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Abstract. It is shown that, for each inclusion of ergodic discrete measured equivalence
relations, the commensurability can be characterized in terms of measure theoretical ar-
guments. As an application, we also include a measure theoretical proof concerning a
property of the commensurability groupoid which determines the commensurability in
terms of operator algebras. It is proven that a family of typical elements in the commen-
surability groupoid is closed under the product operation. This proof supplements a gap
in the proof of [2, Lemma 7.5].
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1. Introduction

Let S € R be an inclusion of ergodic discrete measured equivalence
relations on a standard probability space (X, p). As applications of the
group theory, we can consider two notions for this inclusion—the normality
and the commensurability.

The normality of equivalence relations is defined by the index cocycles
([3, Definition 2.1]). It is known that the normality of S in R is equivalent to
the existence of a 1-cocycle on R to a countable group whose kernel coincides
with S ([3, Theorem 2.2]). In [2], the author and T. Yamanouchi succeeded
in characterizing this property in terms of operator algebras. They showed
that the subrelation § is normal in R if and only if the corresponding factor
W*(R) is generated by the normalizing groupoid of the subfactor W*(S) in
W*(R) (]2, Theorem 5.11]).

On the other hand, to determine the commensurability, they further
defined the commensurability groupoid for each inclusion of factors. They
say that the subrelation S is commensurable in R if W*(R) is generated
by the commensurability groupoid of W*(S) in W*(R) (|2, Theorem 7.11]).
This means that their definition of the commensurability depends on the
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theory of operator algebras.

So it is natural to seek a characterization of the commensurability in
terms of measure theoretical arguments. Our aim of this paper is to give
such a characterization (Theorem 3.7).

The idea for our characterization is to count the number of orbits for
each inclusion of equivalent classes S(z) :={y € X: (z, y) € S} C R(x) :=
{y € X: (z,y) € R} of z € X. In fact, we define the index @(p) for each
measurable nonsingular map p whose graph is contained in R. Roughly,
the index ®(p) is the number of S-equivalent classes in S(p(S(x))) =
Uyes(z)npom(p) S(p(y)) (Lemma 3.3). We will show that the index ®(p) is
determined by the corresponding projection with an operator valued weight
(Proposition 3.4). It follows that the commensurability subrelation is con-
structed by countable elements in @~1(IN).

Moreover, as an application of our arguments, we shall give a measure
theoretical proof of [2, Lemma 7.5] (Corollary 3.6). We note that although
their claim is valid, there exists a gap in their proof. So our complete proof
will justify all the rest of arguments in [2].

We also develop the theory of choice functions. We will show that the
commensurability coincides with the existence of choice functions which
have remarkable properties (Theorem 3.8). This result is a generalization
of a characterization of normality by choice functions in [3, Theorem 2.2].

The author would like to thank Professor Takehiko Yamanouchi for
many helpful discussions. He is also grateful to the referee for many useful
comments about earlier versions of the paper.

2. Preparation

In this section, we summarize basic facts about the theory of measured
equivalence relations with the corresponding von Neumann algebras. Fur-
ther details for these matters can be found in [1], [2], [3] and [4].

Let R be a discrete measured equivalence relation on a standard prob-
ability space (X, p) with a normalized 2-cocycle w, the left-hand projection
7, the left counting measure v and the Radon-Nikodym derivative §. A
measurable map ¢ on X is called nonsingular if ¢~!(FE) is a null set for
each null set E in X. We denote by [R]. the groupoid of R. Namely,
each ¢ € [R]s is a bimeasurable nonsingular map from a measurable subset
Dom(y) of X onto a measurable subset Im(¢) of X such that the graph
I'(p) := {(x, p(z)): = € Dom(p)} is contained in R up to a null set. We
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denote the equivalent class {y € X: (z, y) € R} by R(z) for each z € X.
Since R is discrete, each R(x) is a countable set.

