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Flat Bundles and Commutator Lengths

R. INANC BAYKUR

1. Introduction

The study of commutator lengths in various structure groups for fiber bundles has
a long history in topology, where Milnor’s 1958 paper on flat disk bundles [11]
and Wood’s follow-up 1971 paper on flat circle bundles [16] played avantgarde
roles. More recently, several results on (stable) commutator lengths in mapping
class groups of surfaces were obtained with the help of gauge theory; see, for
instance, [5; 8; 9]. In [2], Korkmaz, Monden, and the author proved the follow-
ing theorem in the same vein: Let § be a boundary parallel simple-closed curve
on an orientable surface ¥ of genus g > 2 with boundary, and let #5 denote the
positive Dehn twist along § in the mapping class group Map(XZ). Then the com-
mutator length of # is L@J , the floor of % € Z[%]. This led the first precise
calculation of a nonzero stable commutator length of an element in a mapping
class group of a surface of genus g > 2. (See Theorem 5 below.) The authors’
proof of this theorem relied on celebrated results on Seiberg—Witten invariants
of symplectic 4-manifolds and on mapping class group factorizations featuring a
generalized lantern relation. We will give a more elementary proof of this theorem
by reviewing an argument of Morita in [12] using Euler classes of fiber bundles
and the Milnor—Wood inequalities on one hand and by employing push maps on
the other; see Section 2.

A curious open question on surface bundles asks whether or not there exists a
closed surface bundle over a closed surface that does not admit a flat connection.
An “approximate” answer to this problem was given by Bestvina, Church, and
Souto [3], who proved that the Atiyah—Kodaira surface bundles do not admit flat
connections for which some distinguished sections are flat. The Atiyah—Kodaira
examples are holomorphic bundles on complex surfaces of general type, whose
construction for given fiber and base genera (g, #) (with the desired sections of
high self-intersection numbers) is a rather challenging task. Moreover, Parshin’s
proof of the geometric Shafarevich conjecture implies that there can be at most
finitely many of such examples for fixed (g, #). However, these bundles being
holomorphic is irrelevant to the above question — as we will see, it can be dropped
S0 as to obtain a much more general result, which is the main theorem of this
article:
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THEOREM 1. For every fixed pair of integers g, h > 2 such that h > 4 for g =2,
there is an infinite family of pairwise nonhomotopic 4-manifolds, each of which
admits a genus g surface bundle over a genus h surface with a distinguished
section such that the bundle admits a flat connection but does not admit any for
which the section is parallel.

As suggested by the abundance of the bundles we build versus the finiteness re-
sult of Parshin, we will note that the total spaces of these bundles do not admit
complex structures with either orientations (although all can be made symplectic),
which in this sense complements the examples of [3].

Morita [12] showed that the exact sequence

1 — Diff{ (£) — Diff"(X) — Map(X) — 1

is not right-split for ¥ an orientable genus g > 2 surface with k > 1 marked
points. Here Diffar (X) denotes the normal subgroup of Diff™(X) that consists
of elements that are isotopic to identity via isotopies fixing the marked points. We
give a new proof of this theorem, which follows from the following:

COROLLARY 2. Foreach g, h > 2, there are homomorphisms w1(X)) — Map(Z),
where X is a genus g surface with r > 1 marked points whose images do not lift
to Diff™ (X). There are infinitely many conjugacy classes of such mappings for
each g, h > 2, provided that h > 4 if g = 2.

The strategy for deriving the above corollary from Theorem | is similar to that of
[31], except that our topological constructions drastically simplify the generaliza-
tion of the case r =1 to any r > 1.

2. Sections of Flat Bundles and Commutator Lengths

Let Eé{’r denote a compact oriented surface of genus g with s boundary com-
ponents and r marked points in the interior. We denote by Diff*(X) the group
of orientation-preserving self-diffeomorphisms of ¥ = X . that restrict to the
identity on the marked points and on some open neighborhood of the boundary.
The identity component of this group is denoted by Diffg (X). The mapping class
group of ¥ is then defined as Map(X) = Diff" (X)/ Diffar (X). Whenever r or s
is zero, we simply drop it from the notation.

