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Existence and decay of solutions
to a semilinear Schrodinger equation with magnetic field

Shin-ichi SHIRAI
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Abstract. In this paper we study the decay properties of solutions to a semilinear
Schrédinger equation, —(V — i4)%2u + (V — E)u = Q|u|P~2u, on R™, where n > 2 and
2 < p < 2*. We give a lower bound estimate of nontrivial solutions at infinity. In
two-dimensional case, we give super-exponential decay estimates of solutions at infinity.
Moreover, we show the existence of a nontrivial solution under additional assumptions
on potentials.

Key words: Gaussian decay of stationary solutions, nonlinear Schrodinger equation, mag-
netic field.

1. Introduction and results

We study the decay properties and the existence of solutions to the
semilinear Schrédinger equation

—(V —iAd)u+ (V = B)u = Qufr2u (1.1)

on R™ where p > 2 and n > 2. Here, A is a magnetic vector potential, V'
is an electric scalar potential, E is a real constant, and @) is a real-valued
function.

We fix some notation. We denote the standard inner product and norm
on R" by (-, -) and | - |, respectively. We denote by N the set of non-negative
integers. By A+ B =: C' 4+ D, we mean that C' and D are defined by A
and B, respectively. We denote by L?(N, M) the space of all M-valued
L2-functions on N, and denote L?(R", C) by L?*(R"), etc. We denote by
C§°(R™) the space of all (complex-valued) smooth functions on R" with
compact support. We denote by p(7') and Spec(eg qisc) (1') the resolvent set
and the (essential, discrete) spectrum of any operator T', respectively. The
symbol 2* stands for 2n/(n — 2) if n > 3 and for co if n =1, 2.

We define the magnetic field B(z) = dA(z) by the n x n matrix
(0;Ag(2) -0k Aj(2))7 ), for any magnetic vector potential A=(Ay, ..., Ay).
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Throughout this paper, we use the notations V4 = V—id and Ay = (V4)?,
where V is the standard gradient. We introduce the function space

Hjy(R") = {u|ue L*R"), Vau € L*(R"), V]u]* € L'(R")}
equipped with inner product
(ua U)H;\ v (VAU, VA’U)L2 + (’LL, VU)L2 + (u7 U)LQ'

The equation (1.1) (possibly with more general nonlinear terms or
with semi-classical parameters) has been studied extensively by many au-
thors (see, e.g., Esteban and Lions [Es-Li], Arioli and Szulkin [Ar-Sz],
Chabrowski and Szulkin [Ch-Sz], Cingolani [Cin], Cingolani and Secchi
[Ci-Sel], [Ci-Se2]|, Schindler and Tintarev [Sc-Ti], Pankov [Pan|, Kurata
[Kur], Bartsch, Dancer and Norman [B-D-N], and references therein).

As well as the existence of nontrivial solutions, the exponential decay
property of the solutions is an interesting problem in the theory of nonlin-
ear Schrodinger equations (see, e.g., Pankov [Pan2], [Pan3], Fukuizumi and
Ozawa [Fu-Oz], Rabier and Stuart [Ra-St], Section 8 in Cazenave [Caz],
and references therein). To the author’s knowledge, the resulting weight
functions p in the decay estimate |u(z)| < Ce P are given essentially by
the so-called Agmon metric (see Agmon [Agm]), which reflects no magnetic
effect.

The main purpose of the paper is to show that the magnetic field in
fact affects the decay properties at infinity of solutions to (1.1); we obtain
an L?(R")-averaged lower bound estimate (Theorem 1.1 below) and super-
exponential decay estimates in two-dimensional case (Theorems 1.3 and
1.4 below). Moreover, in Theorem 1.6 below, we show the existence of a
nontrivial solution for a special class of potentials.

To formulate the result concerning the lower bound estimate, we make
the following conditions on A and V:

(A.1) The magnetic vector potential A belongs to C''(R", R"™). Moreover,
the asymptotic strength of the magnetic field

A~

|Bloc =limsup sup [B(y)Z|
ly|—o0 zeS™—1L
is finite.
(A.2) The scalar potential V' is a measurable function on R". Moreover, V'
is bounded outside a compact set in R".
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We have the following L?(R")-averaged lower bound for the solutions:

Theorem 1.1 Letn > 2 and p > 2. Assume (A.1) and (A.2). Assume
that the function Q is measurable on R™. Let u be a solution to (1.1) in
HZ (R™) satisfying the condition:

(N.1) The function Q|u|P~2 is bounded outside a compact set in R™.
Assume further that the support of u is non-compact. Then the function

exp (k|x|?)u(z) does not belong to L*(R™) if k > || B||co/4-

Remark 1.2 The lower bound given in Theorem 1.1 is optimal in the
following sense. On the one hand, under the assumption as in the theorem,
no nontrivial solution satisfies the pointwise Gaussian estimate |u(x)| <
Cexp (—k|z|?) if & > || Bl|oo/4. On the other hand, we can find a nontrivial
solution to (1.1) which satisfies the pointwise Gaussian estimate with £ =
| B|loo/4; in fact, such a solution is given by a ground state of the two-
dimensional Schrodinger operator with constant magnetic field in the case
of @Q=V =0.

The next two results concern the upper bound estimate of solutions.
We restrict ourselves to the two-dimensional case. The magnetic field B =
(Bjk)j k=12 is identified with the function Bia because B is anti-symmetric.
In what follows we shall adopt this identification.

We say that a (vector-valued) function f on R™ decays at infinity if for
any € > 0 there exists a compact set K of R" such that || f||zeomn\x) < €
holds.

To formulate the results we make the following conditions on A, V', and
Q:

(A.3) The magnetic vector potential A belongs to C''(R?, R?). Moreover,
the magnetic field has a decomposition B = By + By, where By is a
non-zero constant, By € C(R?, R), and B; decays at infinity.

(A.4) The scalar potential has a decomposition V' = V; + Vs, where V} €
L*(R?, R), Vo € L®(R?, R), and V, decays at infinity.

(A.5) The scalar potential V' is bounded from below.

(A.6) There exist positive constants ¢, 3, and C such that 0 < § < 2 and

V()] < Cexp (—d]z|”)

holds outside a compact set.
(N.2) The function @ belongs to L>*(R™, R).
The following theorems both show that asymptotically non-zero con-
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stant magnetic fields can create super-exponentially decaying solutions.

Theorem 1.3 Let p > 2. Assume (A.3)—(A.5) and (N.2). Let u be a
solution to (1.1) in H}LV(RZ). Assume that the real number E does not
belong to the set {(2k + 1)|Bo| | k € N}. Then for any o > 0 there exists a
positive constant Co, such that |u(z)| < Coe™ % holds for all x € R2.

Theorem 1.4 Let p > 2. Assume (A.3)-(A.6) and (N.2), and assume
that the function By in (A.3) is compactly supported. Let u be a solution to
(1.1) in HY ,(R?). Assume that the real number E does not belong to the
set {(2k+ 1)7]B0| | k € N}. Then there exist positive constants p and C such
that |u(zx)| < Cexp (—pu|z|*/2) holds for all x € R2.

If, in addition, both V and Q have the pointwise Gaussian decay, then
u has the same property.

Remark 1.5

1. The conditions (A.3) and (A.4) ensure the essential self-adjointness of
—A4+V on C§°(R?) and the relative compactness of the perturbation
V with respect to —A 4. The set {(2k + 1)|By| | k € N} is often called
the Landau levels, which is the essential spectrum of (the self-adjoint
extension of) —A4 + V.

2. The question whether or not the solutions have the Gaussian decay
property has a subtle nature even when @ = 0. Erdés [Erd] gives an
example of an eigenfunction which decays strictly slower than a Gaus-
sian at infinity under some mild assumptions. For the Gaussian decay
of eigenfunctions, we refer to Erdos [Erd]|, Nakamura [Nak], Sordoni
[Sor], and Cornean and Nenciu [Co-Ne].