For each suitable function f on R, we can consider a bounded operator
L¥(f) on L*(R, v) which is defined by the following:

L(f)e(x, 2) == > fl@, 9)ély, 2w(x, v, 2), (€€ L (R, v)).

yER(x)

We denote the set of all such bounded operators by W*(R, w). It is
known that & := xp is a cyclic and separating vector for W*(R, w) in
L?*(R, v), where D := {(x, ¥): € X} and Y is in general the character-
istic function of a set S. For each discrete measured equivalence subrela-
tion S of R, the subset {L“(f) € W*(R, w): supp(f) C S} of W*(R, w)
is denoted by W*(S, w). It is known that W*(S, w) is a von Neumann
subalgebra of W*(R, w). In particular, the diagonal algebra W*(X) :=
{L(g): g € L>®(X)} is called a Cartan subalgebra of W*(R, w), where
L(g) € W*(R, w) acts on L?(R, v) by the following:

L(g)é(x, 2) = g(x)(z, 2), (€ € L*(R, ).
For each p € [R]«, we define an element v, in W*(R, w) by the following:

vp 1= L2(fo), folm, y) == (2, y) " xr() (2, ).

A direct calculation shows that each v, belongs to the normalizing groupoid
GN(W*(X)) of W*(X) in W*(R, w). We recall that, for an inclusion of
von Neumann algebras B C A, the normalizing groupoid GN (B) of B in A
is defined by the following;:

GN(B) :={v € A: v is a partial isometry,

v*, v*v € B, vBv* = vv*Buv*}.

It is known that W*(R, w) is generated by GN (W*(X)). Moreover, for each
veW*(R,w), visin GN(W*(X)) if and only if v is of the form L(g)v,,
where p € [R]. and g is a measurable function on Dom(p) of absolute value
one.

Suppose that S is an equivalence subrelation of an ergodic discrete
measured equivalence relation R. A countable functions {¢; };cr are called
choice functions if R () is a disjoint union of S-equivalent classes {S(i(x))}ier
for a.e. z € X. For each choice functions {;}icr, we define a 1-cocycle o
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from R to the permutation group Xy of I by the following rule:

oz, y)(i) = 7 if (p;(2), vi(y)) € S.

We call o the index cocycle determined by {¢;}icr. The equivalence sub-
relation S is called normal in R if the restriction of the index cocycle o to
S cobounds. It is known that S is normal in R if and only if there exist
choice functions {p;};c; with the index cocycle o such that S coincides with
Ker(o), i.e., (pi(x), pi(y)) is in S for each i € I and a.e. (z,y) € S ([3,
Theorem 2.2]).

In the rest of this section, we assume that S is ergodic. Set (D C
B C A) = (W*(X) C W*S,w) C W*(R,w)). By [2, Theorem 5.16],
there exists the largest intermediate subrelation Nz (S) of S C R such that
S is normal in Ng(S). We call Ng(S) the normalizer of S in R. It is
known that the normalizing groupoid GN (B) of B in A is contained in the
intermediate subfactor W*(Ng(S), w), and W*(Ng(S), w) is generated by
GN(B)NGN (D).

Furthermore, we denote the unique faithful normal conditional expec-
tation from A onto B by Ep with the Jones projection ep and the basic
extension A; := AV {ep}. The inclusion B C A is called discrete if the
map l/?\B| A,;np’ 1s semifinite, where l/?\B is the operator valued weight dual
to Ep. It is known that the inclusion B C A is discrete if and only if there

o0

exist minimal projections {e,}7° in A; N B’ which satisfies Y >,

and E}(en) < oo for all n € N (see [4]).

For each L¥(f)€A, the projection zp.(s) from L?(R,v) onto [BL*( f)B&]
belongs to A; N B’, where [S] in general stands for the closed subspace
spanned by a set S. For each measurable nonsingular map p satisfying
I'(p) € R up to a null set, we define a projection z, in Ay N B’ by the
following:

zp = \[{zu,: 0 € [R]., T(6) CT(p)}.

We note that z, coincides with z,, if p is in [R]«. Moreover, we get the

e, =1

following

Proposition 2.1 Let the notations be as above. For each L*(f) € A, the
projection zpw () is equal to \[{2,: p € [R]«, I'(p) C supp(f)}. In particular,
Zpe(s) s equal to xg,, where

By i={(z, y): 3p€ [R]. s.t. T(p) Csupp(f) and y € S(p(S(x)))}.
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Proof. Put p:=\{z,:p € [R]«,I'(p) C supp(f)}. A direct computation
shows that zpw(p) contains Xeupp(f,«f+fo) if Poth L¥(f1) and L¥(f2) belong
to B. In particular, zz.(s) contains xp(,) if I'(p) C supp(f). So we obtain
Zp < zpe(p), and p < zrw(p)-

