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Local Dynamics of Holomorphic Maps
in C2? with a Jordan Fixed Point

FENnG RoONG

1. Introduction

Many authors have studied the local dynamics of holomorphic maps in C” around
a fixed point; see, for example, [4; 6] for an introduction to this field and known
results. Most of the results are obtained under the assumption that the linear part
of the map at the fixed point is diagonalizable. There are few results in the non-
diagonalizable case. In [8], Coman and Dabija studied a special map with a Jordan
fixed point and described its stable and unstable manifolds. In [1], Abate provided
a systematic way of diagonalizing a map with a Jordan fixed point and proved
several results under certain assumptions. In [2], Abate showed the existence of
“parabolic curves” for holomorphic maps in C? with an isolated Jordan fixed point.
In [3], Abate studied a special map with a Jordan fixed point and proved the exis-
tence of an attracting domain under certain conditions. The aim of this paper is to
provide a detailed study of the local dynamics of holomorphic maps in C? with a
Jordan fixed point.

Let f be a holomorphic map in C? with a Jordan fixed point. In suitable local
coordinates (z,w), f can be written as

21 =Az+w+ pa(z,w) + p3(z,w) +---),

(1.1)
w; = AMw + q2(z, w) +g3(z,w) + -+ )

if A # 0 and as

z1=w+ pa(z,w) + p3z,w) + - -, 1.2)

wi = q2(z, w) + g3(z,w) + - -- '
if . = 0. Here p;(z,w) and ¢;(z, w) are homogeneous polynomials of degree i.

If |1| # 1 then we say that f has a hyperbolic Jordan fixed point. If [A\| = 1 and

A is not a root of unity, then we say that f has an elliptic Jordan fixed point. If
A is a root of unity, then we say that f has a parabolic Jordan fixed point and we
can consider a suitable iteration of f instead. Thus we will assume that A = 1 in
the parabolic case.

Received November 27, 2012. Revision received March 30, 2013.

The author is partially supported by the National Natural Science Foundation of China (Grant no.
11001172) and the Specialized Research Fund for the Doctoral Program of Higher Education of
China (Grant no. 20100073120067).

843



844 FENG RoNG

In analogy to the one-dimensional case, many authors have studied the exis-
tence of “parabolic curves” in higher dimensions (see Section 2 for the definition).
Our detailed study of the local dynamics of holomorphic maps in C? with a Jordan
fixed point can be summarized as follows.

THEOREM 1.1.  Let f be a holomorphic map in C? with a Jordan fixed point. Then
the following statements hold.

(1) If f has an elliptic Jordan fixed point, then f has no parabolic curves.

(2) If f has a nonisolated parabolic Jordan fixed point, then f may or may not
have parabolic curves and f has no attracting domains.

(3) If f has an isolated parabolic Jordan fixed point, then [ always has parabolic
curves but f may or may not have attracting domains.

(4) If f has a hyperbolic Jordan fixed point, then f or f~' always has an attract-
ing domain.

In Section 2 we recall some basic definitions and results in local holomorphic
dynamics. The hyperbolic case is quite easy and is dealt with in Section 6. The
elliptic case is taken care of in Section 5. The parabolic case is quite involved; we
study that case in Sections 3 and 4, where we also make more precise the state-
ments (2) and (3) in Theorem 1.1.

REMARK 1.2. If A # 0, then the iteration of f reads as
Zn = X2+ nw + Pz, w) + Pz w) +---),
wy, = M"(w + g2(z, w) + g3(z, w) +--+).

From the linear part it is easy to see that if (z,, w,) goes to (0,0) then [z, : w,]
goes to [1 : 0]. Thus the “attracting” dynamics of f is concentrated in the direc-
tion [z : w] = [1 : 0]. In particular, this justifies blowing up f in the direction
[1 : 0] in the nonhyperbolic case.

2. Preliminaries

Let f(z,w) = (fi(z,w), f2(z,w)) be a holomorphic map tangent to the iden-
tity at the origin O; that is, fi(z,w) = z + pa(z,w) + --- and fr(z,w) =
w—+¢qa2(z,w)+--- . The order v of f at O is by definition the minimum of i such
that either p;(z, w) # 0 or g;(z, w) # 0. A direction [z : w] is called a character-
istic direction of f if there exists a A € C such that p,(z, w) = Az and ¢, (z, w) =
Aw. If & # 0 then [z : w] is said to be nondegenerate, and otherwise it is said to
be degenerate. If p,(z, w) = zr(z,w) and ¢, (z, w) = wr(z, w) for some r(z, w)
then f is said to be dicritical at O, and otherwise it is said to be nondicritical.