Let f: X — B be a (locally trivial) oriented bundle over a compact oriented
surface B with a regular fiber F = Zg; of genus g > 1. Note that when s > 0,
the restriction of f to dX is a circle bundle over B. Let o : B — Int(X) be a
section of f: X — B, then the two-dimensional submanifold S = o (B) of X
intersects each fiber positively at one point. Conversely, whenever we have such
a submanifold S C Int(X) intersecting each fiber at one point, we can define a
section o with image S. So by a slight abuse of language, we will also call S a
section of f.

A theorem of Earle and Eells, and its extension to compact surfaces with
boundary by Earle and Schatz, show that Diffa' (Eg,) is contractible for g > 2.
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It follows that the bundles f : X — B with regular fiber F = X, and with distin-
guished sections Sy are classified (up to bundle isomorphisms) by the monodromy
representations [Ly : w1 (B) — Map(Xg 1) (up to conjugacy), and such a bundle
admits a flat connection for which S is parallel if and only if the corresponding
representation can be lifted to a map w1 (B) — Diffa' (2¢,1). The analogous state-
ments hold when we drop the assumption on the sections and the marked point
above.

2.1. Upper Bounds on the Self-Intersection Numbers of Sections

A sharp upper bound on the self-intersection number of a section of a surface bun-
dle over a surface was originally obtained by Morita [13] and was later obtained
using gauge theory in [2] and [4]. This bound constitutes one side of the inequal-
ity leading to the calculation of the precise commutator length of the boundary
parallel Dehn twist in Map(X é) [2]. For completeness, we provide a detailed ac-
count of the arguments yielding to the proof of this fact, which follow the same
approach as in [13].

For g > 2, a classical construction by Nielsen shows that the self-diffeomor-
phisms of ¥, fixing a marked point p € X can be lifted to 71 (X,)-equivariant
quasi-isomorphisms of the hyperbolic space 2, which in turn can be extended
to obtain a well-defined homeomorphism on the boundary d H? = §'. Using the
fact that X, is a K (711(X,), 1), it is then easy to see that we get a monomorphism
(e.g. [7. Section 5.5.6])

Map(Z, 1) — Homeo+(S1).

It then follows from the classical result of Wood [16] that the Euler number of
this circle bundle on S in absolute value is bounded above by 24 — 2 for h > 1.
If f: X — Xj admits a flat connection for which S is parallel, then we get the
lift
Difft(Z,.1)

- 7
[
-
e
~

nf
m1(B) ——> Map(Zg 1)

of the monodromy map wu r. In this case we obtain a refinement of the above
observation: We have an induced flat structure on the normal bundle vg of S,
which is given by composing i s with the derivative map at the fixed point p:

D
Diff* (%,,) — GL™(T, %)) =GL' (2, R).

As shown by Milnor [ 1], in this case, the Euler number of the normal disk bundle
on S (and thus that of the circle bundle) in absolute value is bounded above by
h — 1linstead of & > 1.

Since the circle bundles we get on S are boundaries of normal (fibered) disk
bundles on it (e.g., [3, Proof of Theorem 1.2]), we conclude that the Euler number
of these bundles is nothing but the self-intersection number [S]%. We will revisit
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this claim in the next subsection; for now, we can summarize the above discussion
as the following:

PrROPOSITION 3. If S is a section of a genus g surface bundle f : X — Xj with
g, h > 1,then |[S1?| < 2h —2.If f admits a flat connection for which S is parallel,
then this bound improves to |[S]2| <h-1.

REMARK 4. In [2] it was moreover shown that a similar upper bound holds for Lef-
schetz fibrations if we remove the absolute value; a proof of this, for sections that
miss the critical locus, can be obtained using the above approach and following
the framework of [ 15] for example. The proofs in [2] and [4] use gauge theory, ap-
pealing to Seiberg—Witten invariants on minimal symplectic 4-manifolds and the
adjunction inequality for Seiberg—Witten basic classes. However, as seen from the
above discussion, the use of gauge theory is rather superfluous.

