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Pullback of Parabolic Bundles
and Covers of P! \ {0, 1, oo}

AIJNEET DHILLON & SHELDON JOYNER

1. Introduction

We work over an algebraically closed ground field k of characteristic 0. If G is a fi-
nite group then, by [8], a G-torsor f: X — Y inthe category of algebraic varieties
can be viewed as a tensor functor Rep-G — Vect(Y). More concretely, the asso-
ciated tensor functor sends the representation V to the vector bundle f,(V ® 0)°.
When the cover ramifies, as was observed in [9], we need to put tensor functors in
the category of vector bundles with appropriate parabolic structure.

In the case where Y = P! we have f.(V x 0)¢ = @ O(s;). The integers s;
are difficult to compute, and one of our results is to find an upper bound on them
when there is ramification at 0, 1, and oo only. The bound described in Theo-
rem 8.4 and Example 8.6 improves the known bound in [3]. There is one case in
which it is easy to compute the integers s;,—namely, when the group G is cyclic.
Our method is a type of reduction to the cyclic case by removing ramification at
0. More precisely, the endomorphism z +— z" of P! algebraically de-loops loops
around the origin. Pulling back a cover along this morphism removes ramification
of order n at the origin. For our method to work we must define a pullback mor-
phism for parabolic bundles. As in [6] and [3], this entails using the equivalence
of categories (due to Biswas [2]) between parabolic bundles of a certain kind and
vector bundles on an associated root stack. The pullback operation is difficult to
reverse—that is, given a morphism f: X — Y of smooth projective curves and a
parabolic bundle F, on X, to construct a parabolic bundle on Y that pulls back to
F.. In fact, the difficulty in reversing the parabolic pullback gives a new explana-
tion for why it is difficult to compute the s;.

The interest in computing these s; can be explained as follows. A finite quotient
q: F» — G of the free group on two letters produces a cover X, — P! rami-
fied at three points. The absolute Galois group Gg of Q acts faithfully on such
covers. For a given ¢, however, the Galois action is difficult to understand; and it
is not known what finite quotient of Gg acts in sending the cover to some other
nonisomorphic cover. One way of addressing this question is to give a more alge-
braic construction of the cover. The theory of tannakian categories allows one to
do this. One should view the cover as a tensor functor into parabolic bundles and
then understand the Galois action on such tensor functors. This work should be
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200 AJNEET DHILLON & SHELDON JOYNER

seen as a first step toward understanding these tensor functors. In this paper we
identify their parabolic pullbacks. To understand the original functor amounts to
describing faithfully flat descent for parabolic bundles; this is a topic of future
work.

In Section 2 we recall some results of Nori on principal bundles and tensor func-
tors. Section 3 recalls the notion of root stack introduced in [4], and Section 4 in-
troduces parabolic bundles in our context. The definition here is equivalent to the
one in [7]; we also recall from [11] the construction of tensor product and internal
Hom for parabolic bundles. Section 5 is devoted to proving the orbifold—parabolic
correspondence in our context. This result is not new and goes back to [2], though
the formulation here is based on the results of [3].

The new results begin in Section 6, where we describe a construction on para-
bolic bundles that corresponds to the pullback of orbifold bundles. In Section 7
we use some combinatorics to describe the case of cyclic covers. Finally, Sec-
tion 8 gives an upper bound on the integers s; described previously in the case of
a G-cover of P! \ {0, 1, oo}; here, the group G need not be abelian.

ACKNOWLEDGMENTS. The authors wish to thank Donu Arapura and Jochen Hein-
loth for very helpful advice and conversations. The parabolic pullback was origi-
nally described to A.D. by Indranil Biswas. The authors became interested in this
topic after attending a lecture given by Vikram Balaji at the University of Western
Ontario in 2009.

NOTATION AND CONVENTIONS.

(i) k is an algebraically closed field of characteristic 0.
(ii) X is a connected smooth projective curve over k.
(iii) For x € R we use | x] to denote the floor of x (i.e., the largest integer smaller
than x).

2. Some Results of Nori

In this section we recall some results from [8] and [9]. We begin by recalling the
notion of a tannakian category. For a more detailed formulation the reader may
refer to [10] or [5].

Let L be a field. We denote by Vect(L) the category of finite-dimensional L-
vector spaces.

DEerINITION 2.1.  For any field L, a tannakian category over L consists of a qua-
druple (C, ®, F,U), where:

T1. Cis a small, L-linear, abelian category.

T2. F: C — Vect(L) is an L-linear additive faithful exact functor known as the
fiber functor;

T3. ®: C x C — Cis an associative and commutative functor that is L-linear in
each variable; and

T4. U is a unit for Q.



Pullback of Parabolic Bundles and Covers of P!\ {0, 1, 0o} 201

This data is subject to the following constraints:

Cl1. F preserves ®;

C2. F preserves the associativity and commutativity constraints;

C3. FU = k; and

C4. dim FV = 1if and only if there exists a V' € Objects(C) such that
VeVv'=uU.

REMARK 2.2.  One can use [5, Prop. 1.20] to show that the category C is neces-
sarily rigid.

If G is an affine group scheme over k, then the category Rep-G of finite-dimen-
sional left representations of G is a tannakian category over k. In fact, we have
the following theorem.

THEOREM 2.3. Any tannakian category over k is equivalent to Rep-G for some
affine group scheme G over k. Under this correspondence, a homomorphism of
affine group schemes corresponds to a tensor functor that commutes with the fiber
functor and preserves units.

For a scheme X over k, denote by Vect(X) the category of algebraic vector bundles
over X. The category Vect(X) is a k-linear tensor category. The tensor product is
associative and commutative and has a unit. Taking the fiber over a k-point gives
it the structure of a tannakian category.

DEFINITION 2.4. A rigid tensor G-functor on X is a k-linear exact ®-functor
F: Rep-G — Vect(X) such that:

F1. F commutes with ®;

F2. F preserves the associativity and commutativity constraint;

F3. tk FV =dimV; and

F4. F(Vyy) = Ox.