3. As is well known, the additional growth condition on the electro-
magnetic fields improves the decay rate of the solutions. In Theo-
rems 1.3 and 1.4, however, we are interested in the phenomena that
bounded electro-magnetic fields can create super-exponential decaying
solutions.

The existence of a nontrivial solution is assumed in the theorems above.
We now discuss the existence of a nontrivial solution to (1.1). To formulate
the result we make the following conditions on A, V', and Q:
(E.1) The vector potential A is expressed as A = Ay + A; for some smooth
vector potentials Ag and A;. Moreover, dA( is Z™-periodic and Ay
decays at infinity.
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(E.2) The scalar potential V' is expressed as V = Vjj + V; for some smooth
scalar potentials V{y and V7. Moreover, Vj is Z™-periodic and V; decays
at infinity.

(E.3) The function @ is positive, bounded, and measurable. Moreover, @
decays at infinity.

Here, we say that a (vector-valued) function f on R™ is Z™-periodic if

f(z+~) = f(x) holds for any x € R™ and any v € Z".

The conditions (E.1) and (E.2) ensure the essential self-adjointness of

Hy = —Ay, + Vo on C§°(R™) (see Leinfelder and Simader [Le-Si]). In the

sequel, we shall identify any closable operator with its operator closure.

Our existence result is the following theorem.

Theorem 1.6 Letn > 2 and 2 < p < 2*. Assume (E.1)—(E.3). Assume
that the real number E belongs to the resolvent set of Hy. Then the equation
(1.1) has a solution in HA,V(R") \ {0}. Moreover, the solution is bounded
and decays at infinity.

Remark 1.7 All the conditions (A.1)-(A.6), (N.1), (N.2), and (E.1)-
(E.3) are satisfied if, e.g., n = 2, the magnetic field B is non-zero constant,
the scalar potential V' is smooth and is compactly supported, the function
@ is positive and has the Gaussian decay, and E ¢ Spec.(—Aa + V).

The proof of Theorem 1.6 is more or less standard; the method is based
on a linking theorem and a concentration-compactness type argument. We
give, however, a proof for the sake of completeness. A similar argument
can be found, e.g., in Bartsch and Ding [Ba-Di|, [Ba-Di3|, Chabrowski and
Szulkin [Ch-Sz|, Pankov [Pan2], and Willem and Zou [Wi-Zo].

The organization of this paper is as follows. We give a proof of Theo-
rem 1.1 in Section 2 and give proofs of Theorems 1.3 and 1.4 in Section 3.
In Sections 4-7 we devote ourselves to proving Theorem 1.6. In Section 4
we recall an abstract linking theorem due to Bartsch and Ding [Ba-Di].
In Sections 5 and 6 we formulate a variational setting associated with the
equation (1.1) and apply the linking theorem. In Section 7 we give a proof
of Theorem 1.6.

2. Proof of Theorem 1.1

In this section we give a proof of Theorem 1.1. The argument is similar
to that used in the proof of Theorem 1.2 in Uchiyama [Uch].
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Throughout this paper we denote by “C” (possibly with some super-
or subscripts) various constants in estimates, which may vary from line to
line. In this section, for simplicity, we write || - || and (-, -) for || - ||p2(mn)
and (-, - )r2(rn), respectively.

For any s, t > 0, we set S(t) = {x € R" | |z| =t} and B(s, t) = {z €
R™ | s < |z| < t}. We denote by dS the standard Haar measure on S(t)
(normalized by dx = dtdS). For z € R", we set r = |z| and & = z/r.

Let kK > 0 and m > 1. Let u be a solution satisfying the assumption
of Theorem 1.1. We set p(r) = p(r; K, m) = kr? + mr, w = ePu, and W =
V — E — Q|ulP~2. Following Uchiyama [Uch], we introduce the quantities
=—(p'(1)* = —(4k*r* + dxmr + m?),
=0"(r)+ (n— 1)r ' (r) = 2nk + m(n — 1)r L,

— 1)r~t = div(2),

(n
_ - 2 wl? wl?
Fit ‘/s@ (202, Vaw)? — (V aw]? + ki wl?)
+ gRe[(z, Vaw)w])dS,

Gt k, m) = /S (a4 (0 + Dluf)as,

where Re[-] stands for the real part, and then p/(r) = 2xr +m, p”(r) = 2k,
Vki(r) = —r~Y(8x*r? + dkmr),
Vy(r)=g¢'(r)ié = —(n — 1)r 2.
Lemma 2.1 There exists R > 0 such that if t > s > R then we have
F(t) — F(s)

- (220 =)@, Taw)]? + 207V guf?
B(s,t)

+2 Re[(W +ho+gp + %g') (#, VAw)w}

—2Im[(Bz, Vsw)w]

+{= (&, Vhi) + g(Re[W] + ko) Hul?) da, (2.1)
where Im[ -] stands for the imaginary part.

Proof. This is a special case of Lemma 2.1 of [Uch] with f =1, A = 1d,
q1=0,q¢p=W=V—FE—Q|u/P~2 and A = 0 in his notation. Note that
the assumption u € H2_ is used in the proof in [Uch]. O

loc
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Lemma 2.2 For any k > ||B||co/4 there exists Ry = Ryi(k, Q, V, u) >0
such that F(t) > F(s) holds for anyt > s > Ry and any m > 1.

Proof. Let W be as above. Put T' = sup, >, |W(z)|, which is uniformly
bounded with respect to (large) s by (A.2) and (N.1). We divide and esti-
mate the integrand on the right-hand side of (2.1) as follows:

I1=2(20 —r Y&, Vaw)|? =r~ 1 (Srr? +4mr — 2) (2, V 4w)|?,
I1=2r"YV4w|?,
/ ]' / AT
IIIzQRe[(kQ—i-W—ng +§g)<x, VAw>w]

— 2! Re [(((471 — k4 W)r+2m(n—1) — — 1)<az~, VAw>w}

2r
n—1 R
— )@, Vaw) ]
—r 7 ((An - 2)k + T) (e1r*[(2, Vaw)|? + e wl?)
—2r"'m(n —1)(e2/(2, Vaw) > + 5 [w]?)

> 297! (((4n —2)k+T)r+2m(n—1)+

v

_n—1,
—r ——(|(&, Vaw)|* + [w]?)

2r
4n —2)k +T)?
|2+ (( ” ) |w|2>
4m(n—1)32
3r |w|2>

(|2, Vaw)* + |w]?)

>yt (857“2\ (Z, VAw)

— ! <3mr\<ﬂ2, VAw)|2 +

n—1
2r

—1
=t (8m"2 +3mr+ LQ )\(i, Vaw)|?
T

J— Til

1 (((@n—=2)k+T)*>  4(n—1)° —1

—r 1((( n )"i ) + (n ) m+n )‘w‘Q’
8K 3r 2r

where we set ((4n — 2)k 4+ T')e1 = 8k, 2(n — 1)ea = 3r, and

N 1
IV = —2Im[(B#, Vaw)w] > —r~ (2|vAw\2 + §|ch\2r2|w]2>,

V= (—(&, Vk1) + g(Re[W] + ks) ) w2

—1)?
> r_1(8/£2r2—|—4ﬁ;mr +2n(n— 1)k + min=1)° _ (n— 1)T) wl?

r
Then there exists Ry = Ri(n, &, T) > 0 such that
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r(I4+ 1 +II+1IV +V)
1
> 5(2mr747 (n— 1)7“_1)|<:E, VAw>|2

(5 By el G

12k7
n—2)k 2 on-
+2n(n—1)n—((4 3{ i 2T1_(n—1)T>|w!2
> %(27" —4—(n—1r N[(&, Vaw)|?
n—1)>2 n—2)k 2
+<4H<T_(12,;~) >_((4 ZL = _1_(n_1)T>|w‘2