A parabolic curve for f at O is the image of an injective analytic disc ¢ : A —
C? (where A is the unit disc in C) such that ¢ is continuous up to the boundary of
A, O = ¢(1), f(p(A)) C ¢(A), and for any p € p(A) we havelim, o, f"(p) =
0. Moreover, ¢ is said to be tangent to a direction [v] e P! at O if [p(1)] — [v]
for t — 1. Here [-] denotes the canonical projection of C? onto P'.
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THEOREM 2.1 [9, Thm. 1.3]. Let f be a holomorphic map in C? tangent to the
identity at O of order v. If [v] is a nondegenerate characteristic direction of f,
then there exist at least v — 1 parabolic curves at O that are tangent to the direc-
tion [v].

Assume that f has a nondegenerate characteristic direction [v]. After a linear trans-
formation, we can assume that [v] = [1 : 0] and f can be written as

z21=z+ P(z,w) + O+ 1),
wi=w+ 0y(z,w) + O+ 1)
with [P(1,0) : Q(1,0)] = A[1 : 0] for some A # 0. Under the blow-up {z = u,
w = uv}, the blow-up map is given by
uy = u+u"Py(1,v) + O™,
v =v+u'"RW) + 0W),
where R(v) = Q,(1,v) — vP,(1,v). The director of f in the direction [v] is de-
fined to be R'(0)/P,(1,0), which is an invariant (cf. [9, Prop. 2.4]).
Write R(v) = Zf:ll a;v'. Note thata; = Oforalll <i < v+1ifand only if f

is dicritical at O. If f is nondicritical at O, then the nondicritical order of f at O
is defined to be

wi=min{i —1:a; #0,1 <i <v 41},
which is also an invariant (cf. [13, Lemma 2.1]).
THEOREM 2.2 [9, Thm. 5.1; 13, Thm. 1.5]. Let f be a holomorphic map in C?
tangent to the identity at O, let [v] be a nondegenerate characteristic direction of
f, and let o be the director in the direction [v]. Then f admits an attracting do-

main at O tangent to the direction [v] if and only if Re @ > 0 or u > 1 (in which
case a = 0).

3. Nonisolated Parabolic Jordan Fixed Point

If f has a nonisolated parabolic Jordan fixed point, then under the normal form
(1.1) the curve of fixed points is given by {w + g(z,w) = 0}, where g(z,w) =
0(2), and f can be written as

z1=z+ W+ gz, w)d + p(z,w)),

wp=w + (w+g(z,w))q(z, w).
Note that the curve of fixed points is nonsingular. Under the transformation w —

w + g(z,w), the curve of fixed points becomes {w = 0} and f can be written in
the following normal form:

z1=z4+w( + P(z,w)),

(3.1
w; = w+ wQ(z,w).
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Under the blow-up {z = u, w = uv}, the blow-up map f is given by

Uy =u—+uv(l —i—uﬁ(u,v)), 32)
v = v—v2+uv(Q(u,v) — vlé(u,v)), .

Vghere f’(u,v) = P(u,uv)/u, Ou,v) = O(u,uv)/u, and R(u,v) = P(u,v) +
O(u,v) +uP(u,v)Q(u,v).

Let Q(z,w) = qi(z,w) + g2(z,w) + --- be the homogeneous expansion of
0(z,w) and write ¢;(z,w) = a;z' +---,i > 1. Ifa; = O fori < k and a; #
0 for some k > 1, then we can blow up k times and the blow-up map f takes the
form

uy = u—+u* o+ 0Q)),
i (3.3)
vi=v+u""v(—kv+aiu + 0Q2)).
Equations (3.3) have one admissible characteristic direction [(k + 1) : ], which
is nondegenerate. Thus (by Theorem 2.1) f admits a parabolic curve if a; 7%= 0
for some k, which is the case if and only if w { Q(z, w).

