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Invariant Metrics and Distances
on Generalized Neil Parabolas

NikorLAlI NikoLov & PETER PFLUG

1. Introduction and Results

In the survey paper [3], the authors asked for an effective formula for the Cara-
théodory distance ca, , on the Neil parabola A, 3 (in the bidisc). Such a formula
was presented in a more recent paper by Knese [4]. To repeat the main result of
[4], we recall that the Neil parabola is given by A, 3 := {(z,w) € D?: 72 = w3},
where D denotes the open unit disc in the complex plane. Then there is the natu-
ral parameterization p; 3: D — A 3, p23(A) 1= (A3, 2%). Moreover, let p denote
the Poincaré distance of the unit disc. Recall that

I T4 mpGh, )
A, = —-log ——m88¥™—,
P =g loe T G )

where
— M
m]D)()"?M) = 1 — )"’I‘LED
— AL
Let A, u € D. Then Knese’s result is
(Pas(d) ) { p (A%, u?) if |agl > 1,
CAy3(P2,3 > P2,3()) = 2 ap—A 2 Qo— i .

p(x Caon M 1_5[0#) if |ag| <1,

where o := ao(A, ) := %()» +1/A + u + 1/2). If Ax = 0 then the formula
should be read as if || > 1.

Observe that if A and u have a nonobtuse angle—that is, if Re(A) > 0—then
|ag(A, )| > 1 (cf. Corollary 2).

Moreover, in [4] the formula for the Carathéodory—Reiffen pseudometric y4, ,
is given as

|Xs| if a=b=0and|X,| > 2|X|,
4% 241X .
Ya,;((a,b); X) = 7]4&,‘ % if a=b=0and |X| <2|Xil,
2|1b|

—op if (a,b) # (0,0) and X = A(3a,2b), A€C,

where (a,b) € A 3 and X € T4, A2 3 = the tangent space in (a, b) at A, 3.
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We point out that these are the first effective formulas for the Carathéodory dis-
tance and the Carathéodory—Reiffen pseudodistance of a nontrivial complex space.
In this paper we will discuss more general Neil parabolas—namely, the spaces

Amn ={(z,w)eD?: 2" = w"},
m,neN, m <n, m,n relatively prime.

For short, we will call A,, , the (m,n)-parabola. As in the case of the classical
Neil parabola, we have the following globally bijective holomorphic parameteri-
zation of A,, ,:

Pmn: D — Am,n, pm,n()‘-) = ()‘-na )‘-m)a reD.

Observe that
-1
dmn = Pmn: Am,n — D

is given outside of the origin by g,, ,(z, w) = z%w!, where k, [ € Z are such that
kn + Im = 1; furthermore, g, ,(0,0) = 0. It is clear that g,, , is continuous on
A, and holomorphic outside of the origin.

We will study the Carathéodory and the Kobayashi distances and also the
Carathéodory—Reiffen and the Kobayashi-Royden pseudometrics of A,, ,. Let
us now recall the objects to be dealt with in this paper:

ma,,,(&,n) == sup{mp(f(&), f() : [ € OAnn, D)}, &0 € Amn;

here O(A,,,,,D) denotes the family of holomorphic functions on A, ,, that is,
the family of those functions on A,, , that are locally restrictions of holomorphic
functions on an open set in C.

Observe that the Carathéodory distance ca,,, is given by ca, ,(5,n) =
tanh~' m Ama($>M); moreover, cp = p. We must therefore study holomorphic
functions on the (m, n)-parabola. We have the following bijection of O(A,,,,, D)
and a part O, ,(D) of O(D, D), where

Opn(D) :={he O(D,D) : K0) =0, s € S}
and S, , == {seN:s+m+n¢Nm+ Nn} (recall that §; , = Jandif m > 2
then maxges,, , S = nm—m —n). Tobe precise, if f € O(A,,,,,D) then fop,, , €
Op,n(D); conversely, if h € O, ,(D) then i o g,y € O(Ay 5, D).
These considerations yield the following description of the Caratheddory dis-
tance on A, ,:
mAm,n(pm,n()\)» pm,n(/v’«))
= max{mp(h(A),h(1)) : h € Op, (D)}
= max{m]DJ(h()L)7 h(/”«)) the Om,n(D)a h(0) = 0}
= max{mp(X"h(X), /" h(w)) : h € O(D, D), K(0) =0, j 4+ m € S, u},
A, ueD.