If zrw(py —p > 0, then there exists i) € [R]. such that 0 < xp(y) <
Zre(p) — P- Since xp(y) is contained in zzw ), there exist L¥(f1), L(f2) €
B such that supp(f1 * f * fa) NI'(¢)) is not a null set. Since A is generated
by GN (D), there exists a sequence { fo,}5° in the linear span of GN'(D)
such that L“(f1 * fon * f2) converges to L¥(f1 * f * f2) in the sense of the
strong operator topology. This means that there exists p € [R]. such that
supp(fi * f, * f2) NT'(¢) is not a null set. Moreover, since GN'(D) N B
generates B, by using the same arguments, there exist 61, 2 € [S]. such
that supp(fo, * fp * fo,) N T'(¢) is not a null set. Hence there exists a
measurable non-null subset F' of Dom(t)) such that I'(¢)|r) is contained in
supp( fo, * fp * fo,) =T'(620poby). It follows that Zplm(oy) contains Xr(y|)-
This contradicts the assumption pxr(;) = 0. So we conclude that zrw(y) is
equal to p.

The last assertion follows from the fact that z, is equal to xg, for each
p € [R]s, where E, := {(z, y): v € X, y € S(p(S(x)))}. Indeed, there ex-
ists a countable subset {60, }22; of [S]. such that [ J77, T'(6,) is equal to S up
to a null set. Since the orbit S(p(S(z))) is equal to U, ,,,—1 On, (P(0n, ()))
for a.e. x € X, we have that E, coincides with a union of {I'(f,, o p o
9n1)}$§ np=1 up to anull set. In particular, £, is measurable. Moreover, for
each 0y, O, € [S]«, we have

[(0p,0p0by) = Supp(fgn1 * fp* f@nz) C [Bv,B¢&).

This yields xg, < z,. The converse inequality holds because I'(p) is con-
tained in E, and xg, belongs to Ay N (GN(D)NB)' = AN B’
Therefore we get the conclusion. ([

We define the commensurability groupoid CG(B) of B in A by the
following;:
CG(B) :={v € A: v is a partial isometry,
vv*, v*v € B, E/’;(zv), EE(ZU*) < 00}

By [1, Corollary 3.5], there exists an intermediate subrelation Commg (S)
of § C R such that CG(B) generates W*(Commg (S), w). The subrelation
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Commpg (S) is called the commensurability subrelation of S in R. The
subrelation § is called commensurable in R if Commpg(S) is equal to R.

By [2, Theorem 7.9] and [2, Theorem 7.11], we have that W*(Commg/(S),
w) is generated by CG(B) N GN (D), and the inclusion B C A is discrete if
and only if § is commensurable in R.

3. Characterizations of the commensurability

For our purpose, we first introduce a notion of index for each measurable
nonsingular map whose graph is contained in the equivalence relation.

Let R be an ergodic discrete measured equivalence relation on (X, )
and S be an equivalence subrelation of R with choice functions {¢; }ics. For
each measurable nonsingular map p satisfying u(Dom(p)) > 0 and T'(p) C
R up to a null set, we define a function @, from Dom(p) to N U {oo} by
the following:

Dp(x) = [{i € I: p(S(x)) N S(pilp(x))) # 0},

where |S]| in general stands for the cardinality of a set S.
We note that the function ¢, does not depend on the choice of {¢;}icr.
Moreover, we get the following

Lemma 3.1  Under the above setting, B, is a measurable Spom(p)-invariant
function, where Spom(p) = S N Dom(p) x Dom(p).

Proof. By [1, Lemma 2.3], there exists a countable subset {6,,}°°; of [S]«
such that S is equal to a disjoint union of {I'(6,)}5°; up to a null set. For
each n € N, we have

@;1({/{ e€N:k>n})

= U N U m@Tpob)NT (0,0 0p)).
i1, ...,in€l k=1p,q=1
17 im (I7#m)
Since each I'(p 0 6,) NT'(04 © @5, © p) is a measurable subset of R, éﬁp_l({k €
N: k > n}) is also measurable, i.e., @, is a measurable function.
Moreover, for a.e. (¥, y) € Spom(p), We have p(S(z)) = p(S(y)) and
S(pi(p())) = S(Po(p(y), p(x))(i)(P(y))) for each i € I. This yields &,(z) =