REMARK 3.1. If w | Q(z,w) then we blow up only once and the blow-up map f
can be written as
uy =u+vu(l 4+ Ou)),

34
vy =v+v2(—1+0(u)). 4

Thus f is tangential along S := {v = 0} (cf. [5]). Obviously f admits a para-
bolic curve contained in the exceptional divisor {# = 0}, which is the parabolic
curve predicted by [5, Prop. 7.7] (since the “residual index” Ind( f S,0)is —1).
However, such a parabolic curve is not a parabolic curve for f.

In (3.1), write P(z,w) = p(z) + wPi(z, w) and Q(z, w) = q(2) + wQi(z, w).
Then, under the transformation z — z — z¢, f becomes

z1=z+w(l + p(zo) + O(1)),
w; = w(l +q(zo) + O(1)).

Thus (z9, 0) is also a parabolic Jordan fixed point of f for all z near O if and only
if ¢(z) = 0—thatis, w | Q(z, w) or in other words f is tangential along S.

If w{ O(z, w) then we can write f as in (3.3) and so it is nontangential along S.
By the previous paragraph, a result similar to [5, Prop. 7.8] does not even make
sense in our case. This is essentially due to the fact that in [5] a map is nontan-
gential along S if and only if u = v > 2 (cf. [5] for the notation), whereas in our
case we have u = v = 1.

Assume that o; = 0 for i < k and that oy # O for some k > 1. Then one readily
checks that the director of f in the direction [(k+ 1) : ay]is —(k + 1). Therefore,
by Theorem 2.2, f does not admit attracting domains in the direction [(k + 1) :
ai]; hence f has no attracting domains tangent to the direction [1 : 0] with fi-
nite order. (Here “finite order”” means that, after finitely many blow-ups, the strict
transform of an attracting domain or a parabolic curve is no longer tangent to the
direction [1 : 0].)
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Assume now that o; = 0 for alli > 1. Then f can be written as (3.4). Assume
that there exists a parabolic curve or an attracting domain tangent to the direction
[1: O] with infinite order. For (u,, v,) in the parabolic curve or the attracting do-
main, we have v, = o(u,) and u,, = o(1); hence the dynamics of f is essentially
the same as

Uy =u -+ vu,
v =v— v
Thus we have |v,| ~ 1/n, but then |u; 41| ~ |u,||1 + 1/n| > |u,|, a contradiction.
In short, we have the following result.

PROPOSITION 3.2. Let f be a holomorphic map in C* with a nonisolated para-
bolic Jordan fixed point. Then the following statements hold.

(1) The curve of fixed points S is always nonsingular, and f can be written in the
normal form (3.1).

(2) Let f be the blow-up map and denote the strict transform of S by S. Then S
is a curve of parabolic Jordan fixed points of f if and only if f is tangential
along S.

(3) If f is tangential along S, then f has no parabolic curves; if f is nontangen-
tial along S, then f has a parabolic curve. In either case, f has no attracting
domains.

4. Isolated Parabolic Jordan Fixed Point

The first part of Theorem 1.1(3) is exactly [2, Cor. 3.2], so in this section we will
focus on the study of attracting domains. In particular, we recover the attracting
domain found by Abate in [3] (see Remark 4.6).
Let f be a holomorphic map in C? with a parabolic Jordan fixed point. In suit-
able local coordinates (z, w), f can be written as
zi=z+w+ pa(z,w) + p3(z,w) + -,

@.1)
wy =w+q2(z,w) +g3(z,w) + -+ .

Write pa(z,w) = anz? + anzw + anw?, g2(z,w) = byuz* + bpzw + bpw?,
and

piz,w) = oz + 82w+ i Pwi 4,
i i—1 i-2.2 i-3,3 “.2)
gi(z,w) = yiz' + iz’ " w+ piz W + o Tw A
fori > 3.
Under the blow-up {z = u, w = uv}, the blow-up map is given by
Uy =u -+ uv + uzpz(l, v) + 0(u3),
4.3)

V=V — v? + uro(v) + u2r3(v) + O(u3),

where r;(v) = (1 —v)g;(1,v) — vp;(1,v) fori > 2.
If by # O then, under an additional blow-up {u = st, v = s} and the scaling
t — t/by, the blow-up map is given by
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S| =s — s> 45t + 0(3),
5 “4.4)
Hh=t—t"+2st+ 03).
Besides [1 : 0] and [0 : 1], (4.4) has one more characteristic direction, [2 : 3],
which is nondegenerate. One readily checks that the director of (4.4) in the di-
rection [2 : 3] is —6. Therefore, by Theorem 2.2, there is no attracting domain
along the only admissible direction [2 : 3] and so (4.4) does not admit attracting
domains.
From now on, we assume that b;; = 0. Then (4.3) is a map tangent to the iden-
tity of the form