We should like to point out that calculating the Carathéodory distance of a gen-
eralized Neil parabola may be viewed as the following interpolation problem for
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holomorphic functions on the unit disc. Let A, u be as before and let ¢, n € D. Then
there exists an i € O,, ,(D) with h(A) = ¢, h(n) = n if and only if mp(¢,n) <
M, (Pnn(R), Pna(1). Note that my, , (p1.u(A), pra(ie)) = mp (i, 1),

From the case of domains in C" it is well known that the Carathéodory distance
need not be an inner distance (see [2]). In the case of a generalized Neil parabola
it turns out that the Carathéodory distance is an inner distance if and only if m = 1.

Recall that the associated inner distance is given by

C/im)” (¢,m) :=inf{L., (o) :a isa |-||-rectifiable curve in A,,
connecting £,n}, £, 0 € Apn,

where L., denotes the c4,, ,-length. Obviously, ca,,,, < ¢ /im .- Then we have the
following result for the inner distance.

THEOREM 1. Let A, u €. Then

Chr (P, P (1))
B { ep (A", ™) if Re(Ajn) > cos(m/m)|Aul,
B cp(W"0) + cp(0, u™)  otherwise.

There is also the following comparison result between the Carathéodory distance
and its associated inner one.

COROLLARY 2. Let A, u€D.
(@) If Re(Apn) > cos(mm/m)|Aul, then

C,é (pm,n()\)’ pm,n(ﬂ)) = CAm,,,(Pm,n()‘-)a pm,n(ﬂ))-

m,n

(b) If Re(rj1) < cos(m/m)|Au|, then
ngm.n(pm,n()\.)’ pm,n(“)) = cAm_n(pm,"()‘)’pm,n(lJ«)) — (X[L)m <0.

(c) Hence, the following conditions are equivalent:
° C,gm,n(pm,n()‘)’ pm,n(ﬂ)) = CAm,n(pm,n()‘)’ pm,n(ﬂ));
M C,gmv”(pm,n()‘-), pm,n(ﬂ)) = cp(A", u™);
* Re(Ar) > cos(m/m) || or ()™ < 0.
In particular, ca,,, is not inner if m > 1.

Note that these results partially cover the result obtained by Knese. Moreover,
observe that the condition Re(Ait) > cos(m/m)| | in these results means geo-
metrically that u lies inside an angular sector around A of opening angle equal to
mt/m (cf. Knese’s result in [4]). And unlike the A, 3 case, the new area (Af1)" <
0 (i.e., the “rays” on which the angle between A and u is equal to (2j — D)mr/m,
Jj=2,...,m —1) appears for A,, , withm > 2.

In order to prove Theorem 1, we must to calculate the Carathéodory—Reiffen
metric y,,, , outside of the origin. First, recall its definition:

Van, (2, w); X) 1= max{| f'(z,w)X| : f € O(Ay D)},
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where (z,w) € A, , and X is a tangent vector in (z,w) at A,, ,. Note that if
(z,w) = ¢ = pma(r) and A € D \ {0}, then the tangent space T;(A,, ,) at { is
spanned by the vector p,, ,(A). The same holds if m = 1 and A = 0, whereas
To(Apn) = C?ifm > 2.

