On the Steenrod Homology Theory
of Compact Spaces

HVEDRI INASSARIDZE

1. Introduction

For compact metric spaces, Steenrod [31] defined homology groups based
on “regular cycles.” On the category A 5, of compact metric pairs the Steen-
rod homology theory H, has many good properties. It satisfies the seven
Eilenberg-Steenrod axioms; for a wide variety of coefficient groups it is iso-
morphic to the Cech homology theory; it is exact under every exact coeffi-
cient sequence; and it is proved in [25] that H, has the following modified
form of the continuity property. Let

(XI’AI)P(X23A2) D

be an inverse sequence of compact metric pairs with the inverse limit (X, A4).
Then there is an exact sequence

0-1im" H, (X}, A;, G) » H,(X, A, G) > lim H,(X;, A;, G) — 0
i i

for every integer n and coefficient group G, where ljm‘V is the first derived
functor of ljm.

The Steenrod homology has important applications in geometric topology
and operator theory [9; 14]. The final argument in favour of the Steenrod
homology is the well-known Steenrod duality theorem:

If A is an arbitrary closed subset of the sphere S"*!, thenvfor O0<g<nthe
Steenrog’ homology group H (A, G) is isomorphic to the Cech cohomology
group H"~9(S"*!1\ A4, G).

Note that Sitnikov [27] defined the Steenrod homology groups for metric
spaces and extended the Steenrod duality theorem to arbitrary subsets of the
sphere S”*1.

The axiomatic characterization of the Steenrod homology theory on the
category A s of compact metric pairs was obtained by Milnor [25]. Milnor
characterized the Steenrod homology theory with the seven Eilenberg-Steen-
rod axioms together with the invariance axiom under a relative homeomor-
phism and the cluster axiom. Skljarenko [28] also obtained a characterization
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of the Steenrod homology theory on the category A oy of compact metric
pairs.

In 1936, for locally compact spaces Kolmogorov [18] defined homology
groups based on “functions of sets.” These homology groups are closely con-
nected with the Steenrod homology groups. In fact, in the case of a compact
coefficient group, Chogoshvili [8] obtained an isomorphism of the Kolmo-
gorov homology groups with the Cech homology groups (and therefore with
the Steenrod homology groups for compact metric spaces) by using his exact
homology theory constructed in [7; 8] for arbitrary topological spaces and
based on “decompositions.” Moreover, it is proved by Mdzinarishvili [24]
that for an arbitrary coefficient group (and not only for a compact coeffi-
cient group) the construction of homology groups proposed by Kolmogorov
in [18] gives homology groups isomorphic to the Steenrod homology groups
on the category of compact metric spaces. Therefore, an exact homology
theory isomorphic to the Steenrod homology theory was discovered by Kol-
mogorov (see the comment of Chogoshvili on the Kolmogorov homology
theory in [19, pp. 405-411]). Later, many other exact homology theories were
constructed on the category of compact pairs [25; 4; 12; 21; 20; 29; 23] which
coincide with the Steenrod homology theory on the subcategory of compact
metric pairs, except the Borel-Moore homology theory for arbitrary coefhi-
cient groups (it is so only for all finitely generated coefficient groups; see
[28]). The isomorphism of some of such theories was proved in [5; 21; 20;
29]. The first uniqueness theorem for exact homology theories on the cate-
gory A ¢ of compact Hausdorff pairs was obtained by Berikashvili in [2; 3].
All the above-mentioned exact homology theories satisfy the axiomatic char-
acterization given by Berikashvili. This uniquely defined homology theory
on the category A . will be called the Steenrod homology theory. In [3] it
is proved that if a homology theory on the category A . satisfies the seven
Eilenberg-Steenrod axioms and the following three axioms, then it is natur-
ally isomorphic to the Chogoshvili homology theory [7; 8]. The new axioms
are as follows.

AXIOM A. For every compact pair (X, A) € A, the projection (X,A) -
(X/A, *) induces an isomorphism H.(X,A) > H(X/A, *).

AXIOM B. For every integer n and every inverse system of finite clusters
of n-spheres {(S,, w§)}, where the map wg carries each n-sphere either into
the point * or homeomorphically onto an n-sphere, there is a natural iso-
morphism
H*(LILQ{(SZ, *), 7"[(32]) _)LIE{H*(S&” *), (5)4}.
[+3 [0 4

To formulate Axiom C, consider the compact filtered space |N(X)| and the
canonical map w: |N(X)|— X which are associated with a given compact
Hausdorff space X (see [3]). The space |N(X)| is the inverse limit of the
inverse system {|N,(X)|, w§)} of finite polyhedra, where each |N,(X)|is the
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realization of the nerve N, (X') of the closed covering of X induced by a finite
decomposition of the space X, and where «§ is the natural map |[Ng(X)|-
|N,(X)|. Let N2(X) be the p-dimensional skeleton of N, (X).

