64 (2015), 797-817

Coeftective Basic Cohomologies
of K-Contact and Sasakian Manifolds

CRISTIAN IDA & PAUL PoOPEScU

ABSTRACT. In this paper, we define coeffective de Rham cohomology
for basic forms on a K-contact or Sasakian manifold M, and we dis-
cuss its relation with usual basic cohomology of M. When M is of
finite type (for instance, it is compact), several inequalities relating

some basic coeffective numbers to classical basic Betti numbers of M
are obtained. In the case of Sasakian manifolds, we define and study

coeffective Dolbeault and Bott—Chern cohomologies for basic forms.
Also, in this case, we prove some Hodge decomposition theorems for
coeffective basic de Rham cohomology, relating this cohomology with
coeffective basic Dolbeault or Bott—Chern cohomology. The notions
are introduced in a similar manner with the case of symplectic and
Kéhler manifolds.

1. Introduction and Preliminary Notions
1.1. Introduction

The coeffective cohomology was introduced by Bouché [6] for symplectic mani-
folds. More exactly, a symplectic form w defines a special subcomplex of the de
Rham complex (F*(M), d) of differential forms on M: it consists of the forms ¢
that are annihilated by w, that is, ¢ A w = 0. Since w is closed, we have in fact a
subcomplex of (F*(M),d) whose cohomology is called coeffective. This coho-
mology is related with the truncated de Rham cohomology by the class w. Further
significant developments of coeffective cohomologies in many different contexts
(symplectic, Kéhler, (almost) cosymplectic, (almost) contact, quaternionic mani-
folds) are given by a series of papers of de Andrés, Ferndndez, de Leon, Ibafiez,
Mencia, Chinea, Marrero [2; 8; 9; 14; 15; 16], and other papers by these authors.
For Kihler manifolds, both cohomologies (coeffective cohomology and de Rham
cohomology truncated by [w]) are isomorphic for p # n, dim M = 2n, though in
general they are different for non-Kéhler symplectic manifolds [2]. For symplec-
tic manifolds of finite type, the coeffective numbers of the symplectic manifold
and several inequalities relating them to the Betti numbers were introduced. Sim-
ilar results were obtained in the context of almost contact [9; 15] and quaternionic

Received October 6, 2014. Revision received June 16, 2015.

The first author is supported by the Sectorial Operational Program Human Resources Development
(SOP HRD), financed from the European Social Fund and by the Romanian Government under
the Project number POSDRU/159/1.5/S/134378.

797


http://www.lsa.umich.edu/math/outreach/michiganmathematicaljournal

798 CRISTIAN IDA & PAUL PoPEscuU

manifolds [16]. Also, a coeffective Dolbeault cohomology for compact Kihler
and indefinite Kihler manifolds is studied in [18].

Our aim in this paper is to study the coeffective de Rham, Dolbeault, and Bott—
Chern cohomologies for basic forms of (compact) K-contact or Sasakian mani-
folds with respect to the Reeb foliation F of the fundamental Reeb vector field &,
giving a new contribution concerning basic cohomology of K -contact or Sasakian
manifolds. Notice that a background about the basic cohomology of K-contact
and Sasakian manifolds can be found in Chapter VII of [7]. Other developments
of basic cohomologies of K -contact and Sasakian manifolds in a similar direction
as in the recent studies for symplectic manifolds, [27], are given in [19].

The structure of the paper is as follows. In the preliminary subsection, fol-
lowing [7; 23], we briefly recall some elementary definitions about basic forms,
basic star operator, basic de Rham Laplacian, and basic de Rham cohomology on
K -contact manifolds.

We notice that if 5 is the contact form of M, then dn is basic with respect to
the Reeb foliation F¢. Thus, in Section 2, we begin our study with the coeffective
de Rham cohomology for basic forms on a K-contact manifold M. The main
ingredient is given by the isomorphism between the space of basic differential
forms on M and the space of differential forms on the orbit space Mg of F¢, which
is known to be symplectic (or Kihlerian in the Sasakian case). Thus, following
the classical study of coeffective cohomology of symplectic manifolds (see [14]),
we define the coeffective basic de Rham cohomology of M and prove that when
M is compact Sasakian,

HP (Ap(M)) = HF (M) ¥p #n,

where H”(Ap(M)) denotes the coeffective basic cohomology group of degree
p of M, and ﬁ,f (M) is the subspace of the basic de Rham cohomology group
of M consisting of those classes a € Hlf(M) such that a A [dn] = 0, or in other
words, the truncated basic de Rham cohomology group of degree p. Notice that
for an arbitrary K-contact manifold, H” (A, (M)) vanishes for every p <n — 1,
where dim M = 2n + 1. Also, using a technique based on the long exact sequence
in cohomology associated with an exact short sequence of complexes, we obtain
that the coeffective basic de Rham cohomology groups of a K -contact or Sasakian
manifold M of finite type have finite dimension. In this case, if we denote by
c,’: (M) = dim HP (Ap(M)), called the coeffective basic numbers of order p of
M, then they satisfy the following inequalities:

bl (M) —bP (MY < (M) <P (M) + b2 (M) Vp=n+1,

where b)) (M) = dim H} (M) is the basic Betti number of order p of M.
As a consequence, for a compact Sasakian manifold, we deduce that

ch (M) =bl (M) — bl (M) ¥p=n+1,

which means that the coeffective basic numbers of a compact Sasakian manifold
measure the jumps between the basic Betti numbers.
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In the end of Section 2, using an exact sequence in cohomology (which is the
foliation analogue of the Gysin sequence), we prove that the following isomor-
phism holds:

HP(AM) Z HP Y (Ap(M)) Vp=1,....,2n+1,

where H®(A(M)) is the coeffective de Rham cohomology of M considered in
[15].