Py (y)-
So we complete the proof. O
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Hence, under the condition that the subrelation S is ergodic, for each
such measurable map p, the function @, is constant on Dom(p) up to a null
set. Namely, we have the following

Definition 3.2 Suppose that S is an ergodic equivalence subrelation of
R. For each measurable nonsingular map p satisfying u(Dom(p)) > 0 and
I'(p) € R up to a null set, there exists a unique number n in N U {co} such
that @;1({71}) is conull in Dom(p). The number n is called the index of p
in S and denoted by @(p).

We note that, by using Lemma 3.1, ¢(p o 6) is equal to @(p) for each
measurable nonsingular map 6 satisfying Im(f) = Dom(p) and T'(f) C S up
to null sets. Moreover, the index ®(p) is, in a sense, equal to the number of
S-equivalent classes. Namely, we have the following

Lemma 3.3 Under the above situation, the following are equivalent:

(1) The index ®(p) is equal to n € N.

(2) There exist a measurable non-null subset E of Dom(p) and n elements
{ix}p_y in I which satisfy the following for all x € E:

p(S(@) NS((pi o p)() #0 (k=1,...,n),

p(S(2)) € | S((piy 0 p)(2))-
k=1

(3) There exist a measurable non-null subset E of Dom(p) and measurable
nonsingular maps {pr}i_, on E which satisfy the following for all x €
E:

F(pk)gR (k:L"'vn)a
(pkl (x)v pkz(li)) ¢S (kl # k2)’

S(p(S(@))) = | S(px(2)).
k=1

Proof. (1) = (2): Since the set of finite subsets of I is countable, there
exists a measurable non-null subset Ey of Dom(p) and n elements {i;}}_,
in I such that p(S(x)) N S(pi, (p(x))) is not empty for each z € Ey and
k=1,...,n Put By :={x € Ey: p(S(x)) € Up_; S(pi,(p(z))}. It is easy
to check that FE; is measurable. We claim that Ej is a null set. Indeed,
if £y were non-null, then, by the definition of the choice functions {p;}cr,
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there exist ig € I\ {ix}}_, and a measurable non-null subset F' of E; such
that p(S(x)) NS (vi,(p(z))) is not empty for each x € F. This yields &(p) >
n + 1, a contradiction. Hence E := Ey \ E1 and {ij}}_, satisfy the desired
properties.
(2) = (3): By the definition of the choice functions, there exist a measur-
able non-null subset E' of E and a subset {i}}}_, of I such that ((¢;, o
p)(z), i (x)) belongs to S for each k =1, ..., n and z € E'. It follows
that p(S(z)) is contained in J;_, Sy (2)), and p(S(z)) NS(py (2)) is not
empty for each € E’. So we conclude that S(p(S(z))) is equal to a disjoint
union of {S(py (2))};_; for each x € E’. Hence E' and {ip; };_; satisfy
the desired properties.
(3) = (1): By using the same arguments, there exist a measurable non-
null subset E’ of E and a subset {ix}7_, of I such that ((¢;, 0 p)(x), pr(z))
belongs to S for each k =1, ..., n and z € E’. Tt follows that p(S(x)) is
contained in J;_; S((¢i, 0p)(z)) and p(S(z)) NS((i, o p)(x)) is not empty
for each x € E’. This means that the index @(p) is equal to n.

So we get the conclusion. O

In what follows, we assume that S is an ergodic equivalence subrela-
tion of R and w is a 2-cocycle on R. Set (D C B C A) := (W*(X) C
W*(S, w) € W*(R, w)). We will characterize the index @(p) in terms of
operator algebras.

Proposition 3.4 For each measurable nonsingular map p satisfying
w(Dom(p)) > 0 and I'(p) € R up to a null set, the index P(p) of p co-
incides with .E\B(Zp). Moreover, if ®(p) is finite, then there exists a finite
number of measurable non-null subsets {Fj,}7*, of Dom(p) which satisfy

p’Fk € [R]* (k; =1, .. s m); Zp = ZZ;l Zp|pk and ¢(,0) = ZL:1 @(p|Fk)

Proof. We first prove when &(p) is finite. Put n := ®(p). Since S is ergodic,
by a standard maximal argument, there exists a measurable nonsingular
map 6y on X \ Dom(p) such that I'(6p) C S and Im(6p) € Dom(p) up to a
null set. We define a measurable nonsingular map 6 on X by the following:

0(z) x x € Dom(p),
Oo(x) =€ X\ Dom(p).