AXIOM C. For every compact Hausdorff space X, the homomorphism
lim H,(§m{|N2(X)|, 7§}) > Hu(X)
D o

induced by the map w is an isomorphism.

In [13] we obtained a different characterization of the Steenrod homology
theory on the category A - of compact Hausdorff pairs. To the seven Eilen-
berg-Steenrod axioms we added Milnor’s modified form of the continuity
axiom.

SEMI-CONTINUITY AXIOM. Let (X, A) be the inverse limit of an inverse
system {(K,,L,), g} of finite polyhedra. Then there is a functorial exact
sequence

0-4m" H, , (K, L,) » H,(X, A) > 1im H,(K,,L,) -0

Jor every integer n.

The object of this paper is to give (in Section 3) a new axiomatic charac-
terization of the Steenrod homology theory on the category A~ of compact
Hausdorff pairs and continuous maps, a characterization which uses the
Eilenberg-Steenrod axioms, the continuity property, and the exactness prop-
erty under exact coefficient sequences.

The novelty of our approach is that we consider (in Section 2) the homal-
ogy theory as a bifunctor theory defined on the product of the categories of
spaces and coefficient groups. The properties of the homology theory under
coefficient groups can therefore be used to charaterize exact bifunctor ho-
mology theories. The characterization is simpler and is obtained together
with Eilenberg-Steenrod axioms in the classical terms of exactness and conti-
nuity. Moreover, it is analogous to the well-known Eilenberg-Steenrod char-
acterization of the Cech cohomology on the category of compact pairs. For
the bifunctor homology theory we investigate also the Vietoris-Begle theo-
rem to characterize the Steenrod and Cech bifunctor homology theories with
the Vietoris property and the partial continuity property.

2. Exact Bifunctor Homology Theory

Let A denote an admissible category of pairs of spaces and continuous maps.
Let G be an abelian category. It will be said that H, is a bifunctor homology
theory on the category A with coefficients in the abelian category G if, for
every n e Z, we have (1) a covariant bifunctor H,(X, A4, G): AxG - G, and
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(2) a boundary operator A,: H,(X,A, G)—> H,_;(A, G) for every (X,A) €
A and G e G which have the following properties:

(a) for every G € G the sequence (H,.(—, G), A,) is a connected sequence
of functors on A; and
(b) for every morphism f: G- G’ of G, (X,A) €A, and ne Z, the dia-
gram A
Hn(X’A’ G)_H*Hn-—-l(A! G)
H,(X,A,/) | | Hoo1t4,)

H,(X,A, G2 H. _(A,G)
is commutative.

The singular homology is a bifunctor homology theory with coefficients
in the category of abelian groups on the categories of finite CW-complexes,
of CW-complexes, and of arbitrary spaces. The Cech homology theory is a
bifunctor homology theory with coefficients in the category of abelian groups
on the category of compact pairs. The Steenrod homology theory is a bi-
functor homology theory with coefficients in the category of abelian groups
on the category of compact metric pairs. For the category G of coeflicients
we can also take the category of A-modules and the category of compact
abelian groups.

A bifunctor homology theory H, with coefficients in G satisfies the axioms
of homotopy and excision if H, satisfies these axioms for every GeG. It
will be said that H, satisfies the axiom of exactness (partial exactness) if H,
is an exact (partially exact) homology theory for every G € G and if, further-
more, we have a boundary operator d,,: H,(X, A4, G,;) > H,_(X, A, G,) for
every exact sequence 0 —» G; - G— G,—0in G and (X, A) € A which have
the following properties:

(c) for every (X, A) e A the sequence (H.(X, A4, —),d,) is a connected
sequence of functors on G;
(d) for every map ¢: (X, A) — (Y, B) of A, exact sequence 0—» G, —» G —
G,—0in G, and n e Z, the diagram
d
Hn(XsAa GZ)_H*HH-—I(XsAa Gl)
Hy(¢,Gy) | | Hy—1(e, Gy)
H,(Y, B, Gy)" H,_,(Y, B, G)
is commutative; and

(e) for every exact sequence 0> G, - G- G,—01in G and (X, A) €A,
there is a long exact (partially exact) sequence

e Hy (X, A, G) 2 HL (X, A, G)— H,(X, A, G)
— H,(X, A, Gz)f—"—»»H,,_l(X,A, G)— -

The singular and Steenrod bifunctor homology theories are exact bifunctor
homology theories. The Cech bifunctor homology theory with coefficients
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in the category of compact abelian groups is an exact bifunctor homology
theory on the category of compact pairs.