2.2. Surface Bundles and the Euler Class via Mapping Class Groups

Once again, assume tha that g > 2 and recall the Nielsen constructlon we sketched
above. Define Map(Eg, 1) as the pull-back of Map(X, 1) to Homeo (S1), the
subgroup of Homeo™ (R) consisting of homeomorphisms commuting with trans-
lation by 1. Then the central extension

1— Z — Homeo (S ) — Homeo™ (S') — 1
gives rise to the central extension
1 = Z — Map(Z,.1) — Map(Zg1) — 1.

The cocycle e € H 2(Map(E ¢.1; Z)) associated to this central extension is called
the Euler class for Map(X, 1), which is by construction the pull-back of the Euler
class eg1 of Homeo™® (S!) under the inclusion-induced homomorphism

H*(Map(Z,,1; Z)) — H*(Homeo™ (S'); Z).

On the other hand, we have the following central extension obtained from the
boundary capping homomorphism:

1 — Z— Map(Z,) - Map(Zg1) — 1,

where the kernel Z is generated by Dehn twists along a boundary parallel curve
8 on E;,. It is well known that the Euler class of Map(X, 1) associated from
this last central extension agrees with the former (see, for instance, [7. Sec-
tion 5.5.6]). As we will see shortly, the evaluation of the Euler class e on a 2-class
in Hy(Map X, 1; Z) = Z will give an integer, which is precisely the power n of
the boundary parallel Dehn twist 7.

The monodromy of a surface bundle f : X — B with regular fiber F = X,
and base B = X, is given by a factorization of the identity element 1 € Map(XZ,)
as

h
1= Jle. 8. (1)
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where o; and B; are images of standard basis elements a;, b; of 71 (B) under the
monodromy map (s : 7w1(B) — Map(Zg). The choice of a base point amounts
to determining this factorization only up to global conjugation.

Now, a section of 0 : B — X gives rise to a lift of relation (1) to a rela-
tion of the same form in Map(X, 1). Moreover, if we remove a fibered tubular
neighborhood N of the section S = o (B) from X, we obtain a surface bundle
flx\nv : X\ N — B with regular fibers homeomorphic to »!, which prescribes
a further lift of this relation in Map (X, 1) to a relation of the form

h
i = [ Tta. i, @

where «;, Bi are the lifts of «;, Bi, and t5 is a positive Dehn twist along the
boundary parallel curve § in X ;.

Considering the unit normal disk bundle on § obtained by the derivative map
along o, we get a fibered tubular neighborhood N of § isomorphic to vS. This
normal neighborhood is clearly isomorphic to the one we get by capping off every
fiber component diffeomorphic to X é by a 2-disk, where the centers of these disks
trace the section S. Choosing a framing on the 2-disk that caps off X g, amounts
to choosing a marked point on its boundary, and in turn, we obtain a push-off
S’ of S on the boundary of its tubular neighborhood. We can then see that the
negative of the power n of the boundary parallel Dehn twist 75 above equals to the
intersection number of S” and S [14] and therefore is equal to the self-intersection
number [S]?, as claimed in the previous subsection.

Conversely, whenever we have a factorization as in (2), we can construct a sur-
face bundle f : X — B, with a regular fiber F' = X, and base B = X, together
with a distinguished section § of self-intersection —n. Note that all the previous
arguments can be generalized to surface bundles that have other boundary com-
ponents as well.

Hence, by Proposition 3, we see that & > | (n + 3)/2] since an expression of
1§ as a product of 7 commutators in F; would correspond to a genus g surface
bundle over a genus & surface with a section S of self-intersection number —n. It
follows that the stable commutator length of 75 is bounded below by 1/2.

2.3. Realizing the Upper Bound and the Commutator Length Calculation

We will now show that the lower bound 1/2 for the stable commutator length
of a boundary parallel Dehn twist 75 is indeed achieved by expressing té‘ as the
maximum number of commutators allowed by Proposition

Korkmaz, Monden, and the author [2] obtained the following relation in
Map(D), where D is the 2-sphere with five holes, and §, ay, ..., a4, X1, ..., X4
are as shown in Figure

<l_[(tx1 ap txZ a1 >(tx3tc;k )16(4 u_';k) (3)
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Figure 1 The 2-sphere D with five boundary components §, ay, as,
a3, a4. The oriented paths «, a1, o, @3, oy for the push maps are as
shown

Here BY is a shorthand notation for the conjugation y8y ~! for any g and y in
the same mapping class group. We will reprove this fact by using “push maps,”
which we will describe shortly.