> <4ﬁ(r _(n— 1)2)  ((4n— 2k +T)2

o o —1—(n— 1)T) lw|?(2.2)

holds for any m > 1 if r > R;, where we used the condition xk > || B||c0/4.
This shows the lemma. O

Lemma 2.3 Let p(r) = p(r; &, m) and G(t; k, m) be as before. For any
k > ||B|loo/4 there exists m > 1 such that

lim inf e>*5% ™ G(t; k, m) > 0.

t—o00

Proof. We show this by contradiction. Assume that there exists x >
|| Bl|so/4 such that

liminf > G(t; 5, m) = 0

t—o0

holds for any m > 1.
Using the definition of F(t) and the relation w = e”u, we have

—1
P = [ (2\@, Va2 — [V auf2 + "L juf?
S(t) r

-1 -
+2(0)2Ju)? + (2p’ + ”T) Rel(, VAu>u]>dS. (2.3)
Then it follows that

F(t) < e /S(t) (IVaul® + (o' (£)* + 1)ul?)dS

=Ce*DG(t; k, m)

holds for some C' > 0, independent of ¢t and m. By the assumption, we have
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liminf; . F(t) < 0 for each m > 1. Thus it follows that F(¢) < 0 holds
for any ¢ > Ry and any m > 1 because F(t) is monotone increasing with
respect to t > Ry by Lemma 2.2.

On the other hand, it follows from (2.3) and the definition of p that
e~2P) F'(t) is a quadratic in m and the coefficient of m? is

2/ |u|?dS. (2.4)
S(t)

By the non-compactness of the support of u, there exists R (> R;) such that
the coefficient (2.4) is positive at ¢ = R. Note that R is independent of m.
Hence F'(R) > 0 holds for some m > 1. This contradicts the non-positivity
of F. O

In what follows we fix the constant m = m(k) found in the preceding
lemma and we denote G(t; k, m(x)) simply by G(t; k).
Lemma 2.4 Assume that ko > k1 > || B||loc/4. Then we have

. 2
Jim €0 G(t; k1) = oo.

Proof. Let kg > k1 > || B|loc/4. Setting € = (ko — £1)/2, we have
p(t; k1) = k1t? + m(r)t < (k1 + e)t* + C.
(Ho — Iil)tQ
2

for some constant C.. Then it follows from Lemma 2.3 that

:H0t2 —+ Cg —

tlim 62“0t2G(t, k) > e 20 litm infe(”‘)_’“)t2e2”(t‘“1)G(t, K1) = 00.
oo —00

This shows the lemma. (I
Let ¢ be a smooth function on R satisfying the conditions: 0 < ( <1

on R, ((t) =1if 1/3 <t <2/3, and supp(¢) C (0, 1). For any R > 0, we
set Cr(r) = ((r — R) with r = |z|.

Lemma 2.5 Let u be the solution. There exist positive constants Ry and

C' such that

H@VWW<C/ fu(z) [2da
B(R,R+1)

holds for any R > Rs.



250 S. Shirai

Proof. Let W =V — E — Q|u|P~2. By (A.2) and (N.1), there exist Ry > 0
and T > 0 such that |((Cg)*Wu, u)| < T||Crul|?> holds for any R > Rs.
Then, using the equation (1.1), we have
0= ((CR)*(~Aa + W)u, )
=I¢rV aul* + ([(Cr)?, VAV au, u) + ((Cr)*Wu, u)

1
> hVault = €+1) [ juta) s,
B(R,R+1)
where we used the identity [(Cg)?, Va] = —22(Cr)'Cgr. Here, the constant
C is independent of R. This proves the lemma. O

Proof of Theorem 1.1.  Fix k > ||B||loo/4. Let k > kg > k1 > || Bl|oc/4. By
Lemma 2.4, for any M > 0 there exists R3 > 0 such that

G(t; k1) > Me2ro?’ (2.5)

holds for any ¢ > Rs3. Then for R > R3 we have

M (/1 C(t)zdt> e~ 20 (R+1)?
0

R+1 ) R+1
<M / Crlt)Pe o dt < / CR(DP Gt rr)dt
R R

2 / KR 2 u\x 2 X
§/B( Cr(2])(V 4 ()] d“/3< (1+ (7 (rs k1)) ula) Pd

R,R+1) R,R+1)

<C (1+ |x]2)]u(a:)]2dx (2.6)
B(R,R+1)

for some C' > 0, independent of R, where we used ((2.5)) in the second
inequality and used Lemma 2.5 in the last inequality. Then it follows from
((2.6)) that there exists C' > 0 such that

CM < e2o(R+1)? / (1 + |o2)]u(z) 2dz. (2.7)
B(R,R+1)

Hence, for any € > 0 we have
etal > [ ol
B(R,R+1)

>C. 2=l (1 4 |22) ju(z)2da
B(R,R+1)
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> 0562(/{78)1%2672H0(R+1)262H0(R+1)2 / (1 + |x\)2\u(x)\2daz
B(R,R+1)
> C.M exp (2(k — €)R? — 2ko(R + 1)?), (2.8)

where we used (2.7) in the last inequality. If we set ¢ = (k — Kko)/2 (> 0),
the right-hand side of (2.8) is bounded from below by C.M for any large R.
This completes the proof of Theorem 1.1 because M > 0 is arbitrary. ([

3. Proof of Theorem 1.3 and Theorem 1.4

In this section we show Theorem 1.3 and Theorem 1.4. Our proof is
based on the simple (and obvious) fact that if u is a solution to (1.1) then
u solves also the linear equation (3.9) below. Therefore we can reduce the
problem to the decay estimate of solutions to a linear elliptic equations. The
same argument can be found in Chabrowski and Szulkin [Ch-Sz], Pankov
[Pan3], etc.

The crucial step is to establish a priori L*°-estimate for the solutions
(Corollary 3.4 below). This is done by a bootstrap argument. Although
this kind of argument is standard in the theory of elliptic equation, we give
proofs for the sake of completeness.

Lemma 3.1 Let n > 2. Assume that the vector potential A belongs to

LIQOC(R”, R™). Then we have the following assertions:

(i) The map H}LO(R") > u s |ul € HY(R™) is continuous.

(ii) The embedding HA’O(R”) into LA(R™) is continuous if 2 < q < 2*.

(iii) The restriction H}X,O(Rn) to L9(82) is compact if 2 < ¢ < 2* and Q is
a bounded open set.

Proof. The dia-magnetic inequality |V|v|| < |V 4v| holds if v € L*(R"),
Vav € L*(R", R"), and A € L (R", R") (see, e.g., Lieb and Loss [Li-Lo],
Theorem 7.21). This implies the assertion (i). The assertions (ii) and (iii)
follow from the Sobolev inequality and the Rellich-Kondrashov theorem.

O

Before proceeding to the proof of Theorems 1.3 and 1.4, we consider
the linear Schrodinger equation

—Aap+ Vi =gy (3.1)

in the sense of distribution on R™. We make the following conditions on V
and g:
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) The function Vy is non-negative and belongs to Ll (R™).

(C1
(C.2) The function g belongs to L>*(R"™).
(C.3) There exists v > n/2 such that g belongs to L>(R™) + LY(R"™).

Lemma 3.2 ([Ch-Sz]) Letn > 2. Assume that A belongs to L2 (R™, R™).

loc

Assume (C.1) and (C.2). Assume that 1 is a solution to (3.1) in H}LV+ (R™).
Then v is bounded and decays at infinity.

Proof.  This result can be found in Chabrowski and Szulkin [Ch-Sz], Propo-
sition 2.2 and Remark 2.4. A similar argument can be found in the proof
of Theorem 5.1 in Agmon [Agm|. However, we give a proof for the sake of
completeness.