We shall say that H, satisfies the axiom of dimension if H, satisfies the di-
mension axiom for every G € G and if, furthermore, for every point * and
G € G we have an isomorphism Hy(*, G) = G compatible with respect to I-
point spaces and such that, for every morphism f: G — G’ of G, the diagram

Hy(*,G)— G

! L/
Hy(*,G") = G

is commutative. A bifunctor homology theory H, satisfies the Eilenberg-
Steenrod axioms if H, satisfies the axioms of homotopy, excision, exactness,
and dimension.

We shall say that the bifunctor homology theory H, is continuous on the
category of compact pairs if, whenever a compact pair (X, A) is the inverse
limit of an inverse system {(K,, L), 7§} of pairs (K,,L,) of finite poly-
hedra, then the natural morphism

Ho(X, A, G) > im{H,(Ky, Lo, G), (1))

is an isomorphism for every G € G. H, will be called partially continuous on
the category of compact pairs if the continuity property is satisfied for in-
verse systems {(K,, L,), 7§} of pairs of finite polyhedra with simplicial maps
75. On the category A ), the continuity and partial continuity properties
mean that these properties are satisfied for inverse sequences of pairs of fi-
nite polyhedra. The notion of partial continuity was introduced by Kaul [15]
on the category of compact metric pairs for a fixed coefficient group.

The notion and properties of a bifunctor cohomology -theory H* on A
with coefficients in G are defined analogously.

On the category A, of paracompact pairs we shall now define an exact bi-
functor homology theory H, which is given in [12] and which is needed in
Section 3 to prove the uniqueness Theorem 1.

Let (X, A) be a paracompact pair of spaces. Consider the set Cov(X, A)=
{(U,, V,)} of all locally finite multiplicative open coverings of (X, A4) with
the following order: (Ug, V3) > (U,, V,,) if Us and Vj are refinements of U,
and V, (resp.) and if, furthermore, u,Nuge Us when u,eU,, uge U, and
u,Nug#9. The set Cov(X, A) becomes a partially ordered directed set; it
was introduced by Alexandrov in [1]. If (Ug, V3) > (U,, V,,) then there is a
canonical map pg: (N(Uz), N(V3)) = (N(U,), N(V,)) of their nerves by let-
ting p§(ug) = ﬂuaguﬁ u,. It is obvious that pg is an identity map for every
(U,, V,) and that

PEpg=p2 for (U,,V,)> (Us, V3)>> (U,, V,).

For every (U,,V,) € Cov(X, A), consider now the oriented co-chain com-
plex (or the ordered co-chain complex) C*(N(U,), N(V,), Z) of the nerve
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(N(U,), N(V,,)) with integer coefficients. Let C*(X, A, Z) be the direct limit
of the direct system {C*(N(U,), N(V,), Z), q¥} of co-chain complexes, where
g5 is induced by the map pg§. Take a projective resolution P of C*(X, A, Z)
and finally, for every abelian group G, consider the chain complex

C.(X,A,G)=Hom(P, G).
Then, by definition,
H.(X, A, G)=H,Hom(P, G);

it does not depend on the projective resolution P. A map (X, A)— (Y, B)
of the category A, induces a map Cov(Y, B) - Cov(X, A) and therefore a
homomorphism H,(X, A, G)—- H.(Y,B,G). The sequence of chain com-
plexes

0-Cu(A,G)—»Ci(X,G)—» Cu(X,A4,G)—0

is exact, and therefore H, is an exact homology theory for every G. For
every integer n we have the functorial exact sequence

(1) 0-Ext(H"(X, A, Z),G)— H,(X,A, G)—Hom(H"(X, A, Z), G) 0.

It follows easily that A, satisfies the axioms of homotopy, excision, and di-
mension, since A* has these properties. Note that we have a negative homol-
ogy group H_((X, A, G) =Ext(H% X, A, Z), G).