There is an elementary self-diffeomorphism of D, which is obtained by drag-
ging § around other boundary components along an oriented embedded arc o
without turning any one of the boundary circles. This is called the push map of §
along o, which we denote by Pushs(«). Let A be an annulus with one hole (i.e.,
a pair of pants), where the boundary of its hole is §, and where «, along with §, is
enclosed between its other two boundary components. Using the orientation on «
and D, we can label the two boundary curves of A by o’ and «” as the one “to the
left” of o and the one “to the right” of it, respectively. A key observation is that
Pushs(a) can be expressed as

Pushs(a) = ta/té_ll(;,l

in Map(D). (None of these is specific to D or § of course; the reader can turn to
[7. Section 4.2.1] for a general treatment.)

We will use push maps to derive the following generalized lantern relation
obtained in [2]:

2
t5 tal taz ta; ta4 = txl txz tx3 Z)C4 ) (4’)

which is equivalent to the daisy relation of [6]. We believe that the argument
we will present using push maps is very easy to visualize and can be directly
generalized to derive the analogous relation in a 2-sphere with n + 4 holes for any
n > 0 — with n = 0 giving the famous lantern relation.

Let «; be embedded arcs in D that enclose a; and have both of its end points
on the boundary component § fori =1, ..., 4, and « be the arc that encloses all
a;, as shown in Figure |. We orient all of them clockwise and view them as “loops
based at §”” — so the end points of the arcs on § do not matter. From the naturality
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of the push map it follows that
Pushg(cy) Pushs (o) Pushs (o3) Pushs (og) = Pushs(ajopozay) = Pushs (o)

(where the concatenation of the loops goes from left to right), which translates to

-1, —1,—1, ,—1,—1, ,—1,—1_ ,—1,—1
Il lay Ixply lay Ixsly loy Inyls 1, =15 L5

since the outer boundary component of the annulus containing « is null-
homotopic in D. Since a; and § are disjoint from all the other curves, t, and s
commute with all the other Dehn twists that appear above, allowing us to rewrite
this equation to obtain relation (4).

Taking the kth power of both sides of (4), we have
2%k k ok k ko —k k
Is taltazta3ta4tx4 = (txltx2tx3)

b 7 !k
:(txltxz)(txltxz) 3(t)C]t)Cz)~3 "'([xltxz) 3 tx3

k i—1
B (H(% IX2)IX3 )t)]c(r
i=1
Lastly, we take the Dehn twists along a; on the left to the right-hand side to
obtain relation (3). We can now embed D into a genus g > 2 surface ¥ with two
boundary components § (which is the same as the § boundary of D) and §y by
identifying a; and a4 as in Figure 2. So we obtain the relation

k
i—1
12k = <H(let‘;1tmta‘1‘)’x3 )(zf}@"t@@") 5)
i=1
k i—1
= <l_[[tx1ta21,¢]% )[t!gfaf, ¥l ©6)

i=1
in Map(X). Here ¢ and ¢ are orientation-preserving self-diffeomorphisms of ¥
relative to 0¥ mapping xi, ap to aj, xp and x3, a4 to a3, x4 in the same or-
der, respectively. For later purposes, we can moreover assume that both ¢ and
Y are supported on the genus 2 subdomain of ¥ containing all these curves and
8 (and not §p; see Figure 2) and such that they become isotopic to the identity
once the boundary component § is capped off. Whenever there is such a self-
diffeomorphism, we can insert a commutator; for example,
ko bk k=

x3tas “x4'az

k3tazkt]]/‘/(a4)t1;é{x3) =tk kpik ik =1k Ky
Thus, we see that tazk can be expressed as the product of k£ 4+ 1 commutators in X.
Writing t32k as a product of £ + 1 commutators as above and using the lantern
relation, we can also show that t82k+1 can be expressed as a product of k + 2
commutators, the argument for which is readily available in [2] and will not be
repeated here.
Hence, having realized the upper bound given in Proposition 3, we obtained a

new proof of the following theorem.
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X5 a=a, ag X4 =g

X3 &3

X a,
(ii)
Figure 2 The boundary curves § and §y are as given above. The

genus two subdomain in (i) embeds into a genus g > 3 surface as seen
in (ii)

THEOREM 5 (Baykur, Korkmaz, and Monden [2]). Let g >2,n > 1, and let ¥ be
a compact connected oriented surface of genus g with boundary. Let § be one of
the boundary components of ¥. Then the nth power t§ of the Dehn twist about
8 is a product of | (n + 3) /2] commutators. It follows that the stable commutator
length of ts is 1/2.