With the foregoing description of O(A,, ,,D), we may recast this definition in
a form that is appropriate for our uses here:

, |h' (L)
mn(A); Py f(A) =supy ————— 1 h € O, ,(D) .
Vamn(Pm,n(X); Py (1)) p{l—lh(k)P (D)
Then we have the following result.
THEOREM 3. Let L €. Then
( G): pl (M) = m|)L|m_]
J/Am,n pmyn ’ pm,n - 1— |)\‘|2m :

It follows from the preceding results (as in the case of domains in C") that y4,,,
is the infinitesimal form of c,,, , outside the origin. More precisely, if A € D \ {0}
then

CAm)n(pm,n()\), pm,n(ﬂ)) . cp ™)
= lim ——

lim
w2 [A — u—>xr A — |
m|x|m—l
N Y (Pmn(A): Py (A).

Observe that the same holds if m = 1and A = 0.
On the other hand, note that

Vana(0: X) = max{| f(0)X| : f € O(Au,», D), f(0) = 0}.

For such f we have f o p,, ,(¢) = ¢™h(¢) when ¢ € D, where i € O(D, D).
Observe that

af af (V)
—(0) = h(0), —0) = — f > 2.
g @O =0, TO) =S form =
Thus, if X = (X;, X») € C?, then
V. (0; X)
h(”)(O) h(m)(())
= max] | X; + X5 heO, (D), h(0)=0
n! m! ’
0 — .
= max Xlﬁ + X,h(0)| : he O(D,D), h(0) =0, j+me€ Sm.n
n—m)!

in particular, y4,,,(0; X) = || X| if X;X, = 0. Using the first equality above, we
shall prove the following infinitesimal result at the origin.
ProposITION 4. Let X; ,, := (A" — u", A — u™). Then

CAm,n(pman()“)7 pm,n(l/l/))
im =1.
A pu—0,AF 1 V.05 X5, 1)
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COROLLARY 5. Letm > 1. Then there are points A, u € D such that

PV, P () > max{p(A™, ™), p(A" 1, " tH}.

It turns out that the general calculation of the Carathéodory—Reiffen metric at the
origin becomes much more difficult. The next proposition may give some flavor
of the nature of these formulas.

PROPOSITION 6. Let X = (X, X») € C2. Then

1 X if 1X1] = 21Xal,
Vasa (0 X) = { 1X2] if 1X2] > V21X,
|X1|c.37180+1g;+24)3/2 lf l<coim 2% - zﬁ

It seems rather difficult to calculate an effective formula of the Carathéodory dis-
tance of A,, ,. We do have its value at pairs of “opposite” points; more precisely,
the following is true.

ProPOSITION 7. Let A €D, A # 0. Then
2|)\|2k+1

Ma, 51 (D2,20641(X), P22k 1(—A)) = T e

Observe that now, unlike the previous cases, the number n = 2k + 1 appears in
the formula.

Finally, the discussion of the Kobayashi distance and the Kobayashi—Royden
metric on A,, , becomes comparably much simpler. Let us first recall the def-
initions of the Lempert function IEA,M, the Kobayashi distance k4,,,, and the
Kobayashi-Royden metric kg4, ,:

o ka,, (@) = inf{p(A, 1) 1 A €D, Jpeoman,  ¢A) = ¢ o(w) = n},
&n € Amn;

* ka,,, = the largest distance on A, , that is less than or equal to k4, ,;

* Kppo (3 X) i=infla e Ry 2 Apeom, A @ ©(0) =, a9'(0) = X}, L € Ay s
XeT(Ay ).

We set lEAm,n(;, 1) = 00 0r ky,,,,(£; X) := oo if there are no respective discs ¢.
Since O(D, Ay n) = {pmn o ¥ ¥ € O(D, D)}, we have the formulas in our
next proposition (see also [3; 4]).

ProprosITION 8.  Let A, € D. Then

ki (PO Pinn (1)) = Ky, (P nR), pinn( 1)) = p(h, 11).

If A # 0, then k4, ,(Pm.n(1): ), , (1) =1/(1 = |A]%).
Let X = (X1, X2) € ToAm,n \ {0}. Then
X ifm=1,
K (03 X) = { el gm=
’ 00 otherwise.