In Section 3, we consider basic complex-valued forms on a Sasakian manifold
M, and taking into account that dn is a basic form of complex type (1, 1), in a
similar manner with coeffective Dolbeault cohomology of Kihler manifolds (see
[18]), we define and study coeffective basic Dolbeault cohomology of a Sasakian
manifold. We prove that when M is compact,

H™ (Ap(M)) = H) (M) Vr +s#n,

where H"*(Ap(M)) denotes the coeffective basic cohomology group of type
(r,s) of M, and ﬁg’s (M) is the truncated basic Dolbeault cohomology group
of type (7, s). In the case where M is a compact Sasakian manifold, we prove
a Hodge decomposition theorem for coeffective basic de Rham cohomology of
M, relating this cohomology with coeffective basic Dolbeault cohomology of M.
Also, several inequalities relating the coeffective basic Hodge numbers to the clas-
sical basic Hodge numbers are given similarly as in the de Rham case.

The aim of Section 4 is to construct a coeffective basic Bott—Chern cohomol-
ogy of a Sasakian manifold M. In this sense, we first define basic Bott—Chern
and Aeppli cohomology of M, and we obtain a Hodge—Bott—Chern decomposi-
tion theorem for basic forms of M. Next, in a similar manner with the study of
coeffective basic de Rham and Dolbeault cohomology of M, we define and study
a coeffective Bott—Chern cohomology for basic forms on M.

The main methods used here are similar and closely related to those used in [6;

; 14; 155 16].
1.2. Preliminaries

Let (M, F,&,n,g) be a (2n + 1)-dimensional almost contact manifold; that is
(see [3; 45 7; 23]), F isa (1, 1)-tensor field, n is a 1-form, £ is a vector field, and
g is a Riemannian metric on M such that

F?=—1d4+nQ®E, nE)=1, and

(1.1)
gFX,FY)=g(X,Y) —n(X)n(Y)

for every X,Y € X (M), where 1Id is the identity transformation. Then we have
F&)=0and n(X) =g(X, &) for all X € X(M). The fundamental 2-form & of
M is defined by @ (X, Y) = g(X, FY), and the (2n + 1)-form n A ®" is a volume
form on M. The almost contact metric manifold is said to be: contact if dn =
®; K-contact if it is contact and ¢ is Killing; normal if [F, F]+2dn ® § =0;
Sasakian if it is contact and normal. If M is Sasakian manifold, then it is K-
contact [3].
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Consider the field FO(M) = F(M) of smooth real-valued functions defined
on M.Foreach p=1,...,2n+ 1, denote by F” (M) the module of p-forms, by
FM)=66 >0 FP(M) the exterior algebra of M, and by (-, -) the natural scalar
product on F(M).

Recall that the differential form w on M is called basic if it is horizontal (i.e.,
1ew = 0, where 1¢ denotes the interior product with respect to &) and invariant
(i.e., Lsw =0, where L¢ denotes the Lie derivative with respect to £). Denote
by Flf (M) the subspace of all basic p-forms on the manifold M. It is a mod-
ule over the ring F,?(M) = Fp(M) of basic functions on M (i.e., L¢ f = 0).
Let Fp,(M) = @pzo F,f’(M) be the graded algebra of all basic forms on M.
By the Cartan identity L¢ = dig + 1¢d we easily obtain that the exterior dif-
ferential of a basic form is also basic, so we can consider the basic differential
dy=d\pp gy : (M) — FP (.

Thus, the basic forms constitute a subcomplex (D >0 F bp (M), dp) of the de
Rham complex (P »>0 FP (M), d). The cohomology of this subcomplex is de-
fined by

Hy(M) =P HY (M),
p=0

H (M) =ker{dy : F} (M) — Flf’H(M)}/db(F,f_l(M)).

This cohomology plays the role of de Rham cohomology of the orbit space of the
K -contact manifold M, and we call it the basic de Rham cohomology or simply
the basic cohomology of M. Moreover, the space of basic cohomology Hy (M) is
an invariant of the characteristic foliation ¢ and therefore is an invariant of the
K -contact structure on the manifold M. The relation between the basic cohomol-
ogy Hpy (M) and de Rham cohomology H*(M) of the K -contact manifold M is
the same as in the general case of a foliation generated by a nonsingular Killing
vector field (see, e.g., [26], Thm. 10.13, p. 139). On compact K -contact mani-
folds, the basic cohomology groups enjoy some special properties. In particular,
there is a transverse Hodge theory [7; 11; 13].

Let » be the usual star operator on M. If w € F, bp (M), then the 2n — p)-form
1¢ * w is basic. Therefore, we can define the basic star operator xp, : Flf (M) —

F)""" (M) by
xpw = (—1)P1g * . (1.2)
Also, the usual scalar product (-, -) on F'” (M) restricted to basic forms, is denoted
by (-, )», and is given by
(w,@)bzf wA*p0 A (1.3)
M

for all w,0 € Fbp (M). We denote by the symbol A* the adjoint of the operator
A: Fpy(M) — Fp(M) with respect to (-, -)p. As it is well known, the (-, -)-adjoint
dy of dy, satisfies dj = — *, dpxp.
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The basic de Rham Laplacian Ay is defined in terms of dj and its adjoint d;;
by

Ap =dbd; —i—d;db. (1.4)

The space Hlf (M) of basic harmonic p-forms on M is then defined to be the
kernel of Ay, : FY(M) — FJ (M), and H} (M) = kerd,, Nkerd;. The transverse
Hodge theorem [13] then says that

FP(M)=1md), ® Imd; ®ker A, (1.5)

(see also [10]), and each basic cohomology class has an unique harmonic repre-
sentative, that is,

HY (M) =HI(M). (1.6)

2. Coeffective de Rham Cohomology for Basic Forms

Throughout this section, M is a (compact) K -contact manifold of dimension 2n +
1, and sometimes M is Sasakian. We start with a fundamental result, which plays
an important role for our purpose.

THEOREM 2.1 [23]. Let M be a K -contact manifold of dimension 2n + 1, and
Mg the orbit space of the Reeb foliation F¢ defined by &. If m : M — M is the
natural projection, then w* : FP (Mg) — sz) (M) is an isomorphism.

