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Distribution of Modular Inverses and
Multiples of Small Integers and the
Sato—Tate Conjecture on Average

Icor E. SHPARLINSKI

1. Introduction

1.1. Motivation

A rather old conjecture asserts that if m = p is prime then, for any fixed ¢ > 0 and
sufficiently large p, for every integer a there are integers x and y with |x|, |y| <
pl/”s and such that ¢ = xy (mod p); see [14; 16; 17; 18] and references therein.
The question has probably been motivated by the following observation. Using
the Dirichlet pigeon-hole principle, one can easily show that, for every integer
a, there exist integers x and y with |x|,|y| < 2p"? and with ¢ = y/x (mod p).
Unfortunately, this is known only with | x|, |y| > Cp** for some absolute constant
C > 0, which is due to Garaev [15].

On the other hand, it has been shown in the series of works [14; 16; 17; 18]
that the congruence @ = xy (mod p) is solvable for all but o(m) values of a =
1,...,m — 1, where x and y are significantly smaller than m**. In particular, it
is shown by Garaev and Karatsuba [17] for x and y in the range 1 < x,y <
m'/2(logm)'*¢. Certainly this result is very sharp. Indeed, it has been observed
by Garaev [14] that well-known estimates for integers with a divisor in a given in-
terval immediately imply that, for any ¢ > 0, almost all residue classes modulo m
are not of the form xy (mod m) with 1 < x,y < m'/?(logm)*—¢, where

1+ loglog?2

= 0.08607....
log2

K =

One can also derive from [10] that, for any & > 0, the inequality

max{|x|, || : xy =1 (mod m)} > m'"?(logm)“/?(loglog m)¥*~¢

holds:

« for all positive integers m < M, except for possibly o(M) of them;
e for all prime m = p < M, except for possibly o(M/log M) of them.

Similar questions about the ratios x/y have also been studied; see [14; 17; 28].
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1.2. Our Results

It is clear that these problems are special cases of more general questions about
the distribution in small intervals of residues modulo m of ratios a/x and prod-
ucts ax, where |x| < X. In fact, here we consider this for x from more general
sets X C [—X, X].

Accordingly, for integers a,m, Y, Z and a set of integers X, we denote

My (XY, Z) =#{(x,y)eX X [Z+1,Z+7Y]:
ged(x,m) =1, a/x =y (mod m)},
Nym(X; Y, Z) =#{(x,y) e X X [Z+1,Z4+ Y] :ax =y (mod m)},

where the inversion is always taken modulo m.

We note that although in general the behavior of N, ,,(X; Y, Z) is similar to the
behavior of M, ,,(X; Y, Z), there are some substantial differences. For example,
if ¥ ={xeZ:|x|] <X} forsome X > 1, then N, ,(X; X,0) = O for all inte-
gera withm —m/X —1 < a < m — 1; see the argument in [14, Sec. 4]. It is also
interesting to note that the question of asymptotic behavior of N, ,,(X’; Y, Z) has
some applications to the discrete logarithm problem; see [29].

Here we extend some of the results of Garaev and Karatsuba [17] and show that
itX,Y >m/?>* ¢ andif Xis a sufficiently massive subset of the interval [— X, X],
then M, ,(X; Y, Z) and N, ,,(X; Y, Z) are close to their expected average values
for all but o(m) values of a =1, ..., m.

It seems that the method of Garaev and Karatsuba [17] is not suitable for ob-
taining results of this kind. So we use a different approach that is rather similar to
the one used in the proof of [5, Thm. 1].

Finally we remark that one can also obtain analogous results for

Na’fm(é\?; Y,Z)
=#{xeX  :ax =y (modm), gcd(x,m) =1, yel[Z+1,Z+ Y]}

and several other similar quantities.

1.3. Applications

For integers  and s and a prime p, we consider Kloosterman sums

p—1
K.s(p) =) e,(rn+snh,

n=1

where e,(z) = exp(2miz/p) and, as before, the inversion is taken modulo p.
For the complex conjugated sum we have

Kr,x(p) = K—r,—.v(p) = Kr,s(p),
so K, ;(p) is real. According to the Weil bound (see [20; 23; 24; 26]), we have
IKrs(P)| < 24/p, ged(r,s, p) = 1.
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Hence we can now define the angles v, ;(p) by the relations

Kr,s(p) = 2\/1_7005 1pr,x(p) and 0 < 1,Z/r,x(p) =m.