Let v be as above and let 3 > 1 and L > 0. Let n € CY(R", R) N
L®(R™) and Vn € L®(R™). Set ¢(x) = n(x)*(z) min{|y(x)[P~t, L}. We
note that ¢ € L4(R") for some ¢ > 2 by Lemma 3.1.

As in the same way to deduce the formula (2.2) in [Ch-Sz| (or by a
direct calculation using Re(y)V 4%) = [1|V|1]), we find that

Re(VayV.ao)
= [VagPp* min{[ |7, L} + 20 V()| min{| ", L}
. 2
+(8 = Dn* [l VI P14y
> [Vagp*n® min{ || 77, L} + 20V (V1)) [ min{|p| 77, L}, (3.2)
where xgq is the characteristic function on €.

By (C.2), there exists a > 0 such that |g(x)| < a for all z € R". Testing
the equation (3.1) with ¢ and using (3.2), we obtain the estimate

/ IV 42 min{ [P, Ly de
RTL
+o / V(Y1) ] min{[p (5!, L}dz
Rn
< [ alulrPmin{lu P Lyda. (3.3)
Rn

By the dia-magnetic inequality we have

1
ST VI = 2101V <o [Vl[* + 20 Vn) (n V|4
<P [Vavl* + 20Vn(VIv )l
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Then by (3.3) we have
1 2 . -
5 | VI mind)?, Ly

<2 / Va2 [|? min{|y|° !, L}dz + / aly[*n® min{|y|°~!, L}dx.
Rn R~

Letting L — oo we obtain

1 9 B
z/R VIl ] e < 2 /[R V2| *+ L da + /[R arP || .

Substituting w = [)|®*1)/2 in this inequality, we obtain

2

—_— Vw22d:c§2/ \V4 Qdex—i—/ aw’n3dz.
T L Vb <2 [y [ auty

Then, since

/ |V (wn) |*dz SQ/R |Vw|2172dzrr+2/]R V| 2w?dz,

we obtain

/n |V (wn) |2dx + /n w?n?de
<2((B+1)*+ 1)/Rn]Vn]2w2dx + /Rn(a(ﬂ +1)? + 1)w?n’dz. (3.4)
The Sobolev embedding theorem yields
ol gy > S2lwnle o, (3.5)

where S2 = inf{Hszl(Rn) | [[¥llr@ny = 1} for any r with 2 < r < 2%
From (3.4) and (3.5), we obtain

SElunl ey <26+ 102 +1) [ [VnPuide
—l—/ (a(B+1)* + 1)w*ndz. (3.6)
Let g € R™. We now make the following additional assumption on

n: 0<n<1onR"” n(x)=1in B(xg, p1), n(x) = 0 outside B(xg, p2),
[Vn(z)] <2/(p2 —p1) on R™ and 1 < py < pg < 2. Fix r with 2 < r < 2*
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and set t = /2. Then it follows from (3.6) with w = |¢|B+D/2 ¢ = g4+ 1
and r = 2t that

(/B(xo’pl) ’Tﬁ‘qtdx) 1/(qt) < [(piqpl)r/%/B(mom) ‘wqu) 1/q

for some constant A, independent of ¢, p1, p2. Iterating this inequality with
Sm = 1+ 27 py replaced by s,,, p2 replaced by s,,—1 for m > 1 and ¢
replaced by ¢t™ =1 (> 2), we obtain

(i)

m—1 1 tm—l m— 1 tm—l
< [Aqt } /(a )(/ |t ld.'E) /(gt™=")
(p2 = p1) B(20,5m 1)

= (Aq)l/qtm_l2m/qtm_lt(m_1)/qtm_l </ |,¢)|qtm—1d$> 1/(qtm_1)

B(z0,5m—1)

IN

< (Ag)Sia Var 9SS 1) Jat gt i/ at? ( /
B(z0,0)

1/q
[ftdz) .
Since all the sums above converge, we have

[l Lat (Bao,1)) < ClYl LaB(20.2))

for some C' = C; 4 > 0, independent of x¢. By letting m — oo, we conclude
that

sup [(z)] < CllY¥]La(B(wo,2))-
B(zo,1)
This implies the boundedness and the decay of v at infinity because ¢ €
L1(R™) as we mentioned at the beginning of this proof. O

Lemma 3.3 Let n > 3. Assume that A belongs to L (R™, R"). Assume

(C.1) and (C.3). Assume that ¢ is a solution to (3.1) in Hi\,VJr (R™). Then
Y belongs to LY(R™) for any q > 2.

Proof. We mimic the proof of Lemma 2.1 in Chabrowski and Szulkin
[Ch-Sz]. Let 3 > 1 and let v be as in (C.3). Set w = [¢|®TV/2 We
may assume that |g(z)| < a + b(z) for some a € R and b € LY. Repeating
the argument used to derive (3.6) in the proof of Lemma 3.2 replaced a by
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a+ b, n by 1, we have
S2[lwl2 < (B+ 1)2/bw2da:+ (a(B+1)? +1) /w2d$ (3.7)

for any r with 2 < r < 2*. Here, the constant S? is as before. The Holder
inequality yields

1 —1
/ bw?de < N /dex n ( / mdx) h ( / wWW—Uda:) 070 5 )
b>N

for any N > 0.
Setting r = 2v/(y — 1) we deduce from (3.7) and (3.8) that

1/
(522 vae) )il
< ((a+N)(B+ 1)+ 1)l

for any N > 0. Note that the condition 2 < r < 2* is equivalent to v > n/2.

This shows that if ¢ € LY(R"™) for some ¢q(= #+ 1) > 2 then ¢ €
L9v/(=1(R™). Tterating this procedure we deduce that ¢ € LI(R") for all
g > 2 by interpolation. This completes the proof because ¢ € H}LV+ is
assumed. ([

Corollary 3.4 Letn > 2. Letp>2ifn=2, and 2 <p < 2* ifn > 3.
Assume that A belongs to L _(R", R™). Assume (A.4), (A.5) and (N.2).
Then every solution to (1.1) in H}LV(R”) is bounded and decays at infinity.

Proof. Let u be such a solution to (1.1) and let p be as above. First, we
show the boundedness of u. Obviously ¢ = u solves (3.1) with V; = V and
g= (E+V_)+Q|u[P~2. The condition (A.4) implies that the non-negative
part V4 of V belongs to L (R?) because Vi < |[V| < [Vi]| + |V3| holds.
Thus the condition (C.1) holds.

We claim that |u| + |u|P~! € LY(R") for all ¢ > 2. If n = 2, this claim
follows from Lemma 3.1 because ) = u € H}LV(R”) and p > 2. If n > 3,
the condition (C.3) holds because g = (E + V_) + Q|ul[P=2 € L®(R") +
Lr/(=2)(R™) and p/(p — 2) > n/2, which is equivalent to 2 < p < 2*. Thus
it follows from Lemma 3.3 that ¢» = v € LY(R") for all ¢ > 2 and therefore
|u| + [ulP~1 € LIY(R™) for all ¢ > 2 because p > 2. This shows the claim.

Under the assumptions on A and V above, the space C§°(R") is a form
core for the self-adjoint operator —A 4 +V, +1 with form domain H}‘,V(]R{”),
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and moreover the following version of the dia-magnetic inequality
(A4 + Ve + DT < (A + D)7 ]

holds for all f € C§°(R") (see Lemmata 1 and 6, Theorem 1 in Leinfelder
and Simader [Le-Si]). This inequality is still valid for any f € L?(R"™) for
any q > 1 because C§°(R™) is dense in L(R") and the operator (—A+1)"!
is bounded on L(R™).

By the equation (1.1), we have

(—Ax+Vi4+Du=(E+1+V)u+ QuP2u
and then, by the dia-magnetic inequality above,
ul < (=A+ 1) (E + 14+ Vofu] + | Ql pe [ulP™).