Proof. Obviously, 7* is injective. We prove now that for any ¢ € Fbp (M), there
exists ¢’ € FP(Mg) such that ¢ = 7*¢’. Since ¢ is horizontal (i.e., 1gp =
0), the values ¢(X1i,..., X)) can be nonzero only when the tangent vectors
{X1,..., X} € Tx M are orthogonal on £. But the condition L¢¢ = 0 shows that
@ is invariant by the Reeb group {®;};cR. that is, & ¢ = ¢. It follows that

(p((DI*Xh"'7q)l*Xp):(p(X17---7Xp)v

and so at the point 77(x), a p-form ¢ with the property ¢x =g, is well
defined. But x is arbitrary in M, and then the p-form ¢’ € F”(Mg) with the
property ¢ = *¢’ is well defined, which proves that F bp (M) CImm*.

It remains only to prove that Imz™* C Flf (M). Remark that for any ¢’ €
FP(Mg), we have ®fn*¢’ = n*¢/, 1z1*¢’ = 0; hence, Lzn*¢’ =0, and then
n¥p € Ff (M). O

Also, it is well known that (Mg, ) is symplectic with dn = 7*Q, and when M
is Sasakian, (Mg, 2) is Kihlerian. We now have

LEmMMA 2.1. The operator L : Fbp(M) — Fbp+2(M) defined by Lo = @ Ndn is
injective for p <n — 1 and surjective for p > n — 1.

Proof. According to [6], we have that the symplectic operator L' : FP(Mg) —
FP+2(Mg) given by L'¢' = ¢’ A Q is surjective for p > n — 1 and injective for
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p <n — 1. Now, by Theorem 2.1, for every ¢ € F (M), there is ¢’ € FP(My)
such that ¢ = 7*¢’ and

Lo=oAdn=n*¢ AT*Q=n"(@' AQ)=@* o L)¢.

Thus, the operator L is also injective for p <n — 1 and surjective for p >n — 1.
(]

Now, as in the case of classical coeffective cohomology (see [6; 9; 15]), we con-
sider the subspace AZ (M) C F, lf (M) defined by

A} (M) ={p € F[ (M)|p Adn =0} =ker L| -

A basic form ¢ € A,f (M) is said to be a coeffective basic p-form on M.

Since dp commutes with L, we can consider the subcomplex of basic de Rham
complex of M, namely, (.Al'7 (M), dp), called the coeffective basic de Rham com-
plex of M. The cohomology groups of this complex are called coeffective basic
de Rham cohomology groups of M and are denoted by H? (Ap(M)).

As a consequence of Lemma 2.1, we get the following:

PropoSITION 2.1. Let M be a K-contact manifold of dimension 2n + 1. Then
Af (M) = {0} for p <n — 1, and therefore

H?(Ap(M)) ={0} forp=<n-—1. 2.0

Let us consider the subspace of H,f (M) given by the basic de Rham cohomology
classes truncated by the basic de Rham class [d7], namely,

HP (M) = {a € H (M)|a A [dn] = 0}. (2.2)
We notice that as in the case of compact cosymplectic manifolds or compact Kéh-
ler manifolds (see [9; 18]), we can obtain a relation between the coeffective basic
de Rham cohomology of a compact Sasakian manifold M and the basic de Rham
cohomology of M truncated by [d7] in the following way.

Let us denote by [-] the basic de Rham cohomology classes and by {-} the
coeffective basic de Rham classes.

PrOPOSITION 2.2. For any K -contact manifold M of dimension 2n + 1, the natural
mapping

ap({e}) = o] (2.3)
is surjective for p > n.

Proof. Let a € ﬁ}f(M), that is, a € Hlf(M) and a A [dn] =0 in Hlf+2(M).
Consider a representative ¢ of a and suppose that ¢ ¢ Ag (M) (notice that if
Qe AZ (M), then ¢ defines a basic cohomology class in H” (A,(M)) such that
ap(fe}) =a).

Since a A [dn] = 0, there exists o € Fbp—Irl (M) such that ¢ A dn =dpo. Then,
by Lemma 2.1 there exists y € Fé’_l (M) such that Ly = o. Thus, L(¢p —dpy) =
0 and dy(¢ — dpy) = 0. Hence, ¢ — dpy defines a basic cohomology class in
HP(Ap(M)) such that o, ({9 — dpy}) =a. O
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We also notice that for compact Sasakian manifolds, we have
ApL = LAy. 24
This follows by a direct calculation using the following known identities from
Sasakian geometry [17; 22; 23]:
Ap =App + LA +eyAdp —e;dAg,
ALp — LA =4(n—p— 1)Ly +4deyp,

and

(ALY — LKA = dk[(n — p —k + DL Yo + epi: L* 1],

where L% = ¢ and L™'¢ = 0. Here A = dd* + d*d is the usual Laplacian on
M, e, : FP(M) — FP(M) is defined by eyp =n A @, and A =*Lx = — % Lxp
is the adjoint of L with respect to (-, -) and (-, -)5, respectively.

Relation (2.4) says that the map L : 'H}[; (M) — 7—[11; +2 (M) is well defined on
the space of harmonic basic p-forms on M. Moreover, by the Bouché result for
compact Kéhler manifolds (see [0]) and taking into account the Theorem 2.1, we
have that

LEMMA 2.2. Let M be a compact Sasakian manifold of dimension 2n + 1. The
operator L : ’Hf M) — ’HII;JFZ(M) is surjective for p > n — 1.

This also follows directly using Lemma 2. | and basic Hodge decomposition (1.5).
We have the following:

THEOREM 2.2. Let M be a compact Sasakian manifold of dimension 2n + 1. Then
HP (Apy(M)) = HY (M) Vp#n. (2.5)

Proof. We consider two cases.

Casel: p<n—1.

From (2.1) we know that H” (A (M)) = {0} for p < n — 1. Moreover, from
the isomorphism (1.6) we have

ﬁf(M) ={p e HY (M)|p Andn Edh(FfH(M))}
={p e H} (M)|lp Adn=0}. (2.6)

Thus, from Lemma we conclude that ﬁlf’ (M) = {0} for p <n — 1. This fin-
ishes the proof for p <n — 1.