Uy =u—~+uv+ a11u2 + 0(3),

5 5 4.5)
vy =v—0v"+ (b —an)uv + y3u” + 0Q3).
Caseay; =0
In this case, (4.5) takes the form
uy = u+ uv + 0Q3),
) 5 4.6)
vy =v—v" 4+ bpuv + ysu®+ 0Q3).
Subcase bj; = y3 =0
In this subcase, (4.6) takes the form
Uy =u—+uv+ 0Q3),
.7

v =v—v>+0Q@3).

Besides [1: 0] and [0 : 1], (4.7) has no other characteristic directions.
The only admissible direction [1 : 0] is degenerate, and our next result is obvious.

LEmMA 4.1.  (4.1) admits an attracting domain when a;; = by = b, = y3 =0
if and only if (4.7) admits an attracting domain in the direction [1 : 0].

The following result shows that the statement of Lemma 4.1 is not empty.
LEmMMA 4.2. Write (4.7) as

uy=u-+uv— pu)+v0Q?2),

v =v—v+q@)+v>001) + 0w,

where p(u) = au™ + O™ form = 3,qw) = Bu™ '+ Ow™), and k > 2m.
If Rea > 0and Re(B — (m — D) > 0, then (4.8) admits an attracting domain
tangent to the direction [1 : 0].

(4.8)

Proof. Blowing up (4.8) m — 1 times yields
si=s—as™+ 0(m+1),

. 4.9)

hH=t—(B—-—m—-—Da)s" t+ O0(m+1).

The lemma then follows from Theorem 2.2. O
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Subcase byy #0,y3 =0
In this subcase, (4.6) takes the form (after scaling u — u/byp)
Uy =u—+uv+ 0Q3),
5 (4.10)
vi=v—v"+uv+ 0Q0).
Besides [1 : 0] and [0 : 1], (4.10) has one more characteristic direction, [2 : 1],
which is nondegenerate. One readily checks that the director of (4.10) in the di-
rection [2 : 1] is —2. Therefore, by Theorem 2.2, there is no attracting domain
along [2 : 1].
The other admissible direction, [1 : 0], is degenerate. Under the linear transfor-
mation {x = v — u, y = v}, (4.10) is transformed as

x1=x_y2+0(3)7
yi=y—xy+ 0Q@).

Our next statement follows from the preceding paragraph.

.11

LEmMMA 4.3. (4.1) admits an attracting domain when a;; = byy = y3; = 0 and
by # 0 if and only if (4.10), or equivalently (4.11), admits an attracting domain
in the direction [1 : 0].

The next result shows that the statement of Lemma 3 is not empty.

LEmMA 4.4. Write (4.11) as
2
xp=x—y~— p(x)+yO(m),
: (4.12)
yi=y—=xy—q(x)+y0o@m),
where p(x) = ax™' 4+ O(x"™*Y) and q(x) = Bx" ' + O(x"*%), m > 2. If
Re o > 0, then (4.12) admits an attracting domain tangent to the direction [1 : 0].

Proof. By scaling x — x/a with a = %/ma, (4.12) becomes
2 1 m+1 m+2
Xp=x—y — Ex 4+ O0(x"") +y0O(m),

1 /3 m m
=y = —xy — ——=x"" 4+ 0" + yo(m).
a a

(4.13)

For 0 < § « ¢ small enough, set V. s = {r e C: 0 < |t| < ¢, |arg?| < §}.
Denote by D the open set {(x,y) € C? : x € V.5, |y| < |x|"+D/2}. We first show
that f(D) C D, where fis as in (4.13).