By the claim above, the right-hand side belongs to (—A + 1)7!LI(R") =
W24(R") for any ¢ > 2. Then the boundedness of u follows from the
Sobolev embedding theorem.

Finally, we show the decay of u. The function 1) = wu solves the linear
equation (3.1) with Vi, = V; and g = E + V_ — Q[u[P~2. The condition
(C.1) is satisfied as we mentioned above. The condition (C.2) is satisfied
by (N.2), (A.5) and the boundedness of u proven above. Then the assertion
follows from Lemma 3.2. 0

Proof of Theorem 1.3. Let u be a solution to (1.1) in H}LV(RQ) and let
V = Vi + V4 be the decomposition as in (A.4). The function ¢ = u solves
the linear equation

—Aptp+ (W — E) =0, (3.9)

where W =V — QufP~2 = V4 + (Vo — Q|u[P~2). By Corollary 3.4, the L*°-
part Vo — Q|u|P~2 of the potential W decays at infinity, and therefore the
theorem follows from Theorem 4.1 in Cornean and Nenciu [Co-Ne]. O

Proof of Theorem 1.4. Let u be the solution as in Theorem 1.4 and let
W =V —Q|ulP~2. By (A.6) and Theorem 1.3, there exists § > 0 and C > 0
such that |W(x)| < C(e“s‘xm + e~y < Cexp (—d|z|?") holds outside a
compact set. Here, we denote by a A b the minimum of a and b.

We now apply Theorem 4.2 in Cornean and Nenciu [Co-Ne] to the
equation (3.9). Note that u is bounded by Corollary 3.4. Then there exist
p1 > 0 and Cy > 0 such that |u(z)| < Cyexp (—u1]z|?") holds with 3; =
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1+ (B A1)/2. This estimate of u yields the estimate

(W ()| < C(eiék’:"@ + e*(P*Q)mIIIBl)
<Cexp (=6 (p = 2)m)la]™™),

and again by Theorem 4.2 in [Co-Ne] there exist po > 0 and Cy > 0 such
that |u(z)| < Cyexp (—puz|z|??) holds with B = 1 + (8 A £1)/2. Repeating
this procedure we can deduce that there exist p; > 0 and C; > 0 such that
lu(x)| < Cjexp (—pj|x|%) holds with Bj11 = 1+ (B A B;)/2 for any j € N,
where we set Gy = 1.

We claim that there exists j such that 8; > (3. Otherwise, we have
B > B; for all j, and hence Bj11 = 1+ (B A B)/2 =1+ (/2. Then we
have 3; = 2 — 277, and therefore 3; > 3 for large j since 0 < 8 < 2. This
is a contradiction and we have the claim. Therefore the first assertion in
Theorem 1.4 obeys.

When both V' and @ have the Gaussian decay, we find that |[W(z)| <
Cexp (—d|x|?) and then the second assertion in the theorem follows from
Theorem 4.3 in [Co-Ne|, which is valid also for 5 = 2. O

4. A linking theorem

In this section we recall a linking theorem due to Bartsch and Ding
[Ba-Di] (see also [Ba-Di2], [Kr-Sz|). This result is needed in Section 6 below.

For any (real) Banach space X, we denote by w and w* the weak
topology on X and the weak-* topology on the dual space X', respectively.
For any p > 0, we write B,(X) = {u € X|||lul|x < p} and S,(X) = {u €
X||lullx = p}. We write up, — u for the weak convergence of a sequence
{u} to u.

Let X be a Banach space with direct sum decomposition X = X1 @ Xo
and Py, the corresponding projection onto Xj; for j = 1, 2. Assume that
X is separable and reflexible. For a functional ®, we write ®, = {u € X |
®(u) > a}. Recall that a sequence {ui} in X is said to be a (C).-sequence
for @ if ®(uy) — c and (1 4 |Jugl|x)|| P’ (ug)||x» — 0 as k — oo.

Let S be a dense subset of X|. For each s € S we define a seminorm
on X by ps(u) = |s(ur)| + |Juz||x for any u = u; +ug € X. We denote by
7Ts the induced topology by the family {ps}ses.

To formulate the result we make the following conditions.

(®g) For any ¢ € R, the set @, is Ts-closed and the map @': (P, 7s) —
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(X*, w*) is continuous.

(®1) For any ¢ > 0, there exists ¢ > 0 such that ||u||x < {||Px,ul||x for any
u € O

(®2) There exists p > 0 such that x = inf &(S,(X2)) > 0 holds.

Theorem 4.1 ([Ba-Di|, Theorem 5.1) Assume ($g)—(P2). Assume fur-
ther that there exist a positive number R and a unit vector e € Xo such
that 0 < p < R and sup®(OU) < k, where U ={u =z +te|xz € X1,t >
0, |lullx < R}. Then ® has a (C).-sequence with k < ¢ < sup ®(U).

A sufficient condition to (®g) is given by the following lemma.

Lemma 4.2 ([Ba-Di], Proposition 5.4) Let X = X; & X3 be as above.

Assume that ® € CY(X, R) and ® is of the form ®(u) = (1/2)(Juz|% —

|u1]|3) — ¥ (u) for any u=1uy +us € X = X1 & Xo. Assume

(i) The functional ¥ is bounded from below and ¥ € C*(X, R).

(ii) The map V: (X, w) — R is sequentially lower semi-continuous, i.e.,
U(u) < liminf WU(ug) holds whenever up, — u in X.

(iii) The map ¥': (X, w) — (X', w*) is sequentially continuous.

(iv) The map v: X 3> uw |jull}% € R is C* and v': (X, w) — (X', w*) is
sequentially continuous.

Then ® satisfies the condition (®g).

5. Spectral property of the linear part

In this section we recall some spectral property of the linear part of the
equation (1.1). For the theory of the magnetic Schrodinger operators, we
refer to Mohamed and Raikov [Mo-Ra].

In the following we always assume (E.1)—(E.3) and that that n > 2 and
2 < p < 2*. For simplicity, we write HY for the space H}x,o(Rn)- Without
loss of generality, we may assume that any inner-product on a complex
Hilbert space is linear with respect to the first component, i.e., (au, fv) =
af(u, v) holds for any «, 3 € C.

Corresponding to the decompositions of A and V as in (E.1) and (E.2),
we set

H=—(V—iA)?+V, Hy=—(V—id)?+V.

Both of the operators are essentially self-adjoint on C§°(R™) under (E.1)
and (E.2), and the operator H — H is relatively compact with respect to
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Hj because of the decay of A; and V; (see, e.g., Hempel [Hem]|, [Mo-Ral).
In particular, the essential spectrum of the operator H coincides with that
of Hy. In other words, the operator H may have discrete spectra in the
spectral gaps of Hy.

The spectral theory of the magnetic Schrodinger operator Hy has a rich
structure. The Bloch-Floquet analysis tells us that the spectrum of Hy is
the locally finite union of closed intervals if the magnetic flux of By = dAy
over a unit cell [0, 1] x [0, 1] is integer.

Lemma 5.1 Let E € R. Assume (E.1) and (E.2). Then the space H}
coincides with the domain D(|H — E|Y?) equipped with the graph norm
|ullle = (I|H — E|1/2u||%2 + HUH%Q)UQ. Moreover, we have

OB, V) Hullfy, < llullle < CE, V)ulf,

for any uw € HY, where C(E, V) = ||V| 1~ + 2max{E — inf Spec(H), 0}.