We can easily check that 6 satisfies I'(f) C S and Im(¢) = Dom(p) up to
null sets. This yields @(p o 0) = @(p) = n.
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We claim that there exists a measurable function g from X x {1, ..., n}
to I which satisfies p(S(x)) € Uj—; S(@g(k)((p 0 0)(2))) and p(S(z)) N
S(@g(zi)((po0)(x))) # 0 for a.e. » € X. Indeed, by renumbering, we may
and do assume that I is equal to {m € N: m < M} for some M € NU{oo}.
For each z € X and k =1, ..., n, we define an element g(x, k) in I by the
following:

9(z, k)
i=min{m € I: [{i <m: p(S(2))NS(pi((pob)(z))) # 0} = k}.
A direct computation shows that the function g has the desired properties.
Put pi(7) := pg(zr)(pod(z)) for each k =1,...,nand x € X. Tt is
easy to check that {pj}}_, are measurable and satisfy the following for a.e.
e X:

(@, pr(x)) € Ep, (3.1)
(s (7), pry () €S (k1 # ka).
On the other hand, for each kK =1, ..., n, there exists a measurable parti-

tion {Fim}p—1 of X such that each pi|r, ,, belongs to [R].. Put vy, :=
Uil By (3.1), we have that Vk,m€BVj ,, 1S @ projection onto [V m B&o)
and majorized by 2, = xg, for each k =1, ..., n and m € N. We claim
that {vg me Bv,’;’m}k,m are mutually orthogonal projections. Indeed, by using

(3.2), we have

* * _ * *

Vky my €BVky 1y Yk, m2€B Vg my = Vi ma BB (Vey my Vka ma )€BVky mey
-0
b

for k1 # ka. On the other hand, for each k = 1,...,n, we have v} = Vg m, =
0 if m1 # mo. Thus our claim has been proven. Put

n oo
b= Z Z Vk,mE€BVk,m-

k=1m=1

It is easy to check that p is a projection which satisfies the following;:

n [e.9]
<z, Ep(p) = Z Z Vk,mVf m, = M- (3.3)
k=1m=1

We claim that p is equal to z,. Indeed, if z, — p is not equal to 0, then there
exists ¢ € [R]. such that 0 < xp(y) < 2, — p. It follows that there exists a
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subset {ix}}_, of I such that F' :={x € X: g(z, k) =ip (k=1,...,n)}N
Dom(%) is not a null set. This means that the equation py(z) = ¢;, ((p o
0)(x)) holds for each z € F' and k = 1, ..., n. On the other hand, since
P(z) is in S((p o §)(S(x))) for each x € F’, we have that there exists a
measurable non-null subset F' of F’ and k € {1, ..., n} such that ¢(z)
belongs to S(pg(x)) for each x € F. So we get pxr(y) = 2,z XT() > 0, @
contradiction. Hence we conclude that E}(Z’p) is equal to n.

Moreover, by using the same arguments as in the proof of Proposi-
tion 2.1, for each measurable non-null subsets Fy, Fy of Dom(p), the follow-
ing equation holds up to a null set:

o0

EP\FluFQ = U L'(On, © plrum, © 0n,)

ni,na=1

(o]
= U U Tnoplr06n)=E,, UE,,,

7j=1,2n1,n9=1

where {6,,}5°, C [S]. satisfies S = |J;2; I'(f,) up to a null set. It follows
that, for each measurable non-null subset I’ of Dom(p) such that £,\E,, is
a non-null set, there exists a measurable non-null subset F” of Dom(p) such
that E,, En

and E;(XE/J\F) € N for each measurable non-null subset F' of Dom(p), we

does not intersect £, up to a null set. Since Ep(xg,) =n < 0o

conclude that there exist a finite number of measurable non-null subsets
{Fi};, of Dom(p) which satisfy p|r, € [R]« and E, is a disjoint union of

{Ep|Fk }7 , up to a null set. It follows that z, is equal to » ;" , Zp|, - This
yields
?(p) = Ep(xE,) = ZEB(ZP|Ek) = Z‘p(l)hﬂk)-
k=1 k=1

So the second half assertion follows.