The famous Sato—Tate conjecture asserts that, for any fixed nonzero integers r
and s, the angles ¥, ;(p) are distributed according to the Sato—Tate density

2 [f )
ust(a, B) = ;/ sin” y dy
(see [20, Sec. 21.2]). That is, if 7, (o, B; T') denotes the number of primes p <
T witha < ¥, s(p) < B, where as usual 7 (T) denotes the total number of primes
p < T, then the Sato-Tate conjecture predicts that

Tps(a, B: T) ~ psr(a, B)n(T), T — oo,

for all fixedreal 0 < o < B < m; see [20, Sec. 21.2]. Itis also known that, if p is
sufficiently large and if r and s run independently through I, then the distribu-
tion of ¥, ¢ (p) is in accordance with the Sato—Tate conjecture [20, Thm. 21.7]. An
explicit quantitative bound on the discrepancy between the distribution of v, ;(p)
for r, s € F} and the Sato-Tate distribution is given by Niederreiter [27]. Various
modifications and generalizations of this conjecture are given by Katz and Sarnak
[23; 24]. Despite a series of significant efforts toward this conjecture, it remains
open. See, for example, [1; 7; 11; 12; 23; 24; 25; 27] and references therein.

Here, combining our bounds of M, ,,(&X’; Y, Z) with aresult of Niederreiter [27],
we show that on average over r and s and ranging over relatively short intervals
[r| < R, |s| < S, the Sato-Tate conjecture holds on average and the sum

MopR ST = e 3 3w i)

0<|r|<R 0<|s|<S
satisfies
Iy g(R,S,T) ~ pst(e, B)m(T).

Furthermore, over larger intervals, we also estimate the dispersion

1
AapRo ST =g D D) (Tns@, B T) = psr(e, B (1))

0<|r|<R 0<|s|<S

We recall that Fouvry and Murty [13] have proved the Lang—Trotter conjecture
for supersingular primes on average over |r| < R and |s| < S for the family of
elliptic curves E, ; given by the affine Weierstraf3 equation:

E.s:U>=V34+7rV +5.

Several more interesting questions on elliptic curves have been studied “on aver-
age” for similar families of curves in [3; 4; 6; 8; 9; 19; 21; 22]. However, a similar
question for Kloosterman sums has not been addressed.

We note that the technical details of our approach are different from those of
Fouvry and Murty [13] (which is based on an application of the Weil bound of ex-
ponential sums). For example, their result is nontrivial only if
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RS > T¥*** and min{R, S} > TYV*"¢

for some fixed ¢ > 0, where the second restriction is related to the range where
the Weil bound on incomplete exponential sums with polynomials is nontrivial.
The technique of [3] can also be applied to deriving an asymptotic formula for
g, g(R, S, T) for the same range of parameters R, S, and T. Apparently it can
also be applied to A, g(R, S, T) but certainly in an even narrower range of pa-
rameters. On the other hand, our results for IT, g(R, S, T) and A, g(R, S, T) are
nontrivial for

RS > T'*¢ D
and

RS > T2+, )
respectively.

We also remark that the results of this work on the behavior of M, ,,(X; Y, Z)

on average have been applied in [2] to estimating the number of SL, (IF,,) matrices
with entries in a given segment [T, T'].

1.4. Notation

Throughout the paper, any implied constants in symbols O and < may occa-
sionally depend, where obvious, on the real positive parameter ¢ and are absolute
otherwise. We recall that the expressions U <« V and U = O(V) are both equiv-
alent to the statement that |U| < ¢V holds with some constant ¢ > 0.

We also write o(1) for a quantity that tends to zero when the “main” parame-
ter tends to infinity (that is, when m — oo in Sections 2.1 and 2.2, p — o0 in
Section 3.1, and T — o0 in Section 3.2).

We use p, with or without a subscript, to denote a prime number and use m to
denote a positive integer. Finally, ¢ (m) denotes, as usual, the Euler function of m.

ACKNOWLEDGMENT. The author wishes to thank Moubariz Garaev for many use-
ful discussions.

2. Congruences

2.1. Inverses

We start with the estimate of the average deviation between M, ,,(X; Y, Z) and
its expected value taken over a = 1,...,m. If the set X C [—X, X] is dense
enough—for example, if #X > X m°D_—then this bound is nontrivial for X, Y >
m'/2+¢ for any fixed & > 0 and sufficiently large m.