We denote the category of such functors by Func®(Rep-G, Vect(X)). A mor-
phism in this category is a natural transformation n: F — G such that the follow-
ing diagram commutes:

Rics F(Xi)) —— F(®ie1 Xi)

nJ Jn
®ie] G(X;) —— G(®iel Xi)'
Such a natural transformation is necessarily an isomorphism by [5, Prop. 1.13].
Given P — X a G-torsor, we obtain the natural functor
Fp € Func®(Rep-G, Vect(X))
givenby V = P xg V.

We denote by Bung, x the category of G-torsors over X. Notice that all the mor-
phisms in this category are isomorphisms.



202 AJNEET DHILLON & SHELDON JOYNER

THEOREM 2.5. There is an equivalence of categories
Bung, x => Func®(Rep-G, Vect(X)).
Proof. See [8]. 0O

We will mostly be interested in the case when G is a finite group and X =
P\ {0,1,00}. To make our setup more useful in this case, we need a ramified
version of Theorem 2.5. Such a theorem already exists in [9], but we wish to re-
state matters in terms of stacks. For now, we record a relevant corollary.

COROLLARY 2.6. Let H be another finite group acting on X. Denote by Bung X
the category of G-torsors with an action of H that commutes with the action of G.
Then we have an equivalence of categories

Bunfl y => Func®(Rep-G, Vecty (X)),
where Vect g (X) is the category of H-vector bundles on X.

Proof. Given a G-torsor P — X with a commuting H -action, foreach h € H a
tensor functor we obtain

Fj,: Rep-G — Vect(X).

Yet because the pullbacks P xx , X are all isomorphic, the functors described here
are all isomorphic by the theorem; hence we obtain a functor into Vecty (X).
Conversely, suppose that we have a tensor functor

F: Rep-G — Vecty (X).

Ignoring the H-action, we obtain a torsor P — X. Butnow the pullbacks P xx , X
are all isomorphic because the original bundles were H-bundles. O

3. Root Stacks

In this section we recall some constructions from [4].

We shall implicitly make use of the following fact throughout this section: giv-
ing a morphism from a scheme S to the quotient stack [A*/GX ] is the same as
giving a tuple (£, s,-)f.‘=1 of line bundles £; on S and sections s; € I'(S, £;); see
[4, Lemma 2.1.1].

Given a k-tuple 7 = (ry, ..., r) of positive integers, there is a morphism of quo-
tient stacks

6:: [A¥YGk ] — [A%GFK)
induced by the morphism
AF — AK
X1y ooy xp) = (x5 x5,

DEerINITION 3.1. LetD = (Dy,..., Dy) be a k-tuple of effective Cartier divisors
on a scheme S. These data define a morphism S — [A¥/ (ijl]. Define the root
stack Sp 7 to be
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Spi =S Xyt [AYGR L.

REMARK 3.2. Let f: T — S be a morphism. A lift of f to a T-point of Sp 7 is
the same as giving

My, ..., My, t, .tk @1, @1);

here the M; are line bundles on 7, the ¢; are isomorphisms M ir’ = f*O(D;), and
the t; are global sections of M; such that

¢i(1]") = sp,,

where sp, denotes the tautological section of O(D;) vanishing along D;.

PROPOSITION 3.3.  Let Y be a smooth projective curve with an action of a finite
group G. Let . Y — Y/G = X be the projection, and assume that the action is
generically free. Let the ramification divisor of ¥ be py + - - - + pi with ramifi-
cation indices ry,...,ri. Set D = (py,..., pr) and ¥ = (ry,...,ri). Then

[Y/G] = Xp 5.

Proof. Letm: Xp 7 — X be the canonical morphism, and write
V*(pi) =riD;.

Then the D; produce a G-equivariant morphism
a:Y — Xpr.

Hence the question of whether we have an isomorphism is a local one.

We consider an open affine Spec A C X with preimage Spec B C Y. We may
assume that p; € Spec A and p; ¢ Spec A fori > 1. Let s, be a parameter at p;.
Then 7 ~!(Spec A) is the quotient stack

[Spec(A[t]/(t" — sp,))/1nr,]
(see [4, Exam. 2.4.1]). We have the diagram
y———Y
Spec(A[7]/(t"" — s5p,)) —— X,

where Y is the normalization of Y restricted to Spec(A[z]/(z"" — sp,)). By
Abhyankar’s lemma, Y is a G-torsor and so we obtain a morphism

Spec(Alr]/(1"" = s5p,)) = [Y/G].
Because the torsor Y has a u-action, we see that this morphism gives the morphism
B [Spec(Alt]/("" = sp))/1r ] — [Y/G].

Now we need only show that « - 8 and § - @ are automorphisms, and this is easily
checked. O
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Consider a pair (D, 7) withD = (n(py,...,nipx) and 7 = (ry, ..., 7). We define

( kl )e ( LR )’ l"“’l ki
ID] red Pl pk B

where d; = ged(n;, ry).
PropOSITION 3.4.  There is a morphism

XD, = X(,7)-

Proof. Consider a scheme f: S — X. A lift of f to a point of X(p 7)., corre-
sponds to the tuple

(Ml""7Mk’tl’"‘5tk?¢l""7¢k)’

where the M; are line bundles, with global sections #; and isomorphisms

i/di  ~ i/di
@;: M,-r/ = f*Ox(pi), ¢it,'r/ =Sy,
Here s, is a section vanishing at p;.

Now, by [4, Rem. 2.2.2], the lifting of a morphism of stacks X(p 7)., = X to
X(p,7) is similar to the lifting of a morphism of schemes in that it entails the same

data as given in Remark 3.2. Observe that

nifdi  ni/di n;
M' ’ 1 ’ ¢i

A A

give the data of a morphism to X(p 7). O

ProposITION 3.5.  We work in the situation of Proposition 3.3. Suppose that
[Y/Gl = Xm,5)-
Consider f: Z — X with Z a smooth projective curve. Denote by f?f/ the nor-
malization of the fibered product
V4 Xx Y.
Then _
[/*Y/G] = Z(p.iea-

Proof. By the proof of Proposition 3.3, this result will follow once we have com-
puted the ramification indices of the morphism

fW—)Z.