From (4.13) we have

1 2
X = x"’“(l Sl 2 4 ot + XO(m)) (4.14)
m X X
and 5 ) - .
ey (1= 2 L Loy fom). @)
a amt+l y y

For (x,y) € D we can write |y| = |x|” for some y = y(x,y) > (m + 1)/2. If
y < m then xmt = o(xy) and so it follows from (4.14), (4.15), and Rea > 0 that
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1l |lyl? 2 om+1 ” Iy
|y [+ = ||t l—gx—i— m X" o(x™)| < ||t

If |y| = |x|” for some m + 1 > y > m, then from (4.14) and (4.15) we obtain

P = 4 o)) < 1.
[xg|mtt x|t

If |y| = |x|” for some y > m + 1 then, by (4.14) and (4.15),

2
[yl
|xl|m+1

=0l +o()] < 1.
Write x = e(x)e®™ with 0 < e(x) < € and |8(x)| < 8. Put

z=1 —x”’(l —i—o(l)).
m

Then it is easy to see that |z| < I and that argz and §(x) are of different signs,
where |arg z| < |§(x)|. For (x,y) € D, from (4.13) we have

lxil =e(@)]z] <e(x) <e, larg x;| = [6(x) + argz| < [8(x)| < 6.
Thus we have shown that f (D) C D.
By (4.13),
11 y? y
)? = o +1 —i—mmer1 + O(x) + v O(m),
which for (x, y) € D yields
1
For the estimation of |y, |, we rewrite y; as
1 . .
vy = y(l ——x+ 0(m)> +dx® + O(x*th, “4.17)
a

where s = m + 1 and d = —B/a™ "' if B # 0 (otherwise s > m + 2). Set ¢ :=
Re(1/a).
Set by =1 — (1/a)x; + O(m). Then we have

n—1 n—1 n—1

Yo=Y l_[ by +d fo 1_[ b; + higher-order terms. (4.18)
k=0 I=0  j=I+1

For (x,y) € D, we have

n—1 n—1 n—1
1
l—[ b; =exp{ Z logbj} ~ exp{—— Z xj}. (4.19)
j=l+1 j=l+1 R
From (4.16) and (4.19) it follows that
n—1 n—1
[0~ exp{—c > j—lfm} ~ exp{—c(n'/™ — ['/m)}. (4.20)

Jj=l+1 j=l+1
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Therefore

n—1 n—1 n—1
Z|xl|s 1_[ |bj| ~ Zl—s/m CXp{—C(l’ll/m . ll/m)}
=0 =1

j=l+1

n—1
= exp{—cn'/™} Z 175/m exp{cl'/™y. (4.21)
I=1
For n large, we have
n—1 n
Zl’s/’” exp{cl'/™} ~/ 1= explet/™y dt ~ exp{cn/™n=CV/m  (4.22)
I=1 1
From (4.18), (4.20), (4.21), and (4.22), we finally obtain the estimate
Vol ~ (5 <00)5 lyal ~exp{—en™ VM) (s = 00).  (4.23)
nG=D/m
Since s > m + 1, from (4.16) and (4.23) we have [x,, : y,] — [1: 0] asn — oo.
O
Subcase y3 # 0
In this subcase, (4.6) takes the form (after scaling u — u//2ys )
uy=u—+uv+ 0(3),
) | s (4.24)
vp=v—v" +cuv+ ju” + 0@3),
where ¢ = b /+/2y3. Besides [0 : 1], (4.24) has two more characteristic direc-
tions, [c+ : 1], which are nondegenerate; here c+ = —c £ v/c? + 4. One readily
checks that the director of (4.24) in the direction [c4 : 1]isccy — 4. If ccqx — 4 =
0, then it is easy to check that ¢ is equal to 2i or ++/3i and that the nondicritical
order is 1. Therefore, by Theorem 2.2, there is an attracting domain along the ad-
missible direction [c4 : 1] if and only if Re(cc+ — 4) > 0 or ¢ is equal to +2i or
++/3i. In particular, if b = 0 then ccx — 4 = —4 and so (4.24) does not admit
attracting domains.

Caseay #0
In this case, (4.5) takes the form (after scaling u — u/ay;)

u1=u+u2~|—uv+0(3),

(4.25)
v = v —v? +auv + bu® + 0(3),
where a = blg/a” —land b = )/3/&121.
Subcase y3 =0
In this subcase, (4.25) takes the form
u=u+u>+uv+ 0(3),
(4.26)

vi=v—v>+auv+ 0Q@3).

Besides [1 : 0] and [0 : 1], (4.26) has one more characteristic direction, [2 : a — 1]
for a # 1, which is nondegenerate if a # —1 and is degenerate if a = —1.
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The admissible direction [1 : 0] is nondegenerate. One readily checks that the
director of (4.26) in the direction [1 : 0] is @ — 1 and that when a = 1, the non-
dicritical order is 1. Hence by Theorem 2.2 there is an attracting domain along
[1:0]if and only if Re(@a — 1) > Oora = 1.