Case2: p>n+1.

We shall see that the mapping «, given by (2.3) is an isomorphism for p >
n + 1. By Proposition 2.2 it suffices to show the injection.

Leta € H?(Ap(M)) be such that ,(a) =0 in ﬁ,f(M) and suppose that ¢ is
a representative of a. Since ap(a) = o, ({¢}) = [¢] =0in ﬁlf (M), there exists

¥ € F/~' (M) such that
o =dpy.
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Suppose that i ¢ Ag_l(M) (notice that if ¢ € Af_l(M), then a = 0, and we

conclude the proof). Since L commutes with dj, we have d, (L) = L(dpy) =

L = 0; therefore, Ly defines a basic cohomology class [Ly] € H;’H(M).

From the isomorphism (1.6) we have

Ly =h+dpy

for h € ’HPH(M) y € FP(M) Since p>n+ 1 and h € ”HPH(M), by

Lemma 2.2 there exists o € Hb (M) such that Lo = h, and since p — 1 > n, by

Lemma there exists o € th_z(M) such that y = Lo. Thus,

LWy —0—dpo1)=0 and dp(Y —0 —dpor) =¢

Then a = {¢} is the basic zero class in H? (A,(M)), and this finishes the proof.

O

Now following an argument similar to that in [15], we relate the coeffective basic
de Rham cohomology with the basic de Rham cohomology of K -contact mani-
folds by means of a long exact sequence in basic cohomology.

Let us consider the following short exact sequence for any degree p:

0 —> ker L p sy, = Ap (M) —> 2 By S ml L — 0. Q2.7)

Since L commutes with dp, the sequence (2.7) becomes a short exact sequence of
basic differential complexes:

00— (kerL|Fp(M), dp) = (AE(M),db)

s (FP (M), dy) = (mP T2 L, dy) —> 0. 2.8)
Therefore, we have the associated long exact sequence in cohomology [28]:
s HP (A (M) Y ] (M)
b
T8 P2 (my 1) 5 HP (Ap(M)) — - 29)

where H(ip) and H(L) are the induced homomorphisms in basic cohomology
by i and L, respectively, and Bb 4 1s the connecting homomorphism defined in
the following way: if [¢] € Hl’+2(lm;, L), then o] =[dpy] for ¢ € Ff(M)
such that Ly = ¢.

From Lemma it follows that Imer2 L= Ff+2(M) for p>n—1.Asa
consequence, we have

HP*2(Imy L) = HP P2 (M) ¥p=>n.

p+2[

Furthermore, the long exact sequence in basic cohomology (2.9) may be ex-
pressed as

H(ip)

- —> HP(Ap(M)) =3 HJ (M)

(Sb
BB P on L2 Y A () — - (2.10)
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for p > n. Now, we shall decompose the long exact sequence ( ) into a five-
term exact sequence:

0— Ims", | =ker H(iy) - H” (Ap(M))
. Sb
2w on T8 5P (00) 25 1msh,, — 0. @11

If pr (M) are finite-dimensional (for instance if M is compact), then we denote
by by (M) = dim Hf (M) the basic pth Betti number of M (see [7]). Since 0 <
dim(Im (Slb?) < bf (M) for p > n + 2, we have the following result.

PROPOSITION 2.3. Let M be a K -contact manifold of dimension 2n + 1 such that
Hlf (M) are finite-dimensional. Then the coeffective basic de Rham cohomology
group HP (Ap(M)) has finite dimension for p > n + 1.

Thus, for every p > n + 1, we can define the coeffective basic numbers of M by
¢l (M) = dim HP (A, (M)). Notice that ¢}/ (M) =0 for p <n — 1.
From ( ) we have

dim(Ims?, ) — dim H (Ap(M)) + dim Hy (M)
— dim H/P (M) + dim(8",, ) = 0
for p > n + 1, from which we deduce
dim(Ims} , ) — cf (M) + b}, (M) — b (M) + dim(Im 80 =0. (212

Now, as a consequence of ( ), we obtain that the coeffective basic numbers of
M are bounded by upper and lower limits depending on the basic Betti numbers
of the K -contact manifold M.

THEOREM 2.3. Let M be a K -contact manifold of dimension 2n 4 1 such that
H[f (M) are finite-dimensional. Then

by (M) — b2 (M) < ¢ (M) < b) (M) +b] " (M) (2.13)
forevery p>n—+ 1.
Since blz)" (M) =1 and bl’: (M) =0 for every p > 2n + 1, we obtain the following:

COROLLARY 2.1. Let M be a K-contact manifold of dimension 2n + 1. Then
" (M) =1.

We also have the following:
THEOREM 2.4. Let M be a compact Sasakian manifold of dimension 2n + 1. Then
ch (M) =b] (M) — b{j”(M) Vp>n+1. (2.14)

Proof. The proof follows in a similar manner the proof of Theorem 5.1 from [9]
or Theorem 4.1 from [14] and consists of computing the connecting mapping

b
8y
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Leta e H}f +2(M ). Taking into account the Hodge theory for basic forms on
compact Sasakian manifolds (see [7]), we may consider the unique harmonic rep-
resentative ¢ of the basic de Rham cohomology class a.

Then, by Lemma , there exists a harmonic basic p-form ¥ such that
LI// ¢. The theorem follows by the definition of the connecting homomorphism,
60 o0 =ldpyr) = O

In the end of this section, we give a relation between the coeffective de Rham
cohomology H*®(A(M)) of a compact K -contact manifold M [14] and our basic
coeffective de Rham cohomology of M.

Recall that if M is compact, then the Lie group of isometries of the metric g is
compact, and then the closure of the subgroup {exp(z£€)};cRr is a compact Abelian
Lie group, that s, it is isomorphic to a torus 7. Denoting by Fy; (M )7 the complex
of T -invariant forms on M, according to Proposition 7.2.1 from [7], the sequence

0— Fb(M)—>F (M)T F'_ (M)—0 (2.15)
is an exact sequence of complexes, which leads to the following long exact se-
quence in cohomology:

. - 5,
o — HP (M) =5 HP (M) 2> HP T M) = HP TN (M) — -, (2.16)

where §, is the connecting homomorphism given by 8,[¢] = [Le] = [dn] U [¢],
and j, is the composition of the map induced by 1z with the isomorphism
HP(F*M)T)= HP(M).