Infinitesimally locally, the morphism ¥ — X is of the form y — y" and the
morphism Z — X is of the form z > z™. The pullback is the high-order cusp
y" = z™, which has d = gcd(n, m) branches in its resolution; a local calculation
then gives the result. O

We shall later need the following result.

PROPOSITION 3.6.  Every vector bundle on X(p 7 is locally a direct sum of line
bundles. Furthermore, if X = Spec(R) with R local, then Pic(X, ,) is cyclic of
order r and is generated by the canonical root line bundle.
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Proof. See [3, Prop. 3.12] and its proof. UJ

NotaTioN 3.7.  We will denote the canonical root line bundles on X(p 7y by

4. Parabolic Bundles

Let D = nyp;+- - -+ny py be an effective divisor on X with p; # p; fori # j and
n; > 0. We denote by D the tuple (n;p1,na2pa2,...,nipr). Fix a tuple of integers
P =(ry,...,r;) with r; > 1. The set

1 1
—Z XX —7
ry 14%

has a natural partial ordering with

X1 Xk Y1 Yk
— e, — 1< —,...,—
<r1 "k) ("1 Ik

Xi<yi

if and only if

ri ri

for all i. We shall often denote the poset

1 1
—7Z X X —1
r Tk
by
1
=7Z.
7
Ifoa = (ar,...,0) € %Z, then there is a natural shift functor [&] on the category
of functors

1 1 _\*®
<—Z X - X —Z) — Vect(X)

r Tk

given by precomposition with the addition functor

| 1
+o: s7Z — s7.
r r

DEFINITION 4.1. A parabolic bundle supported on D with 7-divisible weights is
a functor

1 1 \*
Fo: (—ZX cee % _Z> — Vect(X)

r Tk

with natural isomorphisms
j]-',,i: F. ®O(—l’l,p,) %]‘2[0,...,0,],0,...,0]

(with 1 in the ith position) that make the following diagram commute:
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‘7( nlpl)—>f[0 9 7"'30]

\/

These data are required to satisfy the following axioms.

(i) Ifo; < @} < «; + 1for all i, then coker(Fz — Fj) is a locally free Op-
module; here @ = («y, ..., o) and @’ = (o], ..., o).

(i) For every a = (ay,...,q;) € %Z we have that F; is the fibered product of
Fler)yooos Lai- )i Laigils .., Lag)) OVET Flay ... Loy )y: that s,

Fa= X Flah.loibai el lah)-
Flarly ooy L))
When the context is clear, we write jz ; = j;. The morphisms making up the

functor .
]—'5 — Fz, a < B,

are necessarily injective, so the second axiom merely asserts that
Fa = ﬂf(o,...,o,a,-,o,...,m

when «; > 0 and the intersection is as submodules of F o, ...,0)-

REMARK4.2. When the underlying divisor is reduced, this definition is equivalent
to the original one of Mehta and Seshadri in [7]. In other words, a Mehta—Seshadri
parabolic bundle with 7-divisible weights and parabolic structure along D consists
of a vector bundle £ and, for each p;, a filtration of

Enipi i =Ep; ® OX,p‘./ij
given by
Enipi = F1iEnip) 2+ 2 FunyiCCnip) 2 Fimy1+1,i(Enip) =0
and rational numbers (; ;)1< J<mp, of the form [/r; satisfying
O<oaii<-<aim, <1,
subject to the condition that
Fi(Enip )/ Fja1,i(Enip;)

is locally free as modules over Oy, p, /m.
Let F. be a parabolic bundle as in Definition 4.1. The quotients

Fo,....0m.0,....0/ F,...,0,1,0,...,0)
for 0 < [/r; < 1define a filtration
FiiF)2FRi(F)2---2F, (F)20

of .7:(0 ,,,,, 0)/.7‘—(0__.70,1,0__,70) = .7:(0 ,,,,, 0 ® O(—n;p;). We attach weights a; j to
F; i(F)) by setting «; ; = I/r;, where [ is maximal such that
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Fii(F) = Fo,....01n.0,....00/ Fo,...,0,1,0,...,0)-

This process is clearly reversible.

DEFINITION 4.3. A morphism of parabolic bundles is a natural transformation
¢: F. > T
such that the following diagram commutes:

ﬁ(_nipi)%-7:;[09---5091,07-“90]

J |

Fl(=nip)) = F!10,...,0,1,0,....0].

Denote by Vectp,(ID, 7) the category of 7-divisible parabolic bundles with para-
bolic structure along . By modifying constructions and arguments given in [!1],
it is possible to endow this category with the structure of a rigid tensor category.
This entails defining a suitable tensor product and internal Hom, which we de-
scribe next.

We have an addition bifunctor

1_\* 1_\* 1_\*
+: <:Z> X <:Z> g (:Z) .
r r r
DeriNITION 4.4.  Let £,, F., and P, be parabolic bundles. Then there is a functor
1 _\® 1 _\?
28.® F.: (:Z) X (;Z) — Vect(X).
r r
A bilinear morphism from &, and F, to P, is a natural transformation
n:EDF. - P.o+

such that, for every local section f € F; (resp., e € E3), there is a parabolic mor-
phism induced from 7:

&, — Plal. (tesp., F. — Plal.).
As before, let @ denote (a7, ..., ay) and similarly for B and y.

DEFINITION 4.5.  Given parabolic bundles £, and F, in Ob(Vect (DD, 7)), define
a functor

1\
E.Q®F).: <:Z> — Vect(X)

F
by setting
(69/34-;/:()( 55 ®OX "Ff)

Rg

where Rj is the Ox submodule of the direct sum, which is locally generated by
the sections

s

E.®F)s =

[E.B— BHIx®y —x ®[EG — Py
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forany,B—i—y —ﬂ +y =a. Here x € 5 and y € F5/; S(,B — ﬁ)]denotes
the morphism in Vect(X ), which is the i 1mage of the morphism 8 — £ in (1z)™
under the functor &, (and similarly for [F.(y" — 7)]); and

B,y
xX—Jj;'x

fori =1,...,k, where j; 7 denotes the morphism
(1 ® jri(P) o (e, i(B = (0,...,0,1,0,...,0) "' ® 1)
mapping
EF® Ty = EByospior,Bi—1, vty ) ® O(=nipi) @ T

— 5(ﬂla~--xﬂi—l,ﬂi*1xﬂi+l ----- B ® ‘7:(}/1»-~-,Vi—lvyi+1yyi+l ----- Yi)*

.....