Proof. Let Py (I) be the spectral projection of H on I. The self-adjoint op-
erator |H—E|"/? is defined by the spectral representation [|A\—E|Y2dPg()).
Note that C$°(R") is a core for both H and |H — E[Y/? under (E.1) and
(E.2). We denote inf Spec(H) by Ey for simplicity. For any v € C§°(R"™)
we have
Iulll
= [ 1A= Bl w)a +
R
E
= [0 B)iPuO Wiz~ 2] = EYAPa (), w)ge + [l
R —00
= (u, (H = E)u) 2 — 2(u, (H — E)Pp((~o0, El)u)2 + ||ull72
= [lull7p, + (u, (V = E)u) 2 — 2(u, (H — E)Py((—o0, El)u)p2,

and

|(u, (V' = E)u)r2 — 2(u, (H — E)Pr((—o0, E])u) 2|
< (VLo + [+ 2(E — Eo) v 0)Jul 7.

Here, we used the fact that support of Py is contained in [Epy, o). This
completes the proof. ([l

We introduce the magnetic translation with respect to Ag. For each
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v € Z" there exists a real-valued smooth function ¢, on R" such that
Ag(xz +7) — Ao(x) = doy(2) (5.1)

holds for any x € R™ because d(Ag(x+v)— Ao(z)) = dAo(z+7) —dAg(x) =
0 by (E.1) and R™ is simply connected. We find that for each v € Z"
there exists a real constant C(y) such that the cocycle condition ¢_(z) =
—@~(x—7)+C(v) holds for all € R™. It is not hard to verify that C(v) =
C(—v) and 2pg(z) = C(0). We may assume that ¢y = 0 and C(0) = 0
without loss of generality.

For any v € Z" we define the magnetic translation S, by

(Syu)() = e @ufz + ) (5:2)

for any u € H}l. We find that S;l = ¢C07) S_ and therefore S, is a unitary
operator on L?(R™).

Lemma 5.2 Let Sy be as above. For any v € Z" we have the following
assertions:

(1) Va,Sy =5,Va, and HyS, = S,Hy hold on C5°(R™).

(ii) HSy = SyHo + SyRi(7) holds on C§°(R"™), where we set

Ri(y)=iVay0 A1(- =) +iA1(- —7) o Va, + (AT +VA)(- =)
=iVao Ai(- =) +idi(- =)o Va+ (AT +W)(- —7)
—2A1 0 (A1(- — 7)),

43

where the notation “o ” stands for the composition of operators. (For
example, (A1 0 (A1(- —7))u)(x) = A1(x)A1(z — v)u(x).)

(ili) The operator S, defines an isometric isomorphism on LY(R™) for any
q.

Proof. Tt is easy to see that the operator identity S;lFSA, = F(-—~) holds
for any multiplication operator F' and any v € Z". In particular, every S,
commutes with any multiplication operators by Z™-periodic functions. Then
the assertion (i) follows from (5.1) and this fact. The assertion (ii) follows
from a direct computation and the identity H — Hy = iV 4,0 A1 +1A1V 4, +
A? 4+ V1. The assertion (iii) follows from the identity |S,u(z)| = |u(x +7)].

O

Lemma 5.3 FEvery S, defines a homeomorphism on H}‘. Moreover, the
operator Sy is uniformly bounded on Hi with respect to .
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Proof. By Lemma 5.2 (i) we have

VaSy = (Va, —id1)Sy =5, (Va+i(A — Ai(- —7))).
Then for any u € C§°(R"™) we have

I1Syullf, =1V aSyullZe + [1SyullZ:

< (IVaull g2 + 2| Aullzoolull 2)* + [Jull
< (8]l A1lfee +2)llullFpy

where we used the unitarity of S, on L?. This shows that S, maps H} to
itself and sup,, [|Sy|| < 8]|A1|7 + 2. The rest of the assertion follows from
S7l =€ M5 . O

6. The energy functional and its properties

In this section we define an energy functional associated with the equa-
tion (1.1) and show that the functional possesses the linking geometry as in
Section 4. The functional has consequently a (C').-sequence (Proposition 6.7
below).

We first recall that any complex Hilbert space ‘H with inner product
(-, - )x has a natural real Hilbert space structure, i.e., H, (= H as a set)
with real inner product Re( -, - )x. In the sequel we often write H also for
‘H,. if there is no fear of confusion.

In the rest of this paper we assume that the real constant E does not
belong to the essential spectrum of H. We introduce the new norm (|||H —
E]1/2u|]%2 +||Pg({E})ul|12)Y? on D(|H — E|'/?), which is equivalent to the
graph norm ||| - ||| as in Lemma 5.1. In what follows we adopt this new
norm on D(|H — E|'/?).

Let X be the real Hilbert space H, for H, = D(|H — E|'/?) with the
norm (and the induced inner product) as above. More precisely, X coincides
with HY = D(|H — E|'/?) as a set and the inner product (-, -)x is given
by

(u, v)x = Re(|H — E|"?u, |H — E|"?v) 2 + Re(Py({E})u, v);2

for any u, v € X.
Corresponding to the spectral decomposition

H) = Py((—o0, E))H) & Py({E})H) & Py ((E, 00))H},
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we have the orthogonal decomposition X = X~ @ X% @ XT. The spectral

theorem yields [Jul% = [[u”|[% + [luT[[% + [[u®[|2; for any v = u™ + u® +
ut € X.
Let 2 < p < 2*. We define two functionals ® and ¥ on X by
1 _ 1
P(u) = §(||U+H?X — %) - / QlulPdz, (6.1)
P Jrn

1
V(u) =~ [ QlulPde,
P Jrn

where . = u~ +u’ +ut € X = X~ @ X" ® XT. The functionals are
well-defined on X by Lemmata 5.1 and 3.1 because @) is bounded.

Lemma 6.1 We have the following assertions:
(i) The functional ® belongs to C1(X, R) and has the Fréchet derivative
@' given by

X/<<I>'(u), h>X :Re(qu, h+)X
—Re(u™, h)x — Re/Q\u]p_2uhd:):, (6.2)

where h = h~ + h® + h™ € X. Here, the notation x/{-, -)x stands for
the pairing of X' and X.
(ii) The functional ¥ belongs to C1(X, R) and satisfies

(p—1)/p
W)l < ClQIy2 ([ Qlupds) (63)
for any u € X and some C > 0.

Proof. The proof of the assertion (i) and the first part of the assertion (ii)
is standard; in fact, one can show the continuity of the Gateaux derivative
of ®. We omit the detail and refer to Willem [Wil].

The inequality (6.3) follows from the estimate

| x (' (u), h) x| S/!Ql/pu]p_l\Ql/ph\dx
_ _ (p—1)/p
<l ([ 0@ rar=p/e=vaz) ™ n

(r-1)/p
<cplalz( [ Q)™ I,

where we used the Holder inequality in the second inequality and Lemma 3.1
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in the last inequality. O

Lemma 6.2 For any p > 2, there exists a positive constant C, such that
[+ 0P (u+ ) = [ulP~?u] < Cylv|(JulP~* + [v]P~2)

holds for any u, v € C.

Proof. The assertion for p = 2 is obvious. Let p > 2 and set f(x, y) = (2?+
2\ (p—2)/2 2 — 2.1 ,.2\(p—2)/2—1,.2
y?) x for (z, y) € R*. We have f,.(z, y) = (p—2)(x*+y?) o+
(2% 4 4?)®P=2)/2 and fy(z,y) = (p—2)(z* + y2)(P=2)/2=12y By the Taylor

expansion

flx+h,y+k)— flz,y)
= hfo(x + 0h, y + OK) + kfy(x + 0h, y + OF),

where 6 € [0, 1], there exists C}, > 0 such that

[f@+h,y+k)— fz,y)
< Cplh +ik|(|z + iy|P~2 + |h +ik[P~2)  (6.4)

holds for all z, y, h, k € R.
The lemma follows from (6.4) and (6.5) because

a4 02+ v) — P2
=(f@+h y+k) = f(,y) +i(fly +k @ +h) = fly, 2)) (6.5)
for any v = x + iy, v = h + ik. O
Lemma 6.3 The functional ® satisfies the condition (o) in Section 4.