Taking into account that 1¢ L = Li¢, we have that

0 — Ap(M) —> A*(M)T =5 A2~ (M) — 0 2.17)

is an exact sequence of coeffective complexes, where A®(M) is the space of co-
effective forms on M, that is, of ¢ € F*(M) such that L¢ =0, and A°® (M)T is
the space of coeffective T -invariant forms.

Now, if we consider the long exact sequence in cohomology (2.16) for coef-
fective forms, then we obtain that the connecting homomorphism §,, vanishes for
every p, so we get the short exact sequence in coeffective cohomology,

0 —> HP(AM)) RN HP Y (Ap(M)) — 0 (2.18)

for every p > 1, which gives the following:

THEOREM 2.5. If M is a compact K -contact manifold of dimension 2n + 1, then
HP(AM) Z HP Y (Ay(M)) Vp=1,....,2n+1. (2.19)

3. Coeffective Basic Dolbeault Cohomology

In this section, we extend our study for basic forms with complex values on a
Sasakian manifold M obtaining a coeffective basic Dolbeault cohomology on M.
In the case where M is a compact Sasakian manifold, we prove a Hodge decom-
position theorem for coeffective basic de Rham cohomology of M, relating this



Coeffective Basic Cohomologies of K -Contact and Sasakian Manifolds 807

cohomology with basic coeffective Dolbeault cohomology of M. The notions are
introduced in a similar manner as for Kdhler manifolds; see [18].

For our purpose, the complex-valued forms on Sasakian manifolds play an im-
portant role. For this reason, we need to recall some notions about Dolbeault basic
operators on Sasakian manifolds. Notice that an endomorphism F determines a
complex structure on the contact distribution D = kern and that on a Sasakian
manifold we have Np(X,Y) =0 for any X, Y € D, where Nr denotes the Nijen-
huis tensor associated to F. Then the complexified space of basic p-forms admits
the decomposition

FlerC= P F* M), 3.1)

r+s=p

where F, ;"Y (M) is the space of basic forms of type (r, s), that is, the basic forms
that can be nonzero only when they act on r vector fields from D0 and on s
vector fields from D!, Here we have considered the decomposition of the com-
plexified contact distribution, namely, D ®@g C = D':* @ D! Then, by applying
the classical method used in the case of almost complex manifolds (see, e.g., [20],
p- 125-126) a simple calculation proves that

dpF)* (M) C BP0 () @ (M,
and so the basic exterior derivative admits the decomposition dj, = 9p + 9p, where
O (M) — FPYS (M) 8y FS (M) — F)5TH ().
By dg =0 we deduce
92 =7, = 90y + pdp = 0. (3.2)

On the other hand, we have the decomposition djw = 9w + 5250, induced
by the decomposition dp = 9p + 9}, of the basic differential and some formulas
similar to (3.2), namely,

=0, =09, +9,0; =0. (3.3)
Notice that the classical Hodge identities from Kéhler geometry also hold on
a compact Sasakian manifold, as shown in [25]. See also Lemma 7.2.7 from [7]

or Lemma 3.4.4 from [| 1] in a more general case of transversally Kéhlerian foli-
ations. If we define

Ap=dpd +didy, Ny, =005 + 505, Ag, =050, + 0,05, (34)
then we have the following:
LEmMA 3.1 ([7]). On a compact Sasakian manifold, we have

Ap = Ay, + Agb =27, = 2A§b.

Also, the equality 52 = 0 induces the differential complex (F} *(M), 3); its co-
homology groups

H)* (M) = ker{F}* (M) U FP5 T oy /o, (FP (M)
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are the analogs of Dolbeault cohomology groups from Kihler geometry (see [20;
1) and are called the basic Dolbeault cohomology groups of the Sasakian man-
ifold M [7]. In particular, there is a transverse Hodge theory for the operator 9;;
see [7; 12].
Since dn € F, bl o1 (M), as in the previous subsection, we consider the subspace
Ayt (M) C Fy* (M) defined by

AN (M) ={p € F (M) o Adn =0} = ker L prs (yy).-

A basic form ¢ € AZ’S (M) is said to be a coeffective (bigraduate) basic form of
bidegree (7, s).

By 3pdn = 0 the operator L commutes with the operator 3. Therefore, we can
consider the subcomplex of basic Dolbeault complex of M, namely, (A}°, dp)
for 0 <r <mn; it is called the coeffective basic Dolbeault complex of M. The
cohomology groups of this subcomplex are called coeffective basic Dolbeault
cohomology groups of M and are denoted by H"* (A, (M)).

Taking into account the decomposition (3.1), we obtain the following version
of Lemma 2.1 when L acts on F™* (M).

LemMA 3.2. The operator L : Fbr’S(M) — F;H’Hl (M) defined by Lo = ¢ Ndn
is injective for r +s < n — 1 and surjective forr +s >n — 1.

As a consequence of Lemma 3.2, we get the following:

PrOPOSITION 3.1. Let M be a regular Sasakian manifold of dimension 2n + 1.
Then AZ’S(M) ={0} for r +s <n — 1, and therefore

H™ (Ap(M)) ={0} forr+s<n-—1. (3.5)
Let us denote by [dn]p the basic Dolbeault class of d7n in Hbl’l(M ) and con-

sider the subspace of H,™* (M) given by the basic Dolbeault cohomology classes
truncated by the class [dn]p, namely,

Hy* (M) = {a € Hy"* (M)|a A ldn]p =0). (3.6)
Next, we define the mapping a5 : H™* (Ap(M)) — ﬁg‘S(M) by
ars({e}p) = l¢lp, 3.7

where {¢}p denotes the cohomology class of a coeffective basic form ¢ in
H"™*(Ap(M)), and [¢]p denotes the cohomology class of a basic form ¢ in
H,;’* (M). This mapping allows us to give the following relation between the coef-
fective basic Dolbeault cohomology groups of the Sasakian manifold M and the
subspaces of the basic Dolbeault cohomology groups given by (3.6).