Also define the morphism Yoz, = (£ ® F).@ — @') from (€ ® F)g to
(8 ® }')a/ in Vect(X) by specifying, for local sections x € &5 and y € Fj with
B+ = @, that

Vel s (x®y mod Rz) = ([€.(F — &' — )7)]x) ® y mod Rz
=x® (I£(7 — & — B)ly) mod Ry

It is now possible to define, for each i, the isomorphism j; associated to the functor
(€ ® F). as follows. Fori =1, ..., k, consider

I=Puejrii)
v
mapping

@5(&*}7) ® Fy ® O(—nipi) — @5(5*7) ® Fyt, oo vict, Vit Lyt vi) -
7 v

Then Jé(R& ® O(=nip;i)) = R,,...,a;+1,....ap)- Hence Jf descends to the quo-
tient, and we denote this morphism je oz, ;-

LEmMA 4.6. With these data, (£, ® F.). is a parabolic bundle with a bilinear
morphism

EBF —> (E.QF). o+

that is universal for all bilinear morphisms.

Proof. tis easy to check that (£, ® F)., je.or).,i) € Ob(Vectpyr (D, 7)).
To see the universal property, observe (as in [11]) that the canonical maps

Japi€a ®ox Fj —> (E.® F)aij
determine a canonical bilinear morphism
foile®@F —> (E.Q F) o+

of £ and F, to (€. ® F.). via the morphisms f.,f;: E. —> (E.® f.)[,é]. and
Ja..: F.— (E.® F)al. defined, respectively, for each fixed local section b € Fj
and a € &. Since the latter morphisms are canonical embeddings, it follows that



Pullback of Parabolic Bundles and Covers of P!\ {0, 1, 0o} 209

any bilinear morphism of £, and F, to some parabolic bundle P, factors uniquely
through (£, ® F.). o +. O

DEFINITION 4.7.  Given parabolic bundles &, and F, in Ob(Vect (DD, 7)), define
a functor

op
Hom(E., F.).: <iZ> — Vect(X)
r

by setting

Hom(E., F.)g == Hom(E., Flal.),
the (vector bundle of) natural transformations from the functor &, to the shifted
functor F[&],. The morphism & — f in (%Z)OP induces a natural transforma-
tion of Fla]. to F[B]. (i.e., the shift [8 — &]) and thereby induces the natural

transformation
Hom(E., F.)a — Hom(E.. F)j,

which we regard as the image of @ — E under the functor Hom(&,, F.)..
LEMMA 4.8.  For a given D and 7, the bundle category Vect (D, F) (with the ten-

sor product and internal Hom as in Definitions 4.5 and 4.7, respectively) is a rigid
tensor category.

Proof. This follows from the same arguments used to prove Lemmas 3.5 and 3.6
(eq. (3.2)) in [11], modified to accord with our definitions. O

An alternative description of the tensor product was given in [I]. This comes in
handy for computations, so for later use we formulate it here. The definition hinges
on the embedding 7: X \ D — X.

DEerINITION 4.9.  The BBN tensor of the parabolic bundles £, and F, is the functor
1_\*
€E.® ]:.)?BN : (:Z) — Vect(X)
r

sending & to the subsheaf of 7, 7*(&, ® F.) generated by (the canonical images of)
;@ Fyforallp+y =a.

Because £, and F, are parabolic, the requisite axioms are automatically satisfied.
To show that the BBN tensor gives a parabolic bundle, one need only prove the
existence of isomorphisms j;. Instead, we prove the following statement.

LeEmMA 4.10. Forany a € (%Z)Op and any parabolic bundles &£, and F.,
E.®F)a=EQF)EN.

Proof. Any bundle £; ® F;; with E+ ¥ = & maps into 7,7*(£. ® F.) and so yields
a mapping
o: @ & ® F; — (&, ® F.)BBN,
Bty=a
which by construction is a surjection. We leave it to the reader to show that
R; = ker ¢. UJ
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We define a parabolic bundle Ox.: (1Z)™ — Vect(X) by setting

.....

Oxq,....0.1.0,....00 = Ox(—np;) for t € (0,1].

It is easily seen that this bundle is a unit for the tensor product.

5. The Parabolic—Orbifold Correspondence

Recall that Ay, ..., Ny denote the canonical line bundles on Xp ; that are roots of
O(n;p;). Following [2] and [3], we now define a functor

Fp7: Vect(Xp,7) — Vectpe (D, 7),

F > [(l—l l-") > TN N ®]—‘)}.
r Tk
ReEMARK 5.1.  This functor is actually a tensor functor, where the tensor product
in the category of parabolic bundles is defined as in Section 4. In proving this we
use the description of the tensor product in [1]. Given two vector bundles F; and
F», we need to show that the two parabolic bundles F(F|® F,) and F(F;) QF(F,)
are isomorphic. Away from the support of D, the stack Xp 7 is isomorphic to the
curve X; hence both of these bundles are subbundles of 7, t*(F(F;) Q F(F»)). We
must establish that they are the same subbundle. This problem is local, so we re-
duce to the case of one parabolic point and F; = A/%. This is now easily checked.

The main result of this section is our next theorem.
THEOREM 5.2.  The functor Fy, ; is an equivalence of categories.

Proof. The proof given here is entirely analogous to the one given in [3].
We start with a canonical isomorphism

7*O0%n;p;) — N
and a section
s el (Xp7,No).
By adjointness, this produces the canonical morphism
O — m (N). ()
PROPOSITION 5.3.  The morphism (x) is an isomorphism.

Proof. See [3, 3.11]. O

Before proceeding, we recall the notion of a universal wedge in category theory.
Let B and C be categories and consider a functor F': B®® x B — C. A wedge of F
is an object x of C and a collection of morphisms a;: F(i,i) — x that are dinat-
ural; in other words, for every morphism f:i — j in B, the following diagram
commutes:
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F,i)

7N
F(j,i) X
7

w‘
F(j, D).