REMARK 6. The interested reader can compare the last statement in the above
theorem that the stable commutator length of 75 is 1/2 with the calculation of the
vertical Euler class |le|| = 1/2 by Morita [13].

3. Surface Bundles and Flat Connections

We begin with proving Theorem |. From relation (3) we already have a genus g
surface bundle over a genus % surface with a section of self-intersection 27 — 2.
We will see later that this bundle is flat. Our first goal is to slightly modify this
bundle to obtain an infinite family of bundles with the same fiber and base genera,
possessing a section of self-intersection 2k — 2. These will still be flat as surface
bundles. Finally, by computing the first homology of the total spaces of these
bundles, we will verify that we obtain pairwise homotopy inequivalent bundles.

Proof of Theorem I. Let X be a genus g > 2 surface with two boundary compo-
nents § and 8g. As shown above, relation (3) holds in Map(X), which prescribes
a genus g surface bundle over a genus & = k + 1 surface with two sections S and
So of self-intersections 2k — 2 and 0, respectively.

Building on relation (3), we will construct two families of surface bundles with
fiber genus g > 3 and g = 2, respectively.
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Let first g > 3, and let » be a nonseparating curve on ¥ disjoint from a;, x;,
as shown in Figure 2. For ¢ and v as before (described right after equation (5)
above), the following relation holds in Map(X):

k
13" = (]_[[txl o el )[r’g o, Wl " (7
i=1
k
= (]’[m.ta;, 1 ) NONRTZ/0 ®)
i=1
since ¥ and 7, commute.

Capping off the boundary components of ¥ by two disjoint disks, we will
obtain our first family of promised bundles. Under the natural homomorphism
from Map(X) to Map(X,), the mapping class group of the closed genus g surface
induced by capping off the boundary components of ¥ by two disjoint disks, the
above relation maps to the relation

1= ]"[[tal PRI N (N B AV A7 ©)
i=1
in Map(Zg). Recall from earlier that such a factorization of identity specifies a
genus g bundle over a genus 4 =k + 1 bundle, and the very fact that they lift to
relations as before hands us distinguished sections with self-intersections read off
from the powers of boundary parallel Dehn twists in these relations. Thus, we get
a family of genus g > 3 surface bundles f, : X;, — X with two sections § and
So of self-intersections 24 — 2 and 0, respectively.
Now let g =2, and b; be the nonseparating curve on X that is geometrically
dual to ay; see Figure 2. The following relation holds in Map(X):

k
15t = (]‘[[rxl ) ) teta i 1] (10)
i=1
We thus get our second family of bundles: what we have in hand is a family of
genus 2 surface bundles g, : Y,;, - X1 for h =k + 1, with two sections S and
So of self-intersections 24 — 2 and 0, respectively, which are prescribed by

k
1= (]‘[[rul PRI )[r;; 1 Mep 11 = oyt ¥ L2 0eg, 11 (A1)
i=1

We will show that the bundles (X, fin) (resp. (Y, gm)), together with distin-

guished sections S, yield the desired families.
Let us first show that the bundles (X,,, f,,;) are all flat: We can lift all 5, and
f, to some #,, and 7, in Diffg’ (X,) that are curve twists compactly supported in
tubular neighborhoods of the associated curves disjoint from each other whenever
the pair of curves are disjoint. Thus the supports of t,,, 1,,, 4, are chosen to be
pairwise disjoint, and the support of 7, is disjoint from the first two. We then have
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the following lift of the monodromy factorization in Diffar (X,):

£ = [iq 0, LK . (12)

az-a >’

Since #,, and #,, have supports disjoint from that of 7, they commute with it in
Diff (Z,). Hence, we get £ = 1 in Diff; (X,), showing that our bundle is flat.
For (Y,,, gm), we can argue similarly and show that the factorization on the right-
hand side of (9) lifts to a factorization of the identity in Diffar (X7), proving the
flatness of these bundles as well.