Proof. We verify (i)—(iv) in Lemma 4.2 with X = X, X; = X~ @& X0,
Xo=XT,® =2, and ¥ = ¥. The property (i) follows from the positivity
of @ and the proof of Lemma 6.1. Let uy — win X. Lemma 3.1 (iii) implies
that ug(z) — w(z) a.e. Then the property (ii) follows from Fatou’s lemma.

We show the property (iii) in Lemma 4.2. Let uy — w in X and let
r > 0. For any h € C§°({x € R" | |z| < r}), we have

0 (0 (i), ) x — (W' (u), B) x|
< Q] / P2 — [Pl Bl da
|z|<r
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< Gpll @iz /l | Jug — u|([uP~? + |uy, — uP7?)|h|dz
z|<r

< Olluak — wll o arn (= ullZycry + 22, )Rl (6.6)

for some C' > 0, where we used Lemma 6.2 in the second inequality, the
Holder inequality, and Lemma 3.1 in the third inequality. The rightmost of
(6.6) tends to zero as k — oo because up — u in LP(|z| < r) by Lemma 3.1.

For any h € X there exists a sequence {h;} in C5°(R") such that h; —
h in X. Then we have

| (P’ (ug), h)x — x/(¥'(u), h)x]|

<|x (W' (ur), b= hy) x| + [x (W' (u) — ' (u), hy)x]|
+x (P’ (u), h = hj) x|

< Sup I (g ) | x 12— Ryl x + (W (ug) — ' (w), hy) x|

H' (u)lx lh = hjllx. (6.7)

The first and third terms in the rightmost of (6.7) tend to zero as j — oo
because supy, ||V’ (ug)||x is finite by (6.3) and the boundedness of {uy} in
X. The second term in the rightmost of (6.7) tends to zero as k — oo for
each hj € Cg° by (6.6). This implies (iii).

We show the property (iv). Let v(u) = |lul|3. We have x/(v/(u), h)x =
2Re(u, h)x for any u, h € X, and therefore

xr (V' (u+v), hyx — x/(V'(u), h)x| < 2|(v, h)x| < 2||v]x]Ih]x.

These two inequalities show the continuity of ¢/ and the continuity of the
map v': (X, w) — (X', w*). This completes the proof. O

Lemma 6.4 Let F be a finite-dimensional subspace of X and let Pr be
the projection from X onto F. There exists a positive constant Cr such
that

Cil|Prully < [ QIPrupds < Cr [ Qulrdo

holds for any u € X.

Proof. Note that any finite-dimensional subspace of a Banach space is
topologically complemented. We introduce a Banach space Xg = {u |
ullx, < oo} with norm |lulx, = ([ Qlu|Pdz)'/?. By Lemma 3.1 and
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the boundedness of ), the inclusion X C X is continuous and then F' is

also regarded as a finite-dimensional subspace of the Banach space YXQ,
the closure of X in Xg. It is not hard to see that Pr coincides with the

projection Pp from X9 onto F restricted to X. Then the second inequality
in the lemma follows from the continuity of Pr. The first inequality follows
because any norms are equivalent on a finite-dimensional subspace. U

Lemma 6.5 The functional ® satisfies the condition (®1) in Section 4.

Proof. The condition 0 < ¢ < ®(u) implies that
2
e+ I+ > [ Qulde < . (63)

By Lemma 6.4 with FF = X° there exists C' > 0 such that

Ul < [ QP < ¢ [ Qupds, (6.9)
Thus it follows from (6.8) and (6.9) that
lulle = ™1 + el + llut 1% < 2t + Cllut 57
< Cellu|% (6.10)
because 4/p < 2 and ¢ > 0. This completes the proof. [l

Lemma 6.6 The functional ® satisfies the condition (®2) in Section 4.

Proof. For any u™ € Xt with |Ju™||x = p, we have

1
Bu) 2 57 = CyllQli (6.11)
where we used [ QulPdz < [|Q|l o< [ull}, < Cy @l [lulf%. An elementary
calculation shows that the right-hand side of (6.11) takes the maximum x =
(1/2 = 1/p)(CpllQll=) @2 at p = (Cp|lQ[|L)~"/ "~ (with common
Cp). This completes the proof. O

Proposition 6.7 There exist positive constants C, and M such that ®
has a (C),-sequence with

IN

(3 - 2)GlQl) 2 <e< .

2 p
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Proof. We now apply Theorem 4.1. Take and fix e € Xt with |le|x = 1.
Let R>0and Ugp ={u=te+z|z=u"+u'ec X~ @ X t>0, |u|x <
R}.

By Lemma 6.4 with F' = “the one-dimensional subspace spanned by e”,
there exists C' > 0 such that

/Q\t6|pdx < C’/Q!u|pd:c (6.12)

holds for any v = te+u~ +u® € Ug. Similarly, by Lemma 6.4 with F' = X©,
there exists C' > 0 such that

4l < ¢ [ Qluras (6.13)

holds for any u = te +u~ 4+ u’ € Ug.

We show that ®(0Ug) < 0 for some R (> p > 0), where p is as in the
proof of Lemma 6.6. Note that OUr = {u = te + 2|t > 0, ||ul]| = R} U
{u € X~ @ X|lu|| < R} and obviously ® is non-positive on the second
component. On the first component of OUg above, by (6.13), we have

1 _
®(u) < 5 (t* = Il %) = Cllu’ll% (6.14)

If ||[u®||x > 1, then [[u[|% < ||u®|% holds and the right-hand side of (6.14)
is less than or equal to
L o —112 o2 o & sl 22
5 = %) = Cllll < 5 —min{ 5, Ch(R2 —#2)
<C(t* = C'R?),

where we used the relation 2+ [Ju™||% + ||u®||% = R? in the first inequality.
If |u’]|x <1, then t* + |[u™||% + 1 > R? holds and the right-hand side of
(6.14) is less than or equal to
2 RP—t*-1
— <

1 2 — 112 2 ! P2
- _ < _ )
S = R < 2 <O - 'R

Hence, if 0 < t? < C'R?, we have ®(u) <0 for any u = te + z € OUR.
By (6.12), we have

B(u) < 50~ Ju 30 - S0 [ Qlepas (6.15)

for any u € Ug. Let t = to > 0 be the larger zero of t2/2—C"t* [ Q|e[Pdz /p.
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We take and fix R so that C’R? > #2 for the constant C’ above and R > p.
Hence, if t> > C'R?, we have ®(u) < 0 for any u = te + z € Ug. Thus it
follows that ®(u) < 0 holds for any u € Ug.

Finally, the bound M = sup ®(Ug) is given by the estimate

1 1
P(u) < 532 + ECpHQHLpr
for any u € Ur. We have now verified all the assumptions as in Theorem 4.1
and then have the conclusion. [l

In the concentration-compactness argument, the invariance of the func-
tional under a certain group action plays an important role. Unfortunately,
the functional ® is not invariant and therefore the derivative ®' is not equiv-
ariant under the magnetic translations. This is caused by the fact that the
magnetic translation S, (for Ag) does not commute with H. The invari-
ance and the equivariance, however, remain alive with small perturbation
because H — Hj is relatively compact with respect to Hy.

Lemma 6.8 For any u, h € X and any v € Z", we have
x(®'(Syu), hyx = x/ (P (u), S;lh)x + Re(u, S;le(fy)h)Lz
+Re [ (QU+7) - Q) u(@) P8 u(@h(z)ds,
where we set

Ro(y) = i(A1 — Ai(- +7))oVa, +iVa, 0 (A1 — A1(- +7))
+ (A2 4 V) — (A2 + V1) (- + 7).

Here, the notation “o” stands for the composition of operators.