At the end of the paper we discuss a simple reducible variety.
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2. Proofs and Additional Remarks

We start with the proof of Theorem 3, which will serve as the basic information
for Theorem 1.

Proof of Theorem 3. Recall that

/ |h' (M)
mon(A); A)) = —:hGOm"D :
Y n(Pinn(R)i Py (1) m“‘"{ 1= AV o
Observe that if a € D and &, (¢) = % then hy = @, o h € O,, ,(D) (use, e.g.,

the Faa di Bruno formula) and
lhe M) R
1= ha(P 1= RG]

Then
VAm,”(pm,n()\'); P,/n,n()h))
ax M:heOmn(D), h(0) =0
1—|h(1)|? ’
)Lm]:l' 1)) B o
= max{'(—i)” :heOD,D), "0)=0, j+me Sm,,,}
1 —[Amh(2))?
_ [mh(X) + AR'(L)| - ; .
= |a|"! — Y . heO(D,D), hY0) =0, Snn
-t DL 008, 100 =0, 4 mes,,
_ m|)\.|m—1
PN

The last equality follows because the unimodular constants are the only extremal

functions for ,
[mh(}) + Lh'(L)]
ax{ ————
1 —|Amh()0))|?
To prove this, observe that (h(A), h'(A)) varies on all pairs (a, b) satisfying |b| <
1- |a|2)/(1 — |A]?). Hence we must show thatif 0 < ¢,s <land0 <t < ¢, :=
(1 —52)/(1 = ¢?) then F(s,t) < F(1,0), where F(s,t) = (ms + ct)/(1 — c¢*"s?).
Since F(s,t) < F(s,t,), the problem may be reduced to the inequality

:heO(D,D)}.

m(l—cHs+cl—s5> ml—c? c(1—c?m) L+ s
< <
1 — ¢2ms2 1—c2m m(l —c?) l+s
I4-c2m I4c2ms

Given the inequality , it is clear that

I+s
m—1

— 2c Zczj < m(l+c*™).
j=0

c(l — ™) 14 c¢2m
<
m(l — c?) 2

Finally, after summing up the inequalities 1 — c¢**! > ¢2"=2/=1(1 — ¢%/*1) for
j=0,...,m — 1, the last inequality follows. O

We are now in a position to prove Theorem 1.
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Proof of Theorem 1. Set A; , = {{ €D : Re(AZ) > cos(mw/m)|Ac|} with A € D
and m € N. Recall again that A, ,, is an angular sector around A.
As a first step we shall prove that if A € D and € A ;,, then

Chon (PR, P n()) = cp (A", ™).
Since

C/im)n(pm,n()‘)s pm,n(ﬂ)) > CA,,,y,,(pm,n()")’ pm,n(“)) > C]I])()"m’ /»Lm), (1)

we need only prove the opposite inequality. After rotation, we may assume that
A € [0,1); by continuity, we may also assume that A,u # 0 and arg(u) €
(—m/m,/m). Then the geodesic for cﬁ'],()»m, ©™) does not intersect the segment
(—1,0]. Denote by « this geodesic and by «,, its mth root (1™ = 1). Observe
thatif £, n e A%, = A, \ {0}, then

1
Chpa(Cm) = inf{f Van,(@@); o) dt 2 [0,1] > A7,
: 0 : '
is a C'-curve connecting ¢, n}

(see [5, Thm. 4.2.7]). It follows from Theorem 3 that

1
Gl P Pos ) = [t (P o 005 (P ) 00
0

1 m—1y 1 1 /
m(t t t
=/ m|(en(0))] |;x,,,<>|dt:/ O,
0 1= lau (D))" o 1—la()]
= ch(W", u") = cp(W", 1.
It remains to prove that if u ¢ A, ,, then

Chn (P P () = ci (Pma(1),0) + ¢h (0, pn().
By the triangle inequality, we need only prove that