Secondly, suppose that @(p) is equal to co. By using the same argu-
ments, we have that there exists a projection p which satisfies (3.3) for each
n € N. This means that E,\g(zp) is also equal to oo.

So we complete the proof. O

We shall next show that the set @~ !(IN) is closed under the composition.
We note that this claim is equivalent to [2, Lemma 7.5]. But their proof
contains a gap. So we will give a complete proof for the claim. We emphasize
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that the gap in the proof of [2, Lemma 7.5] do not influence any other
arguments in [2].

Proposition 3.5 Suppose that p1 and p2 are measurable nonsingular
maps satisfying T'(pr) C R up to a null set for k = 1, 2, and p(Im(p2) N
Dom(p1)) > 0. Then the inequality ®(p1 o p2) < P(p1)P(p2) holds.

Proof. 1t suffices to show when both @(p;) and @(p2) are finite and Im(p2)
is contained in Dom(p;). Put ny := @(p) for k = 1, 2. By using Lemma 3.3,
for k =1, 2, there exist a measurable non-null subset E}, of Dom(px) and a
subset {ik,p}gi1 of I such that the following inclusion holds for each x € Ej:

Nk
pe(S(@)) € [ S((pir,, © o) ().
p=1
On the other hand, since S is ergodic, for each ¢ = 1, ..., no, there ex-
ists a measurable nonsingular map ¢, which satisfies Dom(6,) 2 Im(¢;, ),
Im(6,) C Ei and I'(f;) € S up to null sets. Hence we have the following
inclusion for a.e. x € Es:

(o1 p2)(S@)) € o1 (| SOui, (02(2)))))
q=1

niy ne2
cJ Ui, 0pobsops, 0pm)(@)).
p=1qg=1
Moreover, by the definition of the choice functions, for each i1y, 24 € 1
and a.e. x € E5, there exists a unique element ¢ in I such that ((‘Ph,p opio
040 pir 0 p2)(2), (piop1opz)(x)) isin S. Since both ¢;, , 0 p1 06400, , 0 p2
and ; o p1 0 pg are measurable and I is countable, there exist a measurable
non-null subset E3 of Ey with a subset {ij};2}* of I such that (p10p2)(S(z))
is contained in [J;X'2 S((p4, © p1 © p2)(x)) for each x € E3. Now, we define
a natural number ng by the following:
ng == [{k: (p1 0 p2)(S(x)) NS((9i, 0 p10 p2)(x)) # 0
(for a.e. x € E3)}|.

By using Lemma 3.3 again, we obtain @(pjop2) = n3 < ning = @(p1)P(p2).
Thus we are done. ]
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Corollary 3.6 ([2, Lemma 7.5]) The subset CG(B) N GN(D) s closed
under the product operation.

Proof. Suppose that v; is in CG(B) NGN (D) for i = 1, 2. We may and do
assume that vivs is not equal to 0. By assumption, for i = 1, 2, there exists
pi € [R]« such that v; is equal to L(g;)v,,, where g; is a measurable function
on Dom(p;) of absolute value one. This means that the equations z,, = z, o
(1 =1,2) and 2y v, = Zpyop; hold. By Proposition 3.4 and Proposition 3.5,
we get

EB(2010y) = EB(2pyop,) = P(p2 0 p1) < P(p2)P(p1)
= Ep(2v,)EB(2y,) < 00.

By using the same argument, we also get 'E\B(Z(Ull}g)*) < @(z@)@(%;) <
00. So we conclude that v1vy also belongs to CG(B) NGN (D). O

We are now in a position to prove our main theorem.

Theorem 3.7 Suppose that S C R is an inclusion of ergodic discrete mea-
sured equivalence relations. Fiz a countable subset {pn}°2 1 of [R]« satisfying
R = U2 T(pn) up to a null set. Then there exists countable measurable
subsets {Enm fpom=1 and {Fnm}oon—1 of X such that the two intermedi-
ate subrelations—the normalizer and the commensurability subrelation—are
expressed as follows up to null sets:

Ne(8)= |J Tloalgam)s ®oalp,n) = 2(palEn.) ) =1,

n,m=1
00

Commr(S)= | T(palr,.), 2(pulr,.)s D((pulr,,.) ") < oo

n,m=1

Proof. By using a standard maximal argument, for each n € N, there exist
countable disjoint measurable subsets {7}, ,,, }oo—; of Dom(p,) which satisfy
the following:

o D(py|p ) <ooforal meN.

e If a measurable subset F of Dom(p,) satisfies ®(p,|r) < co, then F is

contained in (J,;;_; F}, ,, up to a null set.