Next, we verify that for any m > 0, (X;,, fin) does not admit a flat connection
for which the section S is parallel. This simply follows from Proposition 3 since
the self-intersection number 2k — 2 of S obstructs this section to be parallel for
any h > 2. As for (Y;,, gm) along with the distinguished section S, recall that if &
is the base genus of this bundle, then the self-intersection number of S is 24 — 4.
So the Proposition 3 leads to the same obstruction, provided that # > 4 in this
case.

A straightforward calculation using the monodromy factorization of (X,,, fin)
shows that Hj(X,,) = Z*'+2¢=3 @ Z,,. 1t follows that X,, and X, are pairwise
nonhomotopic for any m # m’. Similarly, from the monodromy factorization of
(Y, gm), we calculate Hy(Y,,) = 72t a7, leading to the same conclusion.

O

REMARK 7. The constructions of the bundles (X, f») and (Y, g,) have obvious
geometric interpretations. These bundles are nothing but horizontal and vertical
stabilizations of the bundle one gets from the very first relation (5), as described
in Theorem 4 of [1]. That is, they are obtained by section summing and fiber
summing this initial bundle with some standard bundles.

We can in fact see that X,,, (resp. Y;;,) do not admit complex structures with either
orientation. This follows from Lemma 2 of [1] (also see [10]), which in this case
states that if X is the total space of a genus g surface bundle over a genus &
surface with g, & > 2 such that b>(X) > 0 and b1 (X) odd, then X does not admit
a complex structure with either orientation. Since each X, admits a section, we
have b (X,,) > 2 > 0. We also see that b1 (X,,) = 2h+2g — 3 is odd. We conclude
that X,, does not admit a complex structure with either orientation. The claim is
proved for Y, in an identical way. We conclude that the existence of flat bundles
with sections that admit no flat connections making the sections parallel is not
relevant to the bundles being holomorphic or not. Product bundles on X5 x X,
with diagonal sections and, in general, Atiyah—Kodaira examples covered in [3]
are all holomorphic, whereas the previously obtained 4-manifolds X, and Y,
do not admit complex structures with either orientation. We also note that our
examples span all possible g, > 2 (even when g =2 and h = 2,3, we have
one example). Yet another qualitative difference between the bundles used in [3]
and the ones we constructed is the existence of the self-intersection zero section
So that is disjoint from the section S of self-intersection 2k — 2. This difference
simplifies our derivation of Corollary 2 greatly.
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Proof of Corollary 2. For all g > 3 and h > 2, we constructed a genus g surface
bundle f,, : X,, — X with two sections S and Sy of self-intersections 24 — 2
and 0, respectively. On the other hand, for g =2 and & > 4, we obtained a genus
2 surface bundle g,, : Y;, — X, with two sections S and Sy of self-intersections
2h — 4 and 0, respectively. We will present our arguments for the former, which
can be then easily adapted for the latter.

For any r > 2, let Sy, ..., Sy—1 be sections of f,, obtained by pushing the self-
intersection zero section Sg off itself, all disjoint from each other and S. Let us
also label S as S,. When r = 1, we only take S;. (Although the first r — 1 sections
are obviously homotopic, in what follows, we need to have disjoint sections, not
necessarily distinct ones.) Thus, we have S, disjoint sections of (X, f;), which
prescribes the monodromy map w y,, : w1(Z,) — Map(X), where X is a genus
g surface with r marked points. If the subgroup u , (;r1(Z;)) of Map(X) were
to lift to Diff™ (X), then we would get a lift of the monodromy & fo - T1(Z0) —>
Diff™ (X). This however implies that the section S is parallel with respect to some
flat connection, which is impossible by Proposition 3. Hence, u f,, (1(Z;)) <
Map(X) cannot be lifted to Diff* (). Varying m € Z* hands us the infinitely
many nonconjugate subgroups, as promised. O
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