So assume for now that a % 1. Under the linear transformation {x =u-+ % v,
y = v}, (4.26) is transformed as

xi=x+x>+ zjxy + 0(3),
o (4.27)
yi=y+ 5y +axy+ 003).

If a # —1, then the director of (4.26) in the direction [2 : a — 1] is 2=2%.
Therefore, by Theorem 2.2, there is an attracting domain along the admissible di-
rection [2 : a — 1] if and only if Re(2a_+21“) > 0. In particular, if b;, = ay; then
2(;31“ = 2 and so (4.26) admits an attracting domain.

If a = —1, then (4.27) takes the form
xi=x+x>— 2xy 4+ O(3),
yi=y—xy+ 00).

(4.28)

Note that, under the linear transformation {u = —2y, v = —x}, (4.28) becomes
(4.10). Our next lemma is a consequence of the foregoing discussion.

LEmMMA 4.5. (4.1) admits an attracting domain when by = b;; = y3 = 0 and
ayn # 0 if and only if (4.10), or equivalently (4.11), admits an attracting domain
in the direction [1 : 0].

Following the successive transformations from (4.1) to (4.11), the corresponding
(4.13) takes the form

X|=x— y2 — d/8x3 +o0(xH+ y0(2),
yi=y—xy+e/8x° + 0(x*) +y0(2),

where
b by —2 —
Y i R A - et R el SR CROY ")
an aip aip an aip aip

By Lemma 4.4, f admits an attracting domain in this subcase if Red > 0.

REMARK 4.6. In [3], Abate found an attracting domain for the map

n=z+w+az’+ puw?
(4.30)

w=w—+ w2,
under the condition Re o > 0. Observe first that (4.30) is an instance of the cur-
rent subcase, since b;; = y3 = 0 and a;; = o # 0. Second, in (4.30), a3 =
B3 = y4 = 0 and by, = 1. Thus the criterion we obtained previously becomes
Re(1/a) > 0, which is equivalent to Re « > 0. A more detailed analysis shows
that the attracting domain we obtain is indeed the same as Abate’s.
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Subcase y3 # 0

Assume first that y3 = ay by (i.e., b = a + 1). Then besides [0 : 1], (4.25) has
one more characteristic direction, [2 : b], which is nondegenerate if b # —2 and
is degenerate if b = —2.

Under the linear transformation {x = u — (2/b)v, y = v}, (4.25) is trans-

formed as ) H )
X]=Xx—X Z=xy + 0(3),
b+2 ) (4.31)
yi=y+ + (b+3)xy + bx* + 0(3).

If b # —2, then the director of (4.25) in the direction [2 : b] is —2. Therefore,
by Theorem 2.2, there is no attracting domain along the only admissible direction
[2 : b] and so (4.25) does not admit attracting domains.

If b = —2, then (4.31) takes the form

x=x—x24+00),
(4.32)
yi=y+xy—2x>+00).
Note that, under the linear transformation {y = y — x, v = x}, (4.32) becomes
(4.7). As a consequence we have the following result.

LeEmMmA 4.7. (4.1) admits an attracting domain when by = 0, ay; # 0, b;y =
—2ay, and y3 = —2ay; if and only if (4.7) admits an attracting domain in the
direction [1: 0].

Assume now that y3 # ay by, (i.e., b # a+1). Then besides [0 : 1], (4.25) has two
more characteristic directions, [es+ : di], which are nondegenerate. Here e; =
—(a+3)++/(a — 1)2 4+ 8bandds = 2(b—a—1)—e... Onereadily checks that the
director of (4.25) in the direction [e4 : d+]is —4 + 2((‘;“)“ If -4+ 2((?3;6*1) =
0 then the nondicritical order is either 1 or 2. Hence, by Theorem 2.2, there is

an attracting domain along [e1 : di] if and only if Re(—4 + 2((‘;:3;?1)) > 0 or
(a+3)ex
w4 2(b—a=1) :.O' . . N
The previous discussion shows that, in degenerate directions, the map can al-

ways be transformed into either (4.7) or (4.11). If a map can have attracting do-

mains only in degenerate directions, then we say the map is of degenerate type [

(resp. IT) if the map in that direction can be transformed into (4.7) (resp. (4.11)).
We summarize this section in the following formal proposition.