PrOPOSITION 3.2. If M is a regular Sasakian manifold of dimension 2n + 1, then
the mapping o, s defined by (3.7) is surjective for r + s > n.

Proof. Tt follows in a similar manner as in the proof of Proposition 2.6 from [ 18]
(for Kidhler manifolds) using the same technique as in Proposition 2.2. (]
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In the following, we relate the coeffective basic Dolbeault cohomology groups
and the subspaces of the basic Dolbeault cohomology groups given by (3.6) for
compact Sasakian manifolds, and we prove a coeffective version of the basic
Hodge decomposition theorem for coeffective basic Dolbeault cohomology.

Now by Lemma and taking into account that Ag preserves the bigradua-
tion of basic forms, we have the following version of Lemma when L acts on
the space ’HZ’S (M) =ker Az, of harmonic basic forms of type (r, s).

s—1,s—1

LeMMA 3.3. The operator L : H,, M) — HZ‘S (M) is surjective forr + s >
n+ 1.

THEOREM 3.1. For a compact Sasakian manifold M of dimension 2n + 1, we have
H™ (Ap(M)) = Hy* (M), (3.8)
forr+s #n.

Proof. Tt follows in a similar manner as in the proof of Theorem 3.2 from [18]
(for compact Kéhler manifolds), using the same technique as in Theorem 2.2. [J

Now, using this result, by similar arguments as in the proof of Theorem 3.3 from
[18] (for Kdhler manifolds) we will obtain a Hodge decomposition theorem for
coeffective basic Dolbeault cohomology of compact Sasakian manifolds.

THEOREM 3.2. If M is a compact Sasakian manifold of dimension 2n + 1, then
we have

(i) HP (M) =@/, Hy" (M);
(i) H?(Ap(M)) =@y H* (Ap(M) forr +s = n +1.
Proof. Leta e H If (M), and let ¢ be a representative of a. Without loss the gen-
erality, we can assume that ¢ is basic harmonic. From (3.1) we have the decom-
position
C=@pot- - FOrs+--+@0p,
and taking into account that ker A, = ker Az, since Az, =App = 0 and Az,
preserves the bigraduation, we have
Agb(pp,o == Agb(pr,s == A§b<ﬂ0,p =0.
Moreover, since dn is of bidegree (1, 1) basic form and ¢ A dn = 0, we have
PpoNdn=--=@rsNdn=--=@op Ndn=0.

Taking into account the Hodge theory for basic forms on Sasakian manifolds (see
[7]), we have

H (M) = (g e Hy (M)|g Adn € 9,(F) T (M)))
= {p e Hy (M)|ep Adn=0}. (3.9)
Thus, part (i) follows by (3.9).
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Now, from part (i), Theorem 2.2, and Theorem we have
HP (Ap(M) = H (M= @ H ()= @ H™ (Ay(M)),
r+s=p r+s=p

and part (ii) follows. O

Let us denote ¢,* (M) = dim H"* (Ap(M)).
COROLLARY 3.1. For a compact Sasakian manifold of dimension 2n + 1, we have
cp(My= Y (M)
r+s=p

forp>n+1.

ReEMARK 3.1. Using the same technique as in the previous section, we can relate
the coeffective basic Dolbeault cohomology of Sasakian manifolds by means of a
long exact sequence in basic cohomology, and we can prove that

RS (M) — Ry TSNy < S (M) < BES (M) 4+ BT (M) Vs =01,

where hy* (M) = dim H,* (M) are the basic Hodge (r, s)-numbers of M.
Also, when M is compact, we obtain

i (M) =hy (M) — by TSN M) e s >n+ L

4. Coeffective Basic Bott—Chern Cohomology

In this section, we first define the basic Bott—Chern and Aeppli cohomology of a
Sasakian manifold M, and we obtain a Hodge-Bott—Chern decomposition theo-
rem for basic forms of M. Next, in similar manner with the study of coeffective
basic de Rham and Dolbeault cohomology of M, we define and study a coeffec-
tive Bott—Chern cohomology for basic forms on M.

4.1. Hodge—Bott—Chern Decomposition for Basic Forms

In the first part of this subsection, we define the basic Bott—Chern and Aeppli co-
homology groups of M. In the second part, we define a basic Bott—Chern Lapla-
cian and obtain a Hodge—Bott—Chern-type decomposition theorem for basic forms
on M.

DEeFINITION 4.1. The differential complex
15— 39
o ET o) 22 ES (M)

aﬂb Fl:+1,s(M) ® Fg’s+1(M) — ... “4.1n
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is called the basic Bott—Chern complex of M, and the basic Bott—Chern cohomol-
ogy groups of M of bidegree (r, s) are given by

r,s
Hy, g (M)
ker(dp : F)S (M) — F, TS (M)} Nker{d, : F)* (M) — F)* T (M)
{33y : F, 71 (M) — F* (M)}

Next, as in the classical case (see [1; 5; 24]), we consider the dual of the basic
Bott—Chern cohomology groups given by

ker(dpdp : Fy* (M) — Fy ()
Im{d, : " (M) — F} (M)} +1Im{3, : Fy* ' (M) — F}* (M)}
and called the basic Aeppli cohomology groups of bidegree (r, s) of M.

Hzf,'ix(M) =

PROPOSITION 4.1. The exterior product induces a bilinear map

At HPE(M) x H)S (M) — HE P (). 4.2)

Proof. Let ¢, ¢ € F,*(M). If ¢ is dj-closed and  is ),05-closed, then ¢ A ¥
is 9p0p-closed. Also, if ¢ is dp-closed and ¥ is dp-exact, then ¢ A Y is dp-exact,
and if ¢ is 8,3,-exact and ¥ is 859,-closed, then ¢ A v is dj-exact.