THEOREM 1.  For all positive integers m, X, Y, an arbitrary integer Z, and a set
XC{xeZ:|x| <X},

m

2

a=1

Y 2
My (X Y, Z) —#X,,—| <#X(X +Y)m°Y,
m

where
X ={xeX:ged(x,m) =1}.



Modular Inverses and the Sato—Tate Conjecture 103

Proof. Denote
e, (z) = expmiz/m).
Using the identity
1 1 if v=0 (modm),
_ Z em(hv) = .
m 0 if v 0 (modm),

—(m—1)/2<h<m/2

we write
zZ+Y 1
Mow@X:Y,2)= 3 30 — 3, enlhax™ —y)
xeXy, y=Z+1 —(m=1)/2<h<m/2
1 Z+Y
=— > D eathaxh) Y en(—hy)
n —(m—=1)/2<h<m/2 x€Xy, y=Z+1

X

Y
=— > en=hZ) Y eulhax™) ) en(—hy).

—(m—1)/2<h<m/2 y=1

—

x=1
ged(x,m)=1

The term corresponding to 4 = 0 is

1 d Y
— Z Z1=#an—1.

xeX, y=I
Hence Y |
Ma,m(X; Y’ Z) - #Xm_ < _Ea,m(Xv Y),
m m
where y
Eon(X,Y)= Y | > eu(hax™) Zem<—hy>‘.
1<|h|<m/2 ' xeXy y=1
Therefore,

m

2

a=1

We now put J = [log(Y/2)] and define the sets

Y 2
Ma,m(X; Y, Z) - #Xmg

1 « )
<D Ean(X. 1) 3)
a=1

m
Ho=1h ISIhIS?};

H, = 1h ef‘1ﬂ<|h|<€jﬂ} Jj=L...J;
J Y = Y s seeesdy

-2
(We can certainly assume that J > 1 since otherwise the bound is trivial.)
By the Cauchy inequality we have

Hyr1=1h ejg < |h| < T}

J+1
EamX, Y <(J+2)) Eaqmj(X, Y, &
j=0
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where

-1

Eomj(X.Y)=>"|>"

hE'H,' xeXy,

Using the bound

Ze’”(hy)’ <min{ .}

which holds for any integer & with 0 < |h| < m/2 (see [20, Bound (8.6)]), we
conclude that

D en(—hy) <e7lY, j=0,....0+1.
y=1
Thus

Eqm;j(X,Y) <eY

doow Yy em(hax_])', ji=0,...,J+1,

hE'H,‘ xeX,,

for some complex numbers o, with |9;,| < 1 for |h| < m/2. Therefore,

Z &, Z en(hax™!

heH; XEX),

m m

ZEam,(X V)P <e ¥y

a=l

:e’ijZZ D0 O Y emlalhixy' —hyxy")

a=1 /‘L],th'Hj X1,X2€ Xy
m
—2jy2 2 2 § : -1 -1
=e 7Y ﬁhlﬁhz em(a(h1x1 —h2x2 ))
hi,haeH, X1,X2€X), a=1

Clearly the inner sum vanishes if ;. x,” ! # hox; ! (mod m) and is equal to m other-
wise. As a result,

Y Eam j(X,Y) e Y PmT, (5)
a=1

where T; is the number of solutions to the congruence
hixy = hayx (mod m), hi,h, € Hj, X1, X2 € Xy,

We now see that if /; and x, are fixed then 4, and x| are such that their product
s = hyx; < e/mX/Y belongs to a prescribed residue class modulo m. Thus there
are at most O(e/X/Y + 1) possible values of s and for each fixed s <« e/mX/Y
there are m° values of h, and x; with s = A, x; (see [30, Sec. 1.5.2]). Therefore,
esz#XmH'”(D ej#XmH'”(l)

y? + Y ’

e’X
T < #X#H; (T +1> o) —

substitution into (5) then yields

m
Z Eom (X, V) < e Y2mT; = X#Xm* o0 4 eI xym*+o0,

a=l1
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A combination of this bound with (4) yields the inequality