By the construction of {F}, ,,}°,—1, we have that, if p € [R]. satisfies
®(p) < oo, then I'(p) is contained in |J,;,—; T'(pnlr; ) up to a null set.

In particular, | J;°,,—; ['(pn|F; ) contains the diagonal set D up to a null
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set. By using the same argument, for each n, m € N, there exist countable
disjoint measurable subsets {F}, ,,1}7°, of F,’lm which satisfy the following:
o P((pulF,,.,)"") <ocforalll eN.
e If a measurable subset F of F}, . satisfies @((pn|r)~!) < oo, then F is
contained in U?; Fy m, up to a null set.
By renumbering, we may and do assume that {F, ,;}>°,_; is equal to
{Fum}tpe—y for each n € N. Set P := U, F(pn|Fn’m7). By the con-
struction of {F},m }°,—1, we have that both @(pn|F, ,,) and D((pulFpm)™)
are finite for each n, m € N, and the following equation holds up to a null
set:

00 00 00
U Talsnn) = U Tloaler, )0 U Tloalir, ).
m=1 m=1 n,m=1

It follows that the equation

oo
U 1_‘(10n|F7’1 U I(( Pn|F’ 1)

n,m=1 n,m=1

holds up to a null set. On the other hand, by Proposition 3.5,

[e.o]

U F(pn|F,’L’m)

n,m=1

satisfies the transitivity up to a null set. Hence P is an equivalence subre-
lation of R. Moreover, by Proposition 3.4, we have that each v, | Fam is in
CG(B). So P is contained in Commg(R) up to a null set. Conversely, by the
definition of {F}, ,,}75,,=1 we have that, for each p € [R]. satisfying @(p),
®(p~1) < o0, I'(p) is contained in P up to a null set. By Proposition 3.4
again, it follows that W*(P, w) contains CG(B) N GN (D). So we conclude
that W*(P, w) contains W*(Commg (S), w) and P is equal to Commp (S)
up to a null set.
By using the same arguments, for each n, m € N, there exist a mea-

surable subsets {E}, ,,}7%,,—1 and {Epn m}55,,—; which satisfy the following:

o P(pulg:, ) =1 for all n, m € N.

o If pe[R], satisfies ®(p) =1, then T'(p) is contained in Unom=1T(pnlEr )

up to a null set. ’
* B(pnlE,..) =P((pnlE,.,) ") =1foralln, m € N.
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e The equation

U Tnle..) = U Toale,, )0 J Teale,,)™)

n,m=1 n,m=1 n,m=1

holds up to a null set.
By Proposition 3.5 again, the subset

%) o0
T:= |J Tloale )0 U T(oale,,)™)
n,m=1 n,m=1

is an equivalence subrelation of R. By the definition of &, for each p € [R].,
the equation @(p) = 1 holds if and only if p(S(z)) is contained in S(p(x)) for
a.e. € Dom(p). So we have that each v, |, isin GN(B) and W*(T, w)
contains GN(B) N GN (D). Tt follows that the normalizer Nz (S) is equal

to U?:m=1 F(pn|En’m) up to a null set.
Therefore we get the conclusion. 0

We conclude this paper with a characterization of commensurability by
choice functions.

Theorem 3.8 Let S C R be an inclusion of ergodic discrete measured

equivalence relation—subrelation on (X, u) with a 2-cocycle w. Put (B C

A) = (W*(S,w) € W*(R,w)). Then S is commensurable in R if and

only if there exist choice functions {p;}ier for S € R which satisfies the

following:

(1) There exist a countable set J and natural numbers {n;};e; such that
the index set I is equal to {(j,n):j€J, n=1, ..., n;}.

(2) The index ®(p;n) is equal to n; for each (j, n) € 1.