For the last assertion, we have

_ 1 _
OAY =000 A = Edb[(ab —WOAY +(1)TON@— V] O

In particular,
Hy'w o (M) x H) "' (M) — H)') (M) = H)" (M) =R.
In the following, we define the Bott—Chern Laplacian for basic forms of type
(r, ) by
Aléc = 81,5;,(81,51,)* + 3;3;, + 5;51, 4.3)
This operator is self-adjoint, that is, (Agcw, )y = (e, AII’BCI//);,. Also, for a basic
form ¢ € F,* (M), we have

(ARc®, 9o = (0505(0p31)* @ + 05 0p9 + 0,050, @)
= ((3p05)* @, (3p05)* )b + (I, 0p) + (D9, 0p@)s
= 1@0p)* 01> + 1960 11> + 35011,
where [|¢]|% = (¢, ¢)p. Thus, we obtain the following:

PROPOSITION 4.2. AL =0 if and only if (3,05)*¢ = dp¢ = pp = 0.

We denote by 1, 5(M) the space of Ab --harmonic basic forms of type (r, )
on M.

Following the ideas from [27], we now show that HZ;C(M) is finite-
dimensional by analyzing the space of its harmonic basic forms. First, let us
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consider a related fourth-order elliptic differential operator (see [12] for general
transversally Hermitian foliations), namely,

AL = 05050, 0] -+ 05,05 9p0p -+ 05,00} dp + 95 0p0,0p + 0,0 + 05 0p.  (4.4)
This operator has the same kernel as Agc. Indeed,

0= (g, Abco)p
= 1959 1I> + 195912 + 13595 * @I + 185050 11> + 113; 360 1> + 19,0501,

and the three additional terms clearly do not give any additional conditions
and are automatically zero by the requirement d,¢ = d,¢ = 0. Essentially, the
presence of the second-order differential terms ensures that the spaces ker Agc
and ker Z]bac coincide. Using the classical Hodge identities for Sasakian mani-
folds (see Lemma 7.2.7 from [7]) in relation (4.4), we also obtain the follow-
ing:

ProposiTION 4.3. If M is a compact Sasakian manifold of dimension 2n + 1,
then

ZbBC = Agb Agb + 8;8;; + 5:5[,
Moreover, the harmonic spaces HZ'H (M)N FZ’S(M), ’HZ"Y (M), and H;’%C(M)

coincide, and also dn is harmonic basic (1, 1)-form with respect to every Lapla-
cian A\p, Agb, and Agc, respectively.

We have now the following:

THEOREM 4.1. Let M be a compact Sasakian manifold of dimension 2n + 1.
Then

(i) dim H;”%C(M) < 00;

(ii) there is an orthogonal decomposition

F* (M) = H's o (M) @ Im(3,05) ® (Im 3} + Im 3)); 4.5)
(iii) there are the canonical isomorphisms
Hyge(M) = Hy'po (M) = Hy* (M).

Proof. (i) Because only the highest order differential need to be kept for comput-
ing the principal symbol of a Laplace operator, by the calculations of ch from
Proposition 4.3 it follows that the principal symbol of ch is equal to that of the
square of the operator Az , and so it is positive. Thus, Z%C is elliptic, and hence
its kernel HZ’_‘%C(M ) is finite-dimensional.

With ch, elliptic, assertion (ii) then follows directly by applying elliptic the-
ory. For (iii), using the decomposition of (ii), we have

ker(dp + ) = M}, g (M) @ Im(39)). (4.6)
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This must be so since for a form ¢ € F,* (M) given by ¢ = ¢ + 9,050 + 9601 +
3,0, where ¥ € H5 (M), we have ¢ = 9, = 0 if and only if
0= (61, 9561 + ,62))5 + (62, I (3561 + 3,62))

= (0701 + 0,0, 0301 + 0,62)»

= 119561 + 0,627,
which implies 3[7“91 + 5;92 = 0, that is, desired decomposition from (4.6). Thus,
every cohomology class of H,;,’};C(M ) contains a unique harmonic representa-
tive, and H, (M) = H,3(M), that is, the first isomorphism of (iii). Since

ker ch = ker Agb, the second isomorphism of (iii) follows by HZ’s(M) =
7{2"? (M) and ’HZ’S (M) = ’HZ”%C (M). O

COROLLARY 4.1. If M is a compact Sasakian manifold of dimension 2n + 1, then
H;:%C (M) is finite-dimensional.

Now, let us define the Aeppli Laplacian for basic forms of type (r,s) on M
by

Ab = 8,37 + 359, + (3505)* 09, 4.7)
which is not elliptic, but if we change it by
Ab = 0,0 + 3,0, + 0,0, 0505 + 0050, 0} + 0p05,050; + 050} 0p0y,,  (4.8)

this is elliptic. ~
Now, if we denote #,°, (M) = ker Ab N F]* (M), then by applying elliptic
theory arguments, similar to Theorem 4.1, we have the following:

THEOREM 4.2. Let M be a compact Sasakian manifold of dimension 2n+ 1. Then

(1) dim?—lZ’SA (M) < o0;
(i) there is an orthogonal decomposition

Fy* (M) =H,% (M) @ (Im 3, + Im ) & Im(3,3;); (4.9)
(iii) there is a canonical isomorphism
Hy'W (M) = Hyy (M),

COROLLARY 4.2. If M is a compact Sasakian manifold, then H,; " (M) is finite-
dimensional.

Finally, let us remark that %5, gives an isomorphism H,’ (M) ~ H, /" 7* (M).

4.2. Coeffective Bott—Chern Cohomology for Basic Forms

In this subsection, we define and study a coeffective Bott—Chern cohomology for
basic forms on Sasakian manifolds.
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Since the operator L commutes with both operators 95 and 3p, we can consider
the subcomplex of Bott—Chern complex of M

o A ) 22 s
LI A (M) @ A (M) — - (4.10)

for 1 <r,s <n, called the coeffective basic Bott—Chern complex of M. The co-
homology groups of the complex ( ) are called coeffective basic Bott—Chern
cohomology groups of M and are denoted by Hl (Ay(M)).