3 Eam(X.Y)? < PX#XM™0 4 #2Ym?> 00 = #X(X + ¥)m>*o0,

a=1
Finally, recalling (3), we conclude the proof. U

COROLLARY 2. For all positive integers m, X, Y, an arbitrary integer Z , and the
set X ={xeZ:|x| <X},

m

> |M

a=1

a, m(X Y Z) — ZXY— < X(X + Y)mo(])‘

Proof. Using the Mobius inversion formula involving the Mdobius function p(d)
(see [20, Sec. 1.3] or [30, Sec. 1.2.5]), we obtain

Y. 1= Zu(d)(— + 0(1)) =2X) — w O<Z|u(d)l>.

[x|<X d|lm d\m dlm
ged(x,m)=1
Using that
Z u(d) _ @(m)
d|m m

[30, Sec. 1.2.7] and estimating
Doln@l =y 1=m""
d|m d|lm

[30, Sec. 1.5.2], we derive

> 1= ox 2 )+0( o), (6)
[x|<X
ged(x,m)=1
Substituting (6) in to Theorem 1 concludes the proof. UJ

From Corollary 2 we may now immediately derive the following.

COROLLARY 3. For all positive integers m, X, Y, an arbitrary integer Z, the set
={xe€Z:|x| < X}, and an arbitrary real I" < 1,

Mon(X: Y. Z) — “”(’") > 2y
m

for at most 2y 4(X "+ Yy Hm?toO yalyes ofa=1,....m

2.2. Multiples

We now estimate the average deviation between N, ,,(&X; Y, Z) and its expected
value taken over a = 1,...,m. Our arguments are almost identical to those of
Theorem 1, so we only indicate a few places where they differ (mostly only typo-
graphically). As before, if X C [—X, X] is dense enough (e.g., if #X > Xm°D),
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then this bound is nontrivial for X, ¥ > m!/2* for any fixed ¢ > 0 and sufficiently
large m.

THEOREM 4. For all positive integers m, X, Y, an arbitrary integer Z, and a set
X C{xeZ:|x| <X},

m

2

a=1

2

Y
Nym(X; ¥, Z) —#X —| <#X(X +Y)m°D,
m

Proof. As in the proof of Theorem 1, we write

Z+Y
1
Now(X;¥,Z)=>" %" — > eu(h(ax—y))
XeX y=Z+1 n —(m—1)/2<h<m/2

and obtain, instead of (3), that

m

2

a=l

Y 2 1 m
Non(X; Y, Z) — #X—‘ <D Fam(X, Y)Y 4+ Ym0,
m m

a=l

where

FamX,¥)= Y

1<|h|<m/2

> " en(hax)

xeX =l

Y
> em(—hy)‘.
y

Furthermore, instead of (4) we obtain

J+1
Fom(X,Y)2 < (J+2) ) Fup j(X,Y)%
j=0
where
Y
Fam j(X,Y)= Y| en(hax)||Y_ en(=hy)|,
het;'xex y=1

with the same sets H; as in the proof of Theorem 1. Accordingly, instead of (5)
we get

m
> Fam j(X.Y) < 7Y 2my;,

a=1
where V; is the number of solutions to the congruence
h1x1 = h2.x2 (mod m), /’l],h2 € 7'[]', X1,X2 € X, gcd(xlxg,m) =1.
Fixing h; and x; and counting the number of possibilities for the pair (/,,x,) as
before, we obtain
erx#Xml+u(l) ej#.)(ml-&-o(l)
i = +
Y2 Y
which yields the desired result. U

bl
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Using (6), we deduce an analogue of Corollary 2.

COROLLARY 5. For all positive integers m, X, Y, an arbitrary integer Z, and the
set X ={xeZ:|x| <X},

m

2.

a=1

2
Nom(X; Y, Z) — ZXY&HJ) < X(X + Y)ym°OD,
m

Using this corollary, we now immediately derive Corollary 6.

COROLLARY 6. For all positive integers m, X, Y, an arbitrary integer Z, the set
X ={xeZ:|x| <X}, andan arbitraryreal T < 1,
2XY XY

Na,m(X; Y,Z) - 2 I'—
m m

for at most F’zY’l(X’1 + Y’l)m”"(l) values ofa = 1,...,m.

3. Distribution of Kloosterman Sums

3.1. Distribution for a Fixed Prime

Let Q4 3(R, S, p) be the set of pairs (r, s) of integers r and s with [r| < R, [s] < S,
and gecd(rs, p) =1 and such that o < ¥, ;(p) < B.

