j)

i=1 j=1

where each (3;; is the same as above. Now

0 L 5
Nevie aj;t Z<Z(Cﬁ o fi)?ut (’T]? +Gij © ft)

i=1 j=1
P D
1 Oft
267‘ 1 . * ..
;(Z C” © ft ! at ft (C’L]))
We define
4 0
Wistar, 1) = (G o oyt 2L
then we have
P
Ne, vft = Z(Z Wij(, t) - f7( CZ])> ()
=1 ]:1
and
1 Oft
Al(Wij (=, 1)) :ﬁl((gj o f)2u1. E)
> (di +w;) (2855 — 1) + di + wp + lry + 1
=2k —di —wj +d;i +wp+lrp +1
>2k1 +lrp, + 1
Let

vi: (R"xRP xR, 0) — (R" xRP xR, 0)

be the vector field defined by (0, V,, 0), where V, = >7_, Z] 1 WiiGij-
We can show vy belong to TKy when y # 0. Since

(Cijoft)zgij_l aft Cz]

= ((Cz‘j o ft)w”_l . <aft> Cijy ooy (G0 fo)?Ph <%J;t>p : Q‘j)
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Let
(Gijo fe)*Pat- (88]2) L Gij = b1C11(y) +b2Ca1(y) + -+ + bpp1(y)
2Bi;—1 Of A
(Cij © ft) ! : <§>p : Cz] - blClp(y) + blCQp(y) +---+ blep(y)
Because Oy is free, it implies det M (1, ..., {p) # 0 over the ring O, where
Gi(y) - o Ga(y)
M(Ch:Cp):
Cpy) - Gp(y)

By Crammer’s rule, that

(Det M)by, € (Oy(%) TRt Oy(%) )Gy o S Gy
ot /1 ot p

Therefore if y # 0, then by, € Oy, (K =1, ..., p) so that 11 € TKy.

(2)  We construct the vector field Wg: (R”, 0) — (R", 0) as in the proof

of the Proposition 2.2. of [10] ([9] for more details)

We observe that for each p X p minor M; of the Jacobean matrix J¢
of f, I = (i1, 42, ...,1) C (1,2, ..., n), there is an s; such that My is
weighted homogeneous of type (71, ..., Tn; S7).

Let Njf be defined by Nif = ZIM]MI, where 2a; = k/s; and k =
l.em.(s7). Then, Nj f is a weighted homogeneous control function of type
(7“1, T2, ooy T'ns Qk).

For deformations f; of f, we define the control Nj fi by Ny f=>"; Mtz[ or

where M;, are the p x p minor of Jy,, and the a; are the same as above.
O

Now there exists a vector field Wr associated to M;,, such that
(8ft/at)MtI = dft(WI), where

u; =0, i€l
n
0
Wr = u; —, with: P o )
Zz:; zaxi Ui, = ZNjim (8{;)]’7 im €1
j=1

and Njj,, is the (p — 1) x (p — 1) minor cofactor of 0f;/0x;,, in (dft)s.
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Then

N h = @0a7r), ()

where Wg = (3, MM )u;(9/0;).
(3) To find a C' — Ky-equivalence between f and f;, we consider the
following unfolding of the graph of f
F:(R"xR,0— (R"xRP xR, 0)
(x, t)— (z, fi(z), 1), t €0, 1].
We aim to find C! retractions h and k of idgn xo and idgrn xRex0 respec-
tively, such that the following diagram commutes:

R"x0) D, (R” x R” x 0) TR, (RP % 0)

g d d
R"xR,0xI) —— (R"xRP xR, 0x 0x ) 2B (R" x R,0 x ])

where

ER"xV xR)=R"xV

;TRnxR and mrn are the canonical projections.
If we can do so, then

hi: (R", 0) — (R", 0) defined by h; = h(z, 1) and
Ei: (R" xRP x0) — (R" x R? x 0)
defined by kl(xa y) = k‘(ﬂj‘, Y, 1)7

will give a C! — Ky -equivalence between f and f;.