PRy Pin()) = €4 (Pn(R),0) +¢i (O, pun()).  (2)
Take an arbitrary C'-curve a: [0,1] — A*  with «(0) = Pmn(X) and a(l) =

Pm,n(u). Let to € (0,1) be the smallest number such that Ao = gmala(to)) €
0A;, . Then

1
/VAm,n(a(t);a’(t))dt
0
1o 1
= / V(@ (0); &' (1) dt + / Van(@(1); a'(2)) dt
0 1

> b (P Pn(h0)) + o, (Pinn(ho), Pmn(10))

> Ay (P, n(X)s Pin,n(X0)) + €y (Pin,n(X0)s P, (1))

> cp(A", A5) + cp(Wg, u™)

= cp(W™,0) 4 cp(0, ) 4+ cp(A8, ™) (since A% € (—1,0))

> C]D()\-m’ 0) + CD(()? I'Lm)
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Now, (2) follows by taking the infimum over all curves under consideration. [

Proof of Corollary 2. Part (a) follows by Theorem 1 and inequality (1).
(b) The inequalities

Capn(Pmn(R)s Pin (1)) < max{ep(W"F(A), u"f()) : f € O(D, D)}
< max{cp(X"£(1),0) + cp(0, " f()) : f € O(D, D)}
< ep(",0) +en0, 1) = ¢} (Pmn(A)s P n(10))

show that '
s (Pmn(R)s Pn()) = €4, (Pin(R), Pinn(10))

if and only if A" f(A) and ™ f () lie on opposite rays and | f(A)| = | f(w)| =1
for some f € O(D, D)—that is, f is a unimodular constant and (1j1)" < 0.

Part (c) of Corollary 2 follows because cp(z,0) + cp(0, w) = cp(z, w) if and
only if zw < 0. O

REMARKS. (a) For m € N, consider the following distance on D:
p" (s ) i= max{ pp (XA (1), W"h (1)) : h € O(D, D)}.
Note that

m)(x h()) + AR (M -
P (A A +e) Almlmax{m (A) + AR’ ()] :heO(]D),ID))}
60,870 le] 1 — [xmh(X)[?
= Yapn(Pm.a(R); Py, (1))

by the proof of Theorem 3. It follows that the associated inner distance of o™
equals ijm_"(pm,n(')’ pm,n('))- Then

ch, (P, pma()) = p "™, )
> €A (Pman(A)s Pmn(i0)) = p (A", ™).

Moreover, the proof of Corollary 2 shows that the following conditions are
equivalent:

© ch (Pma(R)s Pma()) = p 0k, p);
° C/I;m)n(pm,n()\)’ pm,n(ﬂ)) = CA,,,,n(pm,n()"), pm,n(ﬂ));

° Cj‘mm(l?m,n()\), pm,n(ﬂ)) = P()\m, /'Lm);
* Re(Ap) > cos(mw/m)|ip| or (Ap)™ < 0.

As an application of these observations we obtain a simple proof (without calcu-
lations) of Lemma 14 in [6]:

Ifa,be0,1),5s€(0,1],and 0 € [—m, ], then p(a, be'?y < p(a®,b’e™?).

In fact, we may assume that s € Q. If s = p/q (1 < p < q), » = a'/4, and
wn = b'9¢94, then we have to prove that p(A% u?) < p(A”, ). But the angle
between A and p does not exceed /g < 7/p, so

PGP Py = p P ) = p(, 1)
(the last inequality holds for any A, u € D and g > p).
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(b) Recall that

CA,,,.W(Pm,n()L), pm,n(“))
= max{pp(A"h(X), W"h(1)) : h € OD, D), h'(0) =0, j + m € S ).