A smallest such wedge is called a universal wedge. If it exists we will denote it
by [T F(1,1).

PROPOSITION 5.4.  Let F, € Vectpy (D, 7). The universal wedge

exists in Vect(X(p,r)).

Proof. The problem is local because wedges are colimits, and proof in the local
case has been given in [3]. O

We use Gp, 7 to denote the functor arising from Proposition 5.4.
PROPOSITION 5.5.  Let F € Vect(Xp ;7). The natural map
N'® Nt @A N @ QN Q@ F) > F
is dinatural in (11, ...,1;).
Proof. The morphism in question is derived by tensoring the counit of adjunction,
TN ® N QF) > N'®- 9N R F.

It is relatively straightforward to show that the resulting morphism is dinatural.
The details are spelled out in [3, Lemma 3.18]. O

COROLLARY 5.6.
GproFpr>1.

Proof. By the proposition, there exists a natural transformation
GproFpr— L

To show that it is an isomorphism, we may argue locally. This argument can be
found in [3, p. 18]. O

Finally, we need to show that

Fp7oGpr x>l
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We have

.....

.....

completing the proof of Theorem 5.2. UJ

6. The Parabolic Pullback

Consider a morphism f: Y — X of smooth projective curves. We obtain a
diagram

Yisp 7 — s Xp;
nyl Jﬂx
Y % X,
and there are associated equivalences of categories

FJ :: Vect(Xp,7) — Vectp(ID, 7)

and
F} ;i Vect(Yp,7) — Vectpy(ID, 7).

There is also an obvious pullback functor:

f¥ i Vet (D, 7) — Vectpe(f D, 7).
PROPOSITION 6.1. We have f* o F} . = F.; ;0 g"
Proof. The identity follows by flat base change. O

In what follows, we will frequently apply the correspondence described in Re-
mark 4.2.

Set7 = (r1,...,7%), D = (nip1,...,nepr), and i = (ny,...,n;). Consider
an r-divisible parabolic bundle F, with parabolic structure along D. Using Re-
mark 4.2 then yields the filtration

Fi,l -+ D Fi,mi D Fi,mi+l =O
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and weights
Si1 Sim;
()<a,1_—<~o<oz,-,m,.= :
ri Fi

< 1.

Write n;s;; = a;;jr; + e;; with 0 < e;; < r;. We also denote by F;; the preimage of
Fijin Fo,o,...,0)- Forx € %Zﬂ[O, 1) define a subsheaf Wl.;(]-',) of F,...,0)(nip;) by

Fo,...0aijpi) + Fi jr1(nip;) if x <ej/ri,

WE(E) = .
i) {7:<0 ..... o((@; — Dpi) + Fi jr1(nip;)  otherwise.

We have a subsheaf

ﬂW"(f)

of Fo,...,0)(nipi).

When x > 0, we construct subsheaves ! Jn:'(o,.“,o,x,o,.“,(» of
,,,,, o(mp1+ -+ +nepi)
by setting
0 0
Fe©,...01,0,....0) = <m Wi§(£)> + ka =F+ Z]:k’
j i#k i#k

where the nonzero entry of the tuple is in the ith position. If a;(;+1) = a;; then
e; j+1 > e;j; hence x < y implies

Q/E(o,...,o,x,o,...,o) 2 f/f(o,,__,o,y,o,

This result extends uniquely to a parabolic bundle
. 1_\"
vF.: <:Z) — Vect(X).
r

= (;—‘] s ;—z) for d; = ged(r;, n;), we see that this parabolic bundle is

really S—divisible!

Setting

i

Set Dyeq = (p1,---, pr). We have the diagram

X De,ijid) ——— X7

N A

as well as the associated equivalences

F: VeCt(XDred,F/J) — VeCtpar(Dred»;:/g) :G

and
F,: Vect(Xp7) —— Vectpy (D, 7) :Gy.

The balance of this section will be devoted to proving that, for a vector bun-

dle F on X(D’;),
VE(F) ZF(a*(F)).
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In order to motivate the proof and to explicate our definition, we compute some
examples.

ExXAMPLE 6.2. Assume that there is only one parabolic point p with parabolic di-
visor np having r-divisable weights, and set d = gcd(r, n). Consider the root line
bundle V¥ with0 < w < r on X,p,r- A calculation shows that

l
F,(N"): = O(np) =D,
r
kAW dl L(nw—dl)/r]
Fl@'N"Y): — = O(p) .
r
We begin our computation of /¥, (N *) by writing wn = ar + e. The filtration
of F,(N"™) is then given by
Fi=0, Fr = O(—np),
and the weight of F is w/r. Therefore,

O(ap), 0<x<e/rn
WX:{ (ap) /

! O(@a—1p), efr<x<1
and so

(VEN), =

X

O(ap), 0<x<e/r
{ O(a—-1p), e/r<x<l,

which agrees with F(a*\'%).
Now we compute a rank-2 example. Consider the bundle

NU N

with 0 < w; < w, < r. A calculation shows that

[
F, (N @ N™): - > O(np)t(wlfl)/rJ @ O(np)t(wz*l)/d,
r
dl
F(a*(Nwl ®NWZ)): RN O(p)L(nwl—dl)/FJ o) O(np)t(nwz—dl)/rJ'
r
To compute V/F,(N ¥ @ N *2), we write win = a;r + e;. The filtration of
F,(N™)g is given by
F1=000,
Fr=0(=np) ® O,
F3 = O(—np) & O(—np),
and the weight of F; is w;/r when j = 1,2. Hence

{ O(a1p) ® O(np), 0<x<=<e/r
O((a; — D)p) ® O(np), e/r <x <1

X
1=

and

{ O(azp) @ O(azp), 0<x<eyr
Wy =

N O(la; — Dp) ® O((az — 1)p), exfr <x <1.
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Notice that a; < a; and equality implies ¢; < e;. Thus (/Fa*(/\f““ o N w2)
agrees with F(a*\'").

PROPOSITION 6.3.  Let F be a vector bundle on Xy, 7. Then we have the canonical
inclusion

0" F C mps F(nipy + - - + nipr).