We shall construct h and k in neighborhood of ¢t = 0 as follows:

Firstly we need to define the control function Ng f by Ng ., f =
(N;"zf))‘jt(Né‘?Vf)“ where A and 1 are constants such that Ng , f is weighted
homogeneous.

For deformations f; of f, we define the control Ng i fi by Ngy fi =
Ny + Ng v ft where X and p are the same as above. By condition (d),
there exist some constants a, ¢ and (§ such that

Ngvf = a(Niy f)? > aclz|*P.
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From Lemma 2.4, similarly to the proof of Lemma 3.2, we obtain that there
exist constants c3 and ¢4 such that:

espr(w, y) < Ny fi < capr(z, y) (% %)
where £ is the weight of Ng y f;.
Now
0 0
N Fi 0 = (NP + (Ve ) 2.
By (%),
)\aft A1
(Npft)— = dfi(Ng ft)" " Wr).
By (o)

p

(Nc v aft = Z(Z Nc vt Wi(z, t) - ft*(Cz'j)>-
j=1

So we obtain

6ft (NR)*fﬁ—le]

= dfi| s
. [Zfﬂ(Z?:l(Néﬂvft)“1Wz-j<w, B f7(Gy)

N;E,Vft

(% * *)

To complete the proof, it remains to find germs of C! vector fields

& (R"xR,0)— (R" xR, 0) mrot—2

81'/', TTRn 05(07 t) - 07

and
n: (R"xRP xR, 0) — (R" xRP xR, 0),
such that £ is a lift for n over F, that is dF(§) =no F.

So let

(Naf)*'Wr 0

)= R TR 2

£, 1) Nevhi ot

and
% £ \A—1 N* p—1

n(x, y, t) = (NRfi) Wk + ( C’V;ft) - + Q
NIC,Vft NIC,Vft ot
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Then

(NRf)* "Wk (N?%ft)A_lWR> oft Q)
Ng vt Ng v It ot ot)’

From equation (x * %), it follows that dF(§) = no F.

By (x*) and Lemma 2.5, £ and 7 are class C'.
Moreover

ar(e) = (- df (-

N* A—1
_(’Rfi)—% c 971 C T’CV
NIC,Vft

and
(N?zft))\ilWR (Navft)“_lVl
Ng .y fe Ng .y fi

The vector fields &(x, t) and n(z, y, t) are clearly integrable, hence they
determine C'-diffeomorphisms H and K in (R” x R, 0) and (R™ x RP x
R, 0) respectively.

The properties of &(x, t) and n(z, y, t) imply that 7gn o H = h and
TR xRrr © K = k are the desired retractions. It implies the C* — K-triviality
of the family f; in a neighborhood of ¢ = 0. Since the same argument in a
neighborhood of ¢ = ¢, for t € [0, 1], the proof is complete.

e TKy

Remark This Theorem generalizes a result of M.A.S. Ruas and M.J. Saia
(Proposition 2.5 of [10]).

Corollary 4.5 (Proposition 2.5 of [10]) Let

(a) f: (R™, 0) — (RP,0) be a weighted homogeneous polynomial map
germ of type (ri, ..., Tp;wi, ..., wp) with rp < rg < -vo < rp,wy <
wy < - < wp;

(b) V = {0} be a weighted homogeneous subvariety which is defined by the
ideal My;

(c) Oy be free Oy-module, (y1 - (0/0y1), ..., yp - (0/0yp)) be a basis of
weighted homogeneous of type (w1, ..., wp;0, ..., 0) for Oy;

(d)
Ni o1 f = Neqoy f + Nrf = Nef + Nrf > c|z|?,

for constants ¢ and «.
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Then deformations of f defined by

fi(x) = f(x) +tO(x), O =(O1,..., 0))

with fil(©;) > w, + lry, + 1, for all i, t € [0, 1] and | > 1 are C'—trivial.

Proof. Since V = {0}, Oy = Oy{y;(0/0y;)} and it is free. {y;(0/0y;)} is
a basis for ©y so that

p
* 2 i
Neqorf =D 1%,
=1

where 3; = k/w; and k = l.c.m.(w;). By Theorem 4.4, the proof is complete.

0
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