If m = 1or (m,n) = (2,3) then p" (%, ) = ca,,(Pmn(A); Pm,n(1t)), because
Sl,n = () and 52,3 = {1}

On the other hand, if m # 1 and m # n — 1, then the following conditions are
equivalent:
© PO, ) = p(W", 1™
° p(m)()\‘, n) = CAm,,,(pm,n()\)a pm,n(ﬂ))-

It is clear that the first condition implies the second one. For the converse, ob-
serve that as h varies over O(DD, D), the pair (h(X), h(1)) variesoverall (z, w) € D?
with mp(z, w) < mp(A, u). Thus,

P00 1)

= max{pp(A"z, " w) : z,w € D with mp(z, w) < mp(A, ) or z = w € ID}.
It follows by the maximum principle for the continuous plurisubharmonic func-
tion mp(A™-, w"w) that if p™ (A, u) = pp(A"z, W"w), then either z = w € ID

or mp(z, w) = mp(A, ). Assuming that p (A, u) # p(A™, u™) excludes the
first possibility. Then any extremal function 4 for p™ (A, u) satisfies

mp(h(2), h(p)) = mp(k, p);

that is, 7 € Aut(D). Because any such function should be also extremal for
CApn(Pmn(R), Pmn(1)), it follows that either A # 0 (j € N) or h is a rota-
tion. In particular, m +1¢ S, ,; thatis, m =1 or m = n — 1—a contradiction.

Letm > 3. Then m 4+ 2 ¢ S, ,»+1 and hence h must be a rotation. Thus, the
following conditions are equivalent:

« p"0, ) = max{p (A", u™), o, W HY;
° p(m)()" /'L) = CAp, it (pm,n()")7 pm,n(llf))

(c) Concerning the first condition just listed, we point out that if m > 1 then, by
Corollary 5, there are points A, u € D such that

Pk 1) = cap (Pma(R)s Pmn (D) G, 1)

> max{p(A", ™), p(" L, " hH).
On the other hand, we have p®™ (A, —1) = p(A>"F!, —A?"*1) because

mp(W2" Dy (1), 1" Py (—1))
2(1 — |a?)[a [+
11 (A4 42 — Ja2(IA2 4 A1) + (1= [A]47) (@ — ah)|
2(1 — |a )| _ 2

LA A2 — e PAP A A T 1A A2

(use that 1 + [A|*"F2 > |12 4 [A|*™).
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Proof of Proposition 4. Observe that there is a constant ¢ > 0 with
near 0
CAm,n(pm,n()")’ Pm,n(ﬂ)) Z max{p()‘ma H’m)a P()\MHa /'Lm+1)} Z C|XA,;L|
and
max{|A|¥", |,u|k’"|}|X,\,M| > c|Ak — p¥| forany k > n, A, peD.

Let h;, , be an extremal function for ca,, ,(Pim,n(A), Pm,n(1)). Then

[n/m]
hk,u(é‘) = Z ajm,)\,u;]m + an,k,ué‘n + Z aj,)»,u;]-
Jj=1 J>n,j€Sm,n

Since |a; | < 1, it follows that

[, A = By ()] < H(A, 1) = |, u (K" — 1) + ap o, (A — )|

[n/m] e}
DI = Y A = ).
j=2 j=n+1
Thus,
H(\, .. H(x,
I < liminf . 1) — liminf (% 1)
rn=00un |y (W) — Ry ()| 4u=00#0 ca,, , (Pim,n(A)s Pim,n(0))
. [@m o, (A" — ™) + @p g, (X — )|
< liminf
Mn—0,07 0 CApn (P, n(A)s Pin,n (1))
_ S A — " A 305 2 = ]
+ lim sup
A, u—0,A#1 C|X)L7//L|
. . |am,)»,pt()\m - 'um) + an,)»,p,()\-n - /J/n)|
= liminf
20,20 CApn (P, (A)s P n(11))
0; X
< liminf Va0 Xi)

T L u—00F CA,,,y,,(pm,n()‘), pm,n(ﬂ)) '

this follows because

X

A0 h™(O
'( ) e 0)
m!

Van .05 X) = max{ cheO,,(D),h0) = 0}.