Proof. We denote the canonical line bundles on Xp, 7 by

Niis Nois ooy N
We have the diagram

a*a*]:'g)(x*a*(}—®/\[nr1] ®®-/V;zrkk)
F e FEATL @A

and we apply 75 . to obtain the diagram
Tt F —2 s e (F QN @ @NJ¥)
I )
i x F — Wi« F(nip1 +n2p2 + -+ + 1y py).
The problem is now local and is easily checked. O

THEOREM 6.4. We have
f/(F,,]-').. ~ (Fa*F)..

Proof. We use Remark 4.2. Both sides are then subbundles of F, F,(n p1+-- -+
ng pk), so the problem is once again local. We may assume that there is only one
parabolic point. Applying Proposition 3.6 and Theorem 5.2, we can assume that
(F,F). is of the form

l
; — (O(p)ﬂL(wrl)/rJ)@pl DD (O(p)nt(wrl)/rJ)EBpk

with 0 < w; < wy < --- < wy < r. Pulling back root line bundles along the
morphism
a: Xp,r/d - an,r

yields a*(N;) = N\"®, where d = ged(r, n). By Proposition 5.3, (Fa*F), is
the parabolic bundle

[
; — (O(p)L(nwl—l)/rJ)EBm Q- (O(p)L(nwk—l)/rj)e;pk.

In order to evaluate {/(F,F ).., we first compute the value at / = 0 (one can de-
duce the general result by shifting weights). Thus,
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WO(F,F).) = (O(p)"™ /e @ O(np)®P3 @ - - - @ O(np)®*,
WO((F,F).) = (O(p)lmo2/rhyer gy (O( p)lmwa/riy@ea
®Omp)®** @ --- ® O(np)®°,

and taking the intersection yields
ﬂ VVJ»O — (O(p)Lnun/rj)EBp] D@ (O(p)Ulwk/’J)@Pk,

which is what was needed. UJ

7. The Cyclic Case

Given a 1-dimensional representation V of Z/cZ, we call the integer j (0 < j <
¢ — 1) the weight of the representation if the generator 1 + ¢Z acts via multiplica-

tion by exp{2rrj«/—l/c}.
Letg: X — Y be a G-cover that is ramified at points py,..., py of Y. Let the
ramification index at p; be r;, and set 7 = (rq,...,7;) and D = (py,..., pr). By

combining the results of Corollary 2.6, Proposition 3.3, and Theorem 5.2, we may
view the cover as a tensor functor

F,: Rep-G — Vect (Y, D, F).

If we choose preimages g; € X of the p;, we obtain cyclic subgroups Z/r;Z of
G that correspond to the stabilizers of ¢;. We canonically identify the stabilizer
with Z/r;Z by insisting that the stabilizer act on the fiber of the sheaf O(—g¢;) at
q; with weight 1.

Fix an irreducible representation V of G. At each point p;, we have a weight

space decomposition of
V=DV
J

derived from the induced action of the stabilizers Z /r; Z. The spaces W]’ are repre-
sentations of Z/r; Z, and the generator of the group Z /r; Z acts via multiplication by
exp{Zn jN—1/r; } The numbers j do not depend upon the choice of preimage g;.

PROPOSITION 7.1.  In the terminology of Remark 4.2, the weights of the F,(V ).
at p; are j/r;. In other words, consider tuples

. -
1= <0,...,0,i,0,...,0>, I'= <0,...,0, s ,0,...,0).
ri ri

ith ith

Then
FoV)r = Fo(V)r
if and only if Wji =0.
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Proof. By Proposition 3.3 we have the diagram

X —— [X/G]—— Y5

U

If € is a G-equivariant bundle on X that is the pullback of some £ on [X/G], then
7.(&) = [ (£)C. Set D; = 7*(pi)rea- Hence

TN ® - @NH®E) = (OUD) ® -+ ® OUk D) ® E)C.

The problem is now local. In formal neighborhoods of g; and p;, the morphism
comes from a morphism of algebras of the form

k[[t]] — k[[s]],
t s

The group action is via multiplication by roots of unity. Computing invariants
gives the result. O

Denote by F), a free group on the symbols x,...,x,. Consider the surjection
q: F, — Z/cZ that sends x; > 1. There is an associated cover X, — P! that
is possibly ramified at {py,..., p.} U {00} for some p; € P!\ {oo}. Set ¢ =
(c,...,c,m) eZ" D= (p1,..., pm,00),and D = p; + - -+ + p,, + 00.
For the rest of this section, V; will denote the 1-dimensional representation of Z/cZ
where 1 + ¢Z acts via multiplication by exp{27j/—1/c}. Set

Fx,(V)o.....0 =: O(s;),

where s; is some integer. Also, let w; denote the rational number in [0, 1) that
differs from —g by an integer.

The purpose of this section is to describe the functor Fx,. Toward this end, in
Proposition 7.1 take X = X, Y = PL G = ZjcZ,k =m+1,D; = p;forl <
J = m, Dy = 00, and Fy(V;) = Fx, (V)).. This gives the following result.

COROLLARY 7.2. Lett = and suppose 0 <t < w;. Then

_a
ged(m, )
Fx,(V).....0.n = OCs;)
and

Fx,(Vi),....0,w;+ged(m,c)/c) = O(8;)(—00).
Moreover, if the nonzero entry of the tuple is at the ith position for 1 <i < m,
then

Fx,(V))©,....0.(j+1/c.0,....00 = O(s;)(—pi)
but

Fx,(V)o,....0,j/c.0,....00 = OCs;).

Let 6;; denote the Kronecker delta function.
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LEmMMA 7.3. If 1 < wy + wy, then
(Fx, (VD). ® Fx,(V))),....,00 = OCs1 + 55 + 1 +mée—y, ;)3

otherwise,

.....

(Fx, (V). ® Fx,(V)))o,....00 = O(s1 + 55 + mde—y, ).