By Lemma 3.2 we get the following:

PrROPOSITION 4.4. Let M be a regular Sasakian manifold of dimension 2n + 1.
Then

HEE(Ap (M) = {0} forr+s<n—1. A.11)

Since dpdn = 5;,(177 = 0, we have that [dn]pc € H];‘Cl (M), and we consider the
subspace of HI:,]SSC(M ) given by the basic Bott—Chern cohomology classes trun-
cated by the basic Bott—Chern class [dn]pc, namely,

HY e (M) = {a € HY'yo(M)la A [dnlae = 0). (4.12)
Next, we define the mapping o s : Hye(Ap(M)) — ﬁbr:‘gc (M) by

ars({etsc) = l¢lsc, (4.13)

where {p}gc denotes the cohomology class of a coeffective basic form ¢ in
Hé’é(Ab (M)), and [¢]sc denotes the basic cohomology class of a basic form
¢ in H;p(M). This mapping allows us to give a relation between the coeffec-
tive basic Bott—Chern cohomology groups of the Sasakian manifold M and the
subspaces of the basic Bott—Chern cohomology groups given by (4.12), just in
the case of coeffective basic de Rham and Dolbeault cohomology of M. In the
following, our aim is to find a link between the coeffective basic Bott—Chern co-
homology groups and the subspaces of the basic Bott—Chern cohomology groups
given by (4.12) for compact Sasakian manifolds and to prove a coeffective version
of the basic Hodge decomposition theorem for the basic Bott—Chern cohomology.

ProPOSITION 4.5. If M is a regular Sasakian manifold of dimension 2n + 1, then
the mapping o, s defined by ( ) is surjective forr +s > n.

Proof. Let a € Hyy(M), that is, a € H)’j (M) and a A [dylgc = 0 in
H;:gé‘“rl(M ). Consider a representative ¢ of a and suppose that ¢ ¢ AZ’S (M)
(notice that if ¢ € AZ‘S(M ), then ¢ defines a basic cohomology class in
Hg’é(Ab (M)) such that o, s({¢}BC) = a).

Since a A [dn]gc = 0, there exists o € FZ’S(M) such that ¢ A dn = 3,0,0.

Then, by Lemma there exists y € F;_I’S_I(M) such that Ly = o. Thus,
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L(p — 8p3py) = 0 and 3y(¢ — %dpy) = dp(¢ — %dpy) = 0. Hence, ¢ —
dpdpy defines a basic cohomology class in Hy(Ay(M)) such that o ({o —
dpy }BC) = a. O

Now, taking into account relation (2.4), the classical Hodge identities for Sasakian
manifolds, and Proposition 4.3, we have

Ab L — LAY = —2i0,0p, (4.14)

and so, if ¢ € H 'y (M), then Lo € ), > (M).

THEOREM 4.3. For a compact Sasakian manifold M of dimension 2n + 1, we have
HE(Ap(M)) = HY'y (M) (4.15)
forr+sé¢{n,n+1}.

Proof. Using an argument similar to that used in [18], we consider two cases
using the same technique as in Theorem

Casel:r+s<n-—1.

From ( ) we know that H]g’é (Ap(M)) = {0} for r +s < n — 1. Moreover,
from Theorem (the first isomorphism of (iii)) we have

Hyho (M) = {g € Hy 3o (M)p A di € 9,05(F)* (M)}
={gp EHZ”‘LC(M)W/\dn:O}. (4.16)
Thus, from Lemma 3.2 we conclude that ﬁg"gc(M) ={0} forr +s <n — 1. This
finishes the proof forr +s <n — 1.
Case2:r+s>n+2.
We will see that the mapping ;. ; given by ( ) is an isomorphism for r 5 >

n + 1. By Proposition 4.5 it suffices to show the injection.
Let a € Hi(Ap(M)) be such that . (a) = 0 in H,'~(M) and suppose that

@ is arepresentative of a. Since ;. 5(a) = o, s({@}Bc) = [¢]sc =0 in ﬁ;zEC(M),
there exists ¥ € Fg_l’s_l (M) such that

@ =0pdpV.

Suppose that v ¢ AZ_I’S_I (M) (notice that if ¥ € Az_l’s_l (M), then a =0, and
we conclude the proof). Since L commutes with d; and 3p, we have 9505 (L) =
L(3,0,%) = Ly = 0; therefore, L defines a basic Aeppli cohomology class
[Ly]a € Hl::‘i\ (M). From Theorem 4.2 (the isomorphism (iii)) we have

Ly =1+ 01 + 0py2
for Y1 € Hy* (M), y1 € F,~"*(M), and y» € F;*~ (M). Since r + 5 > n +2
and Y| € HZ”‘YA M) = Hg"v (M), by Lemma 3.3 there exists ¥ € ’Hg_l’s_l (M) =
"H,r;Al‘S*] (M) such that Liyp = ¢, and since r +s — 1 > n + 1, by Lemma
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there exist o] € F;_Z’S_I(M) and o, € Fl:_l’s_z(M) such that y; = Loy and
y» = Loy, respectively. Thus,

LY — Y2 — o1 — 0p02) =0 and  3,05(¥ — Y2 — dpo1 — 3p02) = @.

Then, a = {p}pc is the zero basic class in Hé‘é(Ab (M)), and this finishes the
proof. O

Now, using the previous result, by similar arguments as in the proof of Theo-
rem 3.2 we obtain a Hodge decomposition theorem for the coeffective basic Bott—
Chern cohomology of compact Sasakian manifolds.

THEOREM 4.4. If M is a compact Sasakian manifold of dimension 2n + 1, then
we have:

(i) HP (M) =@/ Hype(M);

(i) HP(Ap(M)) = @F, Hye(Ap(M)) forr +5s>n+2.

Finally, let us denote by cZ”SBC(M ) = dim H ¢ (Ap(M)). Then we have the fol-
lowing:

COROLLARY 4.3. If M is a compact Sasakian manifold of dimension 2n + 1, then

ch (M) = Z CZ,SBC(M)’ forr+s>n+2.
r+s=p
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