The opposite inequality

. yAm.n (0; X)h/l)
lim sup <
Ay =0, A5 CA,n,n(Pm,n()")a pm,n(ﬂ))

can be proven in a similar way; we omit the details. UJ

Proof of Corollary 5. Observe that for any neighborhood U of 0 we may find
points A, i € U such that A" — /" = A" — p”* # 0. Then, by Proposition 4, it is
enough to show that

Vana(0; Xo) > 1, where Xg:=(1,1).
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Since

Y, (05 Xo)

) o .
———— +h(0)|: he O(D,D), K'7(0) =0, j +m € Sp,x
(n—m)! ’

= max{

and since max;es,, , § = nm —m — n, it follows that
Y. (0: Xo) = max{|a 4 b| : (a,b) € T},

where T,,_,, is the set of all pairs (a,b) € C? for which there is a function & €
O(D, D) of the form h(z) = a + bz" ™" + o(z""~2"—").

Let k € N be such that k(n —m) > nm — 2m — n. We shall show that there is a
function f € O(D, D) of the form f(z) = a + bz + o(z*) such that a,b > 0 and
a + b > 1, which will imply that y,,, ,(0; Xo) > L.

Note that by Schur’s theorem (cf. [1]) such a function f exists if and only if

n n
(L= [aP)XP + (A~ laf = b)Y X} =2labl ) X;-1X;, XeR. ()
j=2 j=2
Since cos -~ is the maximal eigenvalue of the quadratic form Z;'l:z X;j_1X;, we

n+1
have

n n

b

n+1 DX 2D XX, XeR"
=1 j=2

Then (3) is satisfied by all pairs (a, b) € C? for which

Cos

2 cos lab| < 1— |a)* = |b|%

b4
n—+1
In particular, we may choose a,b > 0 such that 2ab > 1 — a? — b?; that is,
a+b>1. O

We now turn to a discussion of the Carathéodory—Reiffen pseudometric on the
(3, 4)-parabola.
Proof of Proposition 6. Recall that

Ya34(0; X) = max{|X;#'(0) + X, h(0)| : h € O(D, D), h"(0) = 0}.

So, we need to describe the pairs (ag,a;) € C? for which there is a function 4 €
O(D, D) of the form h(¢) = ao + a;¢ + 0(¢?). Let I3 be the 3 x 3 unit matrix
and let

apgp a 0
M = 0 apgp a
0 0 ap

It follows by Schur’s theorem (cf. [1]) that such an 4 exists if and only if I3 — M *M
is a semipositive matrix. It is easy to check that this condition means that the pair
(ao|?, |a1|?) belongs to the set
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C:={(a,b)eR? :a+~b <1,ab(l—a) < ((1—a)*—b)(l—a—b)).
The second inequality can be written as
b<(-a)l—+a) or b>1—a)l+a).
Hence C = {(a, b) €R2+ :b < (1—a)(1—4/a),a <1}. Therefore,
Vas4(0; X) = max{|X,|vb + | X2|/a : (a,b) € C)
= max{r € [0; 1] : |X,|(1 — OV1+1 + [Xa|t}.

Straightforward calculations show that this last maximum is equal to

| X if |Xi| > 2|X,],
1 Xa| if 1X2] > V2[Xl,
A—18c+(c2424)%2 A lXa
X 1f1<c._2m<2«/§. O

Proof of Proposition 7. This proposition holds trivially for k = 0, so let k > 1.
Recall that

My 51 (P2,2k+1(A)s P2, 26+1(11))
= max{mp(f(1), f(n): f€OD,D), f¥D0)=0,j=1,...,k}
= max{mp(AMh1), u*h(w)) : he O(D,D), K%Y D) =0, j=1,....k —1}.