Proof. Consider t € MZ and set
f=1(0,...,0,1).
Write t = n + f, where f €[0, 1). We compute

(Fx, (VD ® Fx, (V) 7).
The possibilities are

O(s1+s;+ 1),
Fr, (V0 ® F, (V= | ot

0(5'1 + Sj — 1),

O(S] + §; — 2)

We are interested in when the first possibility occurs. The second occurs at t = 0
and so, when we take the sheaf generated by all possible tensor products, the value
will be at least this sheaf.
Suppose that 1 < w; + wj, and take t = 1 — w;. Then
Fx,(Vi)_f = O(s; + 1)
and
Fx, (V)i = O(s1).
Conversely, suppose that
(Fx,(VD); ® Fx,(Vi)_p) = O(s1 + 5 + 1);
then either
w—1<w —1<w <w
or

wi—1<w —1<w <w.

We conclude that — f < w; —1and f < w; or we must have — f < w; — 1 and
f < wj. Hence there is a ¢ for which

(Fx, (VD @ Fx,(V))_7) = O(s1 +5; + 1)

if and only if wy +w; > 1.
Now we turn our attention to the other parabolic points. We preserve the previ-
ous notation except to set

f=10,...,0,1,0,...,0),
where now ¢ € %Z. We have the chain of inequalities
1 j 1 j
Soi<d i<l
C C C C
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Suppose first that j < ¢ — 1L If —f < —1then f > 1~ > L andif —f =

L —Tthen f > L. It follows that
(Fx, (V)i ® Fx,(Vj)_7) = O(s1 + 5)).

When j < ¢ — 1, the result follows by putting this together.
Now fix j = c — 1. Set

I:i = (l/il, .. '»unl»um+l)’

. d
where u; € 1Z for 1 < i < m and u,,4; € w

fi€l0,1).

When we compute

, and write u; = n; + f; for

Fx, (V)i ® Fx,(Ve—1) -
the possibilities are
O(s1+ se—1 + g(u)),
where g (ii) ranges over all integers from —2 to m + 1. Indeed, as before, the par-
abolic point at infinity gives at most a contribution of +1 to g(u) and at least —2

while each finite parabolic point contributes either O or +1.
At the same time,

Fx,(VDayse,... 17,00 ® Fx,(Vem1)(~1/c,....~1/e,0) = O(81 + Se—1 + m).
This means that
(Fx,(V1). ® Fx,(Ve—1)) 0

by the definition of parabolic tensor product. Therefore, we need only determine
when g(it) =m + 1.
Suppose that 1 < w; + w._;. Then, if & = (%,..., %,1 — wc_l), we have

Fx,(Ve—)—ii = O(sc-1+m + 1)

0 2 O(s1+ Se—1 +m)

,,,,,

and
Fx,(VD)a = O(s1).

Conversely, suppose there exists a i such that
Fx,(V1)i @ Fx,(Vee)—iz = O(s1+ Se—1 +m + 1).

By the same argument as before, this case occurs only when either — f,+; <
we—1—land f,+1 < wjor—f,11 <w;—1land f,+; < w._;. Necessarily, then,
wy+ we—g > 1. 0

REMARK 7.4. .7-"Xq(Vj). is the jth parabolic tensor power of .7-"Xq(V1).. Indeed,

since F, is a tensor functor, we must have fxq(Vl),@c = fxq(Vl‘g"'). = Fx,(Vo).,

the trivial parabolic bundle. Similarly, fxq(Vl).@l = Fx,(Vj). whenever [ = j

modulo c. Therefore, in order to determine F. X, (Vj)., it suffices to compute s.
Foreach j with1 < j <c¢ — 1, set

) ={ I if wi+w; >1,
m,c

0 otherwise
and
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c—1
kme= Y ki =1j:1<j<c—1Lw+uw =1
j=1

THEOREM 7.5.  With notation as before,
m—+ Ky e

c

ST = —

Proof. Applying Lemma 7.3 iteratively along with Remark 7.4, one finds that
O(se-1) = O((c = Vst + ke — 4y ).

Next, repeat the calculation once more (in the special case that j = ¢ — 1) to
obtain

O(sc) = O(cs1+ ke +m).
The result now follows. U

The proof of Theorem 7.5 yields our next corollary.

CoRrOLLARY 7.6. For 1 < j < c—1, the s; of Corollary 7.2 are given in terms of
s1 by
j—1

i1
_ G _ Mt Kme (i)
8 —]S1+;KWLC——]< " +ZK,,LL..

i=1
COROLLARY 7.7. We have so = 0and s; < —1 for j > 0.

Proof. The assertion for s is clear. The numbers are necessarily integers and so,
by definition, we have s; < 0 and hence s; < —1. The result now follows. O

By the preceding computation, k,, . is necessarily congruent to —m modulo c.
This fact may be shown independently as follows.

LEMMA 7.8.
Km,c = —m modulo c.

Proof. When m = 0 modulo c, it follows that w; = O foralll < j < ¢ —1and
hence «,, . = 0.

Suppose now that m = —v modulo ¢ for some 0 < v < c. Then w; = ¥ and,
for jwithl <j <c-—1,

vj .
= 0<vj<e,

vj—tc
c

tc <vj < (t+ e,

vji—(v—1)c
c

Fort with0 <t < c—litfollowsthattc < vj < (t+1)cimplies0 < vj—tc < c.
Now let j, be the largest integer value of j satisfying this inequality. Then
v(j +1) —tc > c, so that

(v—Dc <vj < ve.
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v(l+ j,) —tc
c

At the same time, for any integer j that satisfies the inequality and that is also less

than j,, we have j + 1 < j, and necessarily

> 1.

Wi+ wj, =

vj, —tc

wi +w; < < 1.

So among the integers j such that fc < vj < (¢ + 1)c, there is exactly one with
w; + w; > 1. Since there are exactly v such inequalities, it follows that «,, . = v.
O

8. Reduction to the Cyclic Case

Suppose that X, — P! is a Galois covering with Deck (X, /P') = G ramified at
0, 1, and oco. Let g: F», — G denote the corresponding surjection and let T =
(0,1, 00). Then, as before, by Corollary 2.6, Proposition 3.3, and Theorem 5.2 the
cover may be viewed as a functor

Fx,: Rep-G — Vect (P!, T).
Our goal in this section is to produce a bound on the u; for which
Fx,(V)o....00 = O(u) & -+ & O(uy)

for a fixed V € Ob(Rep-G).