PROPOSITION 4.8. Let f be a holomorphic map in C? with an isolated par-

abolic Jordan fixed point as in (4.1). Set a = bp/ay — 1, b = y3/aj, ¢ =

bin/v/2y3,d = by Jan — (a3 + B3)/a}, +ya/ai, cx+ = —c £V c? +4,and e =

—(a +3) = /(a — 1)2 + 8b. Then the following statements hold.

(1) f has no attracting domain in case either byy # 0 or byy = 0, ay # 0, y3 #
0,b=a+1,and b £+ 2.

(2) f has attracting domains in case by = ayy = y3 = 0and a = 1.

(3) f is of degenerate type I in case either byy = ay; = y3 = by, = 0orby =0,
an #0,y3 #0,a = —3,and b = 2.
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(4) f is of degenerate type 11 in case either by, = ayy = y3 = 0 and by # 0 or
by = y3 = by = 0and ay # 0; in the latter case, | has attracting domains
if Red > 0.

(5) f has attracting domains in case byy = a;; = 0 and y; # 0 if and only if
Re(ccy —4) > 0 or c is equal to £2i or +/3i.

(6) f has attracting domains in case by = y3 = 0, ay; # 0, and a # %1 if and
only if Re(a — 1) > 0 or Re(%3¢) > 0.

(7) f has attracting domains in case by; = 0,a11 # 0, y3 20, andb #a + 1if

. 3 +3
and only if Re(—4 + ;&t;ﬁ)) >0o0r -4+ 2(((;7;?1) =0.

5. Elliptic Jordan Fixed Point

Let f be a holomorphic map in C? with an elliptic Jordan fixed point, where the
eigenvalue is A = ¢2™”, € R\Q. In suitable local coordinates (z,w), f can be
written as

21 =Mz 4w+ anz’ + apzw + apw?® + 0(3)),

(5.1)
wy = AW + byz? + bpzw + bpw? + 0(3)).
Under the blow-up {z = u, w = uv}, the blow-up map is given by
up = A +uv + 0u?)),
5.2)

vi=v—v>+byu+ 0(uv,u2).

Observe that (5.2) is a quasi-parabolic map in the direction [u : v] = [0 : 1]. The
local dynamics of such maps has been studied in [7; 10; 11; 12]. Since the direc-
tion [0 : 1] is not admissible and since [1 : 0] is an elliptic direction, we need to
consider the parabolic dynamics in a direction [« : 1] with o # 0.

Consider an invertible linear transformation {x = v 4+ au, y = bv + cu} with
¢ —ab # 0. Then (5.2) becomes

x1= —((c — blar + b)x + (a(r — 1) + by)y + 0(2)),

c—ab

vi= o (be(l = 1) = bbi)x + (ch — ab)y + 0(2)).

c—ab

(5.3)

In order for the linear part of (5.3) to be diagonal (so that we can apply the quasi-
parabolic theory or perform blow-ups), it is necessary that

ah—1)+b; =0,
C(l — )\.) — bbn = 0,

from which we get (¢ —ab)(A — 1) = 0. Since A # 1, we must have ¢ — ab = 0,
a contradiction.

6. Hyperbolic Jordan Fixed Point

Let f be a holomorphic map in C? with a hyperbolic Jordan fixed point, where
the eigenvalue is A (JA| # 1); if |A| > 1 then we can consider f ! instead. So we
will assume that |A| < 1.
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If & # 0 then, in suitable local coordinates (z, w), f can be written as

21 =Az+w+ 0Q2),

(6.1)
w; = A(w + 0(2)).
The nth iteration of f reads as
2 =X(z+nw+ 0Q2)),
(6.2)

w, = A" (w + 0(2)).

Since |A| < 1, it follows that nA" goes to zero as n goes to infinity; hence (z,,, w,)
goes to O as n goes to infinity for any (z, w) near O.
If & = 0 then, in suitable local coordinates (z, w), f can be written as

z=w+ 0(2),
(6.3)
w; = 0(2).
The nth iteration of f reads as
Zn=0@2",
(6.4)
w, = 02" 1.

Therefore, (z,, w,) goes to O as n goes to infinity for any (z, w) near O.
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