2k+1

Then we may take { — ¢ as a competitor for my, ,,, to derive that

2|)~|2k+1
Ma, 51 (P2,2641(A), P2,21k41(—=2)) > W-

Moreover, it follows that

M Ay e (P2,2k4+1(A)s P2,2k+1 (1))
= sup{mp(X’z, n>w) : mp(z, w) < ma, . (P2,26-1(A), p2,2k—1(11))}-
Then Proposition 7 will follow by induction on k € N if we show that
21021 . 2[A 2k
mp(z,w) < T3 e = mp(A°z,A"w) < T e
Since 2|A)K YA 4+ [A|*72) = mp(A2F~1, —A%%~1), we may assume as in Re-
mark (b) that z = &, (A%~ and w = ®,(—22*"1) for some o € D. Then
mp(Z*z, A2 w)
2(1 = Ja*)[A [
L A2 — PR A2) 4 (1= (A4 (2 — @2k
2(1 — Ja|?) |22 B A2+
1+ |k|4k+2 — |Ot|2(|)»|4 + |)\|4k72) 14 |)\|4k+2
because 1 + [A]*+2 > |A]* + |12 O
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ReEMARK. The foregoing allows us to deduce an interpolation result as follows.
For given k € N and A, n, ¢ € D, the following conditions are equivalent:
(i) mp(n, ) < mp(R*F, 320,
(i) Freomm) : O =n, fF(—2*) =¢;
(iii) 3reomp) : ) =0, (1) = ¢ fP0) =0, j =1,...,2k;
(iv) Freomm : fFO) =n, fF(=2) = ¢ fEDO0) =0,/ =1,....k.
Indeed, it is trivial that (i) = (ii) = (iii) = (iv), and the implication (iv) = (i)
follows by the equalities
2|02k

B — mp (2K _p2k=1y.

May i1 (P2,2k41(X), P2,2ky1(—2)) =

Finally, we discuss the proof for the Kobayashi distance and metric.

Proof of Proposition 8. The proof of the formula for A, fOllows the one for the
case (m,n) = (2,3) (see [4]). For the reader’s convenience we include it here.
First, /QAm,n(pm,,,(x),pm,n(u)) < p(A, p) because p,, , is holomorphic. Sec-
ond, since m and n are relatively prime, it is easy to see that O(D, A,,,) =
{pmno¥ : ¥ € O(D,D)}. Then any ¢ € O(D, A, ,) with go(i) = pm,n(A) and
@([L) = pm.a(p) corresponds to some ¥ € O(D, ]D) with 1//()0 Aand Y (fn) =

Thus, p(x, 1) < p(A, ji) and hence p(i, 1) < Kayy, (D), Pnn(0))- There.
fore, kAm S(Pmn(A), pmon()) = p(X, p); in particular, kA . 1s a distance and so

ki, = Ky,
The formulas for «4,,,, can be proven in a similar way; we omit the details. [

We conclude this paper by mentioning the simplest example of a reducible variety.

REMARK. Put As, := {(z,w) € D? : z2 = w?}. Here A, is reducible and
clearly is biholomorphically equivalent to the coordinate cross V := {(z,w) €
D? : zw = 0}. Therefore, we discuss V instead of Aj .

It is evident that ¢y ((z1,0), (z2,0)) = kv ((21,0), (z2,0)) = p(z1,22) and that

kv((z,0),(0,w)) =00 (zw # 0),
kv ((z,0), (0,w)) = kv ((z,0), (0,0)) + kv ((0,0), (0, w)) = p(|z, —|w]).

Moreover, yy ((z,0); (1,0)) = kv ((z,0); (1,0)) = 1/(1 — |z|*) and so
IX| if X;X, =0,

oo  otherwise.

ky(0; X) = {
Recall now that
OWV,D)={f+g—f(0): feODx{0},D), g O{0} xD,D), £(0) = g(0)}.

Then obviously yv (0; X) = | Xi| + | X2].
Finally, since z + w € O(V, D), it follows that

cv((2,0), (0, w)) = cv((I2],0), (=|w[,0)) = p(|z], =|w]).

Thus, cy = ky; in particular, cy = cy,.
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