The idea is to reduce to the cyclic case by de-looping the ramification at 0 as
follows. Suppose that the ramification index at O is m—in other words, that under
the mapping g, the image of the generator of F, corresponding to a loop about 0
in 77, (P') has order m in G. Form the base change

| ]

PILZ,”)]P;I

and denote the desingularization of X, Xp: P' by Y. Now ¥ — P! ramifies at
oo and the mth roots of unity, u,,. Hence Y corresponds to a homomorphism
h: F,, — G, which factors through F, by mapping the generators of F,, corre-
sponding to each root of unity to the generator o} of F, corresponding to 1. Then
the image of / is generated by ¢ (o), which is a cyclic subgroup of G (say, Z/cZ).

We have a decomposition ¥ = [ [,/ Yr» Where the Y are all cyclic cov-
ers. Using our argument at the start of Section 7, we obtain a tensor functor

Fy: Rep-G — Vect o (P, (1, 00)).

LeEmMA 8.1.  The functor Fy factors as

Rep-G — " Vect pur (P, (fh, 00))

| =

Rep-Z/cZ.
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Proof. The functors are computed by taking invariants as in the proof of Proposi-
tion 7.1. The result now follows from the disjoint union Y. U

We shall need the following statement.

PROPOSITION 8.2. If D = (pi,...,px) With ¥ = (r1,...,13) and if D' =
(P0s P1»---» pr) With ¥ = (1,7y,...,71), then there exist natural equivalences
of tensor categories

F': Vectpy (D', ') 77— Vectpo(D, 7) : G

Proof. The root stacks Xp 7 and Xp 7 are isomorphic. Now invoke Theorem 5.2.

O
ReEMARK 8.3. Let ¢, denote a primitive mth root of unity. Then, in the notation
of Proposition 8.2, set D = ({u, ¢, ... ¢ ', 1,00) and 7 = (c, ..., ¢, m).
Also take po = 0. By Proposition 3.5 and Theorem 6.4, f* (Fx,) = G'Fy.

par
Since G’ is an equivalence of tensor categories, the constants computed in Sec-

tion 7 that pertain to Fy are the same as those relating to G'Fy.

We denote by k. and k). the numbers defined before Theorem 7.5 for the cover
Y, — P!. We will also make use of the notation set up after Proposition 6.1. In
particular, let a; denote the minimum among the a;;. We also use ag and a to
denote a;; for the index i corresponding to the points 0 and oo, respectively.

The representation V, when viewed as a representation of Z/cZ, decomposes
into weight spaces:

V=V& - ®V,.
We have
Fy,(V)©,....00 = 0(t1) @ - - - & O(y),

where the #; are as computed in Theorem 7.5 and Corollary 7.6. We may re-index
so that
n=<tp<--=<1<0.

The last inequality follows from Corollary 7.7.

THEOREM 8.4. With notation as before, consider

Fx,(V)o,...,00 = O@i) @ - @& Ouy).
We re-index so that
Uy <upy < -+ =< Ug.
Then the u; are bounded above as follows:

ti ao a
u <Y oo

m m m
(Hence, by Corollary 7.7, the u; are negative.)

Proof. We have
[ (Fx,(V),....00) = O(muy) @ - -- ® O(muy).
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With ¢, denoting a primitive mth root of unity as before, the curve Y ramifies over

PL="Cmseos P =8, =1, Pm+1 = O0.
By Remark 8.3, the parabolic pullback of F x, (V). also has 1-divisibility at pg := 0.

Now, by the definition of parabolic pullback, fp’;r F X{,(V)(O,..‘,O) contains the

intersection () ; W,J. Hence

JoarFx,(V)o,...00 2 (f " (Fx,(V),....0)(ain))
because a;; < a;;. Note that

ayg=---=am =daj.

Therefore,

O(mu))®---@ O(muk)<ao.0 + oo.00 + Zalpi)
>~ O(muy+ag+may + ds) ® - ® O(muy + ag + ma; + dso)
€ foaFx,(V)o,....0
=0(t) @--- @ O0(1y).

The result now follows from Lemma 8.5 after we observe that a; = 0. O

LEMMA 8.5. If O(s)) ®--- D O(sy) C O(t)) D --- ® O(t,), then there exists a
o €8, such that ss(jy < tj forall j with1 < j < u.

Proof. When u = 1, this is well known. Proceeding by induction, suppose that
the assertion is known to be valid for all u < N — 1. Then consider an injection

¢: 0@ @ ®O0(sy) = O() @ -+ & Otw),

where the s; and ¢; may be taken to be ordered (i.e.,s; <--- <syandt; <--- <
ty). Necessarily, sy < t; for some L, but if sy < ¢#; then we are done. So sup-
pose there exists an i such that #;_; < sy < ¢;. For j withi < j < N, consider
the mapping

$: OG- ®O(sy_) > Ot) & ®OW) B & Oty)

induced from ¢. If there exist j for which ¢; is injective, then we are done by the
inductive hypothesis. Suppose to the contrary that, for every j, ¢; is not injec-
tive; then we can show that this implies the original ¢ could not have been injec-
tive. Indeed, sy > f;_; implies that, under ¢, the restricted morphism O(sy) —
O(t) @ --- @ O(t;_y) is zero.

Passing to the generic point of the curve, we find that the morphism ¢ is given
by an N x N matrix whose last row begins with i — 1 zero entries. Computing the
determinant of ¢ by cofactor expansion along this row yields

detp =0+detgp; - y; +---+detdy - vy

for some constants y;. Hence the morphism at the generic point is not injective.
This is a contradiction, since pullback to the generic point is flat. UJ
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ExamMpPLE 8.6. Denote by Qg the quaternion group of order 8; it has a 2-dimen-
sional representation given (in terms of matrices) by

(% )

. 0 1
H
J -1 0)
0 V=1
k — .
V=1 0

Consider the quotient F, — Qg with xg — j and x; — i. Since x| has a weight-3
eigenspace, it follows that r; = —3. Both a; and a, are 1, so u; < —2.

It follows from the lower bound in [3, Thm. 5.12] that #; must be —2.
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