THEOREM 7.  For all primes p and positive integers R and S,

max  [#Q, (R, S, p) — dpsr(e, B)RS| < RSp~"/* + RV2§Y2pl/2Ho),

O<a<p<m

Proof. Let A,(a, B) be the set of integers a with1 < a < p —1and such that <
Y1,4(p) < B. By the result of Niederreiter [27], we have:

max [#A,(x, B) — usr(e, B)pl < p**. (7)

O<a<pB<m
Assume that R < S. Then, using that

Kr,s(p) = Kl,rs(p)
and defining the set

R={reZ:|r| <R}, ®)
we write
RS
#Qup(R S, p) = Y Myp(R;2S+1,—S— 1)+ 0(—),
acAp(a,p) p

where the term O(RS/p) accounts for » and s with ged(rs, p) > 1. Thus the
Cauchy inequality and Theorem 1 yield
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2R(2S +1
#0u 4(R, S, p) — #.A, (0, p) 222+ D

< Y

acAp(a,B)

< (po:

a=1

RS
<< R(R+S)p1/2+0(1)+

IR

M p(R; 28 +1,—S —1) —

2R(2S + 1)‘ RS
p p

2R2S +1)
p

N2 pe
) T
p

M, ,(Ri25+1,—-S — 1) —

By (7) we see that, for R < §,
#Q4 5(R, S, p) = duusr(e, BYRS + O(RSp™"/* + RY2§/2p!/ 2oy

uniformly over o and .
For that R > S we write

#Qup(R.S.p)= > M1 ,(S.2R+1,—R—1),
acAp(a,p)

where S = {s € Z : |s| < S}, and proceed as before. O

3.2. Sato—Tate Conjecture on Average

We start with an asymptotic formula for T, g(R, S, T).

THEOREM 8. For all positive integers R, S, and T,

max |y s(R, S, T) — ust(a, B)m(T)| < T¥/* 4 R7V2§ 7123/ Zro®),
B

O<a<p=<m

Proof. We have

My p(R.S.T) = — Y #Qup(R,S, p)
o, B PR) _4RS o, B 9, P).
p=T
Applying Theorem 7, after simple calculations we obtain the result. O

THEOREM 9.  For all positive integers R, S, and T,

max Agg(R,S,T) < T"* + R7YV2§7123+e,

O<a<p=<m

Proof. For two distinct primes p; and p», let A, ,, (o, B) be the set of integers a
with 1 <a < p;p, — 1 and such that

a=a; (modp;) and a = a; (mod p;)

with some a; € A, (o, B) and a, € A, (a, B).
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Then, with the set R given by (8), we have

Yo mse BT

0<|r|<R 0<[s|<S
RS
=2 Z ( Z My pipr(R; 2S+1,—S—1)+0<—>)
P1<p2=T “acAp p,(a,p) P
+ O(RST),

where the term O(RS/p;) accounts for r and s with ged(rs, p1p2) > 1 and the
term O(RST) accounts for p; = p,. Therefore,

Yo mse BT
0<|r|<R 0<|s|<S
=2 >y > Mapp,(Ri2S+1,-S — 1) + O(RST).
P1<p2=<T acAp p,(c, )

As in the proof of Theorem 7, we derive

> My (Ri25+1,-85 1)
acAp;p,(a, )

RS
= 4#Ap (@, B)—— + O(VRS(p1p2)/*t°0).
pip2
Thus, using (7) yields

Z My pp,(R;2S+1,—-S = 1)
acApp, (@, p)
= 4usr(e, B)2RS + O(RSp;* + VRS (pip2) V30,

Hence,

) ms@ BT
0<|r|<R 0<|s|<S
= 8usr(a, B)’RS Z 1+ O(RST"* + VRST*™0)

p1<p2=T
= dusr(a, B)*RSm(T)* + O(RST7/4 + /RS_T3+"('))_

Combining this bound with Theorem 8 then shows the desired result. O

Clearly, Theorems 8 and 9 are nontrivial under the conditions (1) and (2), re-
spectively. We also remark that, by combining [12, Lemma 4.4] (taken with r =
1) together with the method of [27], one can prove an asymptotic formula for
#Q, 5(1,S, p) when S > p¥*+¢ for any fixed ¢ > 0. In turn, this leads to an
asymptotic formula for I, 4(1, S, T) in the same range S > T¥**¢. However, it
is not clear how to estimate A, g(R, S, T') within this approach.
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