(3) For each (j, n) € I and a measurable non-null subset F' of X,
S(@jn(S(x))) is equal to S(pjn|r(S(x))) for a.e. x € X. Namely,
each zy, , is a minimal projection in A1 N B'.

(4) For each j € J and n,m € {1, ..., nj}, S(p;n(S(z))) is equal to
S(pjm(S(x))) for a.e. x € X. Namely, z,,,, coincides with z,; ..

(5) 11 # o, then S(gs,,m (S(2))) and Sy my(S(x))) are disjoint for

a.e. x € X. Namely, zp, . Zp, ., 15 equal to 0.

Proof. Suppose that there exist choice functions {¢; };c; which satisfy the
above properties. Since R(z) is equal to a disjoint union of {S(p;1(x))}jes
for a.e. ¥ € X, we have that {2, }jes are the partition of the unity satis-
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fying E/J\B(z%’l) =nj < oo. It follows that the inclusion B C A is discrete,
and S is commensurable in R.

Conversely, if S is commensurable in R, then there exists a count-
able partition {R;};es of R such that {xr,}jes are minimal projections
in A; N B with E/’\B(XR].) < oo for all j € J. Put n; := EE(XRJ,) and
I={(j,n):jeJ, n=1,...,n;}. Foreach j € J, there exists p; € [R]«
which satisfies y(Dom(p;)) > 0 and T'(p;) € R;. Since xw, is minimal, we
have that z,; coincides with ;. By Proposition 3.4, it follows that the
index @(p;) is equal to n; for each j € J.

Choose choice functions {¢;}icr, for S C R. By Lemma 3.3, for each
j € J, there exist a measurable non-null subset £} of Dom(p;) and n;
elements {z;n}zjzl in Iy which satisfy p;(S(x)) N S(wi;n(pj(az))) # () for
all x € E; and n = 1, ..., nj. By using the property of choice functions,
for each j € J, there exists a measurable non-null subset F; of E} and
n; elements {i;,} ', in Iy which satisfy ¢i;’,n (pj(x)) € S(¢;,,(x)) for all
x € Ejand n =1, ..., n;. On the other hand, since § is ergodic, there
exist measurable nonsingular maps {6;};ec; on X satisfying I'(f;) C S and
Im(0;) C Ej for each j € J up to null sets. Put ¢, := 1, , o 0; for each
(j, n) € I. Since I'(p;,,) is contained in R; and xg; is minimal, we have
that z,,,, is equal to xg;. By Proposition 2.1 and Proposition 3.4, we get
S(pjn(S(@))) = Rj(x) :={y € X: (=, y) € Rj} and D(pjn) = EB(2y,,,) =
E}(XR].) = n; for each (j, n) € I and a.e. z € X. In particular, we have
that S(p;1(S(x))) contains |J; S(pjn(z)) for each j € J and a.e. x € X.
On the other hand, by using the property of choice functions {t; };cr, for the
equivalent class R(0;(z)), S(¢;1(S(z))) is contained in (J;c;, S(¢i(6;(x)))
for a.e. z € X. Since ®(yp;1) is equal to n; and S(#;(x)) coincides with S(x),
by using the condition of Lemma 3.3 (3), we have the following inequality:

i€ In: S(pji(S(z))) NS(i(0i(x))) #0  for a.e. z € X}| < nj.

It means that S(v;(0;(z))) does not intersect S(¢;1(S(x))) for each i € I\
{ijn}r, and a.e. € X. So S(pj1(S(w))) is actually equal to | J2; S(¢j.n(2))
for each j € J and a.e. x € X. This means that R;(x) is equal to the disjoint
union of {S(pjn(z))}.L, for each j € J and a.e. z € X. Hence we conclude
that {©;n}(jner are choice functions for S C R which satisfy the desired
properties.

Therefore we get the conclusion. ([
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Remark Under the above setting, we have the following:

(1)

(2)

©;n(S(y)) is contained in a disjoint union of {S(p;m(y))}n_, for each
(j,n) € J and a.e. y € X. This means that, for a.e. (z,y) € S
and (j, n) € I, there exists a unique m € {1, ..., n;} which satisfies
(Pin(x), @im(y)) € S.

S is normal in R if and only if n; is equal to 1 for all j € J. Hence
our result is a generalization of a characterization of normality in [3,
Theorem 2.2] when the subrelation is ergodic.
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