Proof. By Lemma 5.2 (ii) we have

B(Syu) = B(u) + > (u, (Ra(y) + Ho — H)u),s

2
1
2 (@) - @ - NPz (6.16)
for any u € C5°. A simple calculation shows that
(Ri(y) + Ho— H)S; " = 7' Ra(y). (6.17)

By differentiating (6.16) at u in the direction S Lh, we have
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x(P(Syu), h)x
= x/(®'(u), ST h)x + Re(u, S;'Ra(7)h) 12

+Re [(Qa+9) = Q(a))S @) 28, ula) Az,
where we used (6.17) and the unitarity of S, on L%(R™). O

7. Proof of Theorem 1.6

In this section we give a proof of Theorem 1.6. To the purpose, we show
the boundedness of the (C)_-sequence obtained in Proposition 6.7 and then
use a concentration-compactness type argument.

Lemma 7.1 Let ¢ > 0. Any (C),-sequence for ® is bounded in X.

Proof. Let {uy} be a (C)_.sequence for ® for ¢ > 0. By Lemma 6.5, it is
enough to show the boundedness of {u; }. From

@), ) x = i [~ Re [ Quil” 2w
it follows that
o % < 19 ()
QU2 ( [ Qi)™ (1)

where we used the Holder inequality and Lemma 3.1. From
1 1 1
Blur) — (@ (), wx = (5= 7) [ Qluapda, (72)
it follows that there exists C' > 0 such that
/Q\Uk\pd$ < C(1+ 19" (up) | x flurllx) (7.3)

holds for large k.
By (7.1) and (7.3), we have
1 _
st lxc < 119" (i) [+ CQIFE (L + 10 (k)| x| x) =77
1
<19 (e | + CQU 2 (1 + 119 (i) x| x)
1
<[ () [ xr + CLIQIE (1 + 19 () [l 1),
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where we used the fact that (p—1)/p < 1 in the second inequality, and used
(6.10) in the last inequality. This shows the boundedness of {u; } because
||®"(ug)||x tends to zero as k — oc. O

The following magnetic version of the Lions lemma is needed in the
concentration-compactness type argument below.

Lemma 7.2 Fizr > 0. Let 2 < g < 2*. Assume that {u} is bounded
in H)y and satisfies limy_.oo SUp,cgn f|x7y|<r lug(z)|9dx = 0. Then {uy}
converges to 0 in L'(R™) if 2 < t < 2*.

Proof. If {uy} is bounded in H then {|ug|} is bounded in H'(R") by
Lemma 3.1. Then the result follows from the standard Lions lemma (see,
e.g., Willem [Wil]). O

Lemma 7.3 Let {u;} be a (C)_.-sequence for & with ¢ > 0. For eachr >0
there exist a positive number n and a sequence {yi} in Z™ such that

lim inf/ lug,(x)2dz > n.
oo Jjw—yy|<r+vin

Proof. By Lemma 7.1, the sequence {ux} is bounded in X. By (7.2) we

have
1

, 11
Blun) = 520 (@ ), w)x = (5= ) [ Qlualde < QU oy

By taking a limit k¥ — oo we have

likminf |lugllr > C >0 (7.4)

because ®(ug) — ¢ (> 0) and ®'(ux) — 0 as k — oo. In particular,
the sequence {uy} cannot converge to 0 in LP(R™). Then it follows from
Lemma 7.2 that, for any » > 0 and ¢q with 2 < g < 2*, there exists n > 0
such that limg_,. sup, f|xiz|<r |ug(2)|2%dx > 21 holds. This implies that for
any r > 0 and ¢ with 2 < ¢ < 2* there exists a sequence {z;} in R" such
that flx—zk\<r |ug(z)|9dx > n for large k.

For any 2z € R", there exists y; € Z" such that |yx — 2x| < /n. Since

/ wfrde> [ e,
|lz—yr|<r+v/n |z —zk |<r

putting ¢ = 2, we have the lemma. O
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Let {uy} be the (C)_.-sequence as in Proposition 6.7 and let {y;} be the
sequence as in Lemma 7.3 for this (C)_.-sequence.

First, we consider the case where {yx} is bounded in R"™. Because
{ug} is bounded in X by Lemma 7.1 and X is reflexible, there exists a
subsequence, which is denoted also by {u}, such that vy — w in X, and
up — win L} if 2 <t < 2% and ug(z) — u(z) a.e. for some u € X.

We may assume that {yx} converge to a point in R"™ because of the
boundedness of {y;}. It follows from Lemma 7.3 that the limit u of {ux}
does not vanish near the point. Thus u # 0 in X because ||u||;2 < C|lu|x.

For any h € C§°(R™), we have

x{(®'(ug), h)x =Re(uy, (H— E)h)r2 — Re/Q\uk\pZUkhda:. (7.5)
Letting £ — oo on the both sides, we obtain
0 =Re(u, (H—E)h)r2 — Re/Qu|p_2uhdx (7.6)

because the derivatives ® and ¥’ are both weakly sequentially continuous
as is shown in the proof of Lemma 6.3. (See (6.6).) We can eliminate “Re”
by considering ¢h instead of h. Therefore u is a nontrivial solution to the
equation (1.1). (In fact, u belongs to C°°(R"™) by elliptic regularity.)

Second, we consider the case where {y;} is unbounded (and we show
that it is impossible). By passing to a subsequence, we may assume that
limy_,o0 |yx] = 00. Let S, be the magnetic translation as in (5.2) and set
vy = Sy, ux. The sequence {v;} is also bounded in X by Lemmata 5.1 and
5.3. By the same reason as in the first case, we may assume that vy — v
b e and vg(z) — v(z) ae. for some v € X, and we
conclude that v # 0 in X because ||vg||z2 = ||uk| L2 > n/2 holds for large k
by Lemma 7.3.

By the same argument used to derive (7.6) from (7.5) (replaced wuy by

vg), we have

in X, v, - vin L

lim x/(®'(vx), h)x =Re(v, (H — E)h) 2 —Re/Q|vp_2vhdx (7.7)

k—o00

for any h € C§°(R"™).
On the other hand, by Lemma 6.8 with v = y; and u = ug, we have
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x(®' (vk), h)x
= x(®'(ur), Sy, h)x + Re(vg, Ro(yr)h) 2

+ Re /(Q(w + i) — Q@) |vk(2) P~ vk () h(w)dz (7.8)

for any h € C3°(R™). The first term on the right-hand side of (7.8) tends
to zero as k — oo because {uy} is a (C)c-sequence and sup,, ||S, | is finite
by Lemma 5.3. For the second term, using estimates similar to (6.6) in the
proof of Lemma 6.3, we have

klggo (v, Ra(yx)h) 2
= len;o(vk, i(A1 — A1(- +yr)) o Vayh)pe
+ leIgO(Vonk, i(A1 — A1(- +yr))h) 2
+ lim (v (A3 + V1) — (A2 + Vi) (- +yp)]h) e

= (v, iA1V A h) 12 + (V a0, iA1R) 2 + (v, (A2 +V1)h) 2
= (v, (H — Ho)h)p»

for any h € C§°(R"™), because both Vi and A; are bounded and decay at
infinity. Similarly, the third term on the right-hand side of (7.8) tends to
—Re [ Q[v[P~2vhdx as k — oo. Hence, by taking a limit on both sides of
(7.8), we have

Jim. x{(®'(vg), hYx =Re(v, (H — Hy)h) 2 — Re [ Q[v|P?vhdz. (7.9)

Then it follows from (7.7) and (7.9) that (v, (Hy — E)h)r2 = 0 for

any h € C§°(R™). This implies that E is an eigenvalue of Hp, which is

impossible. Therefore, we have shown the existence of a nontrivial solution.

Finally, we have the boundedness and the decay of the solution by
Corollary 3.4. This completes the proof of Theorem 1.6.
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