For every paracompact pair (X, 4) and every exact sequence 0 - G, —
G — G, — 0 of coefficient groups, we have the exact sequence of chain com-
plexes

0-Cu(X,A4,G))—» Cu(X,A,G)— Ciu(X, A, G,)—0.

Thus the homology theory H, is also exact under exact coefficient sequences.
Therefore H, is an exact bifunctor homology theory on the category A, of
paracompact pairs which satisfies the Eilenberg-Steenrod axioms.

If (X, A) is a compact pair, then we have a natural direct construction
of H.(X, A, G) which does not use the hyperhomology. In fact, we may
consider only the set mf(X , A) of finite multiplicative open coverings of
(X, A) with the same order. Let C,(X, A, G) be the inverse limit of the in-
verse system

(C.(N(Uy,), N(Vo), G), (PF)x (Uys Vi) € Covy(X, A))

of oriented chain complexes with coefficients in the abelian group G. It is
clear that we have the isomorphism C,(X, A, G) =Hom(C*(X, A, Z), G).
We claim that for every n the abelian group C”(X, A4, Z) is free. To show
this, consider a directed system {M,, s’} of free A-modules M, with finite
base F,,. Assume that this directed system satisfies the following conditions:
there exist maps zg§: Fg — F, (8 > «) which give an inverse system {F,, zg} of
finite sets such that for every pair 8>« and g, € F, we have s5(g,)=3; g[;,
where zfg"(gé) =g, and s5(g,) =0 if the set (zfé‘)“l(ga) is empty. Kaup and
Keane proved in [16] that the direct limit of such direct systems of finitely
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generated free A-modules is free over A. Moreover, it is noted in [3] that the
result of Kaup and Keane is also true when the condition s5(g,)=3; g[; is
extended to the condition s8(g,) =3, €;g4, where ¢;= 1. It is easy to see
that the direct system

{C"(N(U,),N(V,), Z), 45, (U,,V,) e Covs(X, A)}

of finitely generated free abelian groups satisfies these conditions and that
therefore its direct limit C"(X, A4, Z) is a free abelian group, as claimed (there
exist other constructions of free co-chains for exact homology; see [7; 8; 25;
3; 30]). From this it follows that there is a natural isomorphism

H.(X,A,G)=H,(C«(X, 4, G))

for every compact pair (X, A) and abelian group G. It also follows that
H_,(X, A, G)=0 for every compact pair (X, A). If I is an infinitely divis-
ible abelian group, then for every compact pair (X, A) we have natural iso-
morphisms

H.(X,A,I)=~Hom(H*(X,A,Z),I) =~ H,(X,A,I).

Therefore the homology theory H, has the continuity property on the cate-
gory of compact pairs for every infinitely divisible coefficient group. Finally,
on the category A o, of compact metric pairs, from the exact sequence (1) it
follows easily that H, satisfies the invariance axiom under relative homeo-
morphisms and the Milnor cluster axiom, since H* satisfies these axioms.
Thus H, is isomorphic to the Steenrod homology theory on the categary
A - Note that the homology theories defined in [18; 25; 4; 7; 8; 24; 21; 29;
23] are also exact bifunctor homology theories on the category of compact
pairs with coefficients in the category of abelian groups.

3. Uniqueness Theorems

The main result of this section is the characterization of exact bifunctor ho-
mology theories on the category A - of compact Hausdorff pairs.

THEOREM 1. There exists one and only one exact bifunctor homology the-
ory on the category A - of compact Hausdorff pairs with coefficients in the
category of abelian groups (up to natural equivalence) which satisfies the ax-
ioms of homotopy, excision, dimension, and continuity for every infinitely
divisible group.

Proof. Existence. The exact bifunctor homology theory constructed in Sec-
tion 2 satisfies all conditions of Theorem 1.

Uniqueness. It will be proved that a bifunctor homology theory H, which
satisfies the conditions of the theorem is naturally isomorphic to our con-
crete bifunctor homology theory H, (see Section 2).

It is easy to see that H, satisfies the axioms of homotopy, excision, and
dimension: Consider an injective resolution of the abelian group
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(2) 0-G-1-J-0;

the assertion then follows from exactness and from the axioms of homo-
topy, excision, and dimension for the infinitely divisible groups 7 and J. In
particular, we obtain in this way isomorphisms for the inclusion maps and
projection map:

i09 il: (X,A)—P(XX [O,l],AX[O, 1])9
p:(Xx[0,1],AX[0,1]) = (X, A),

and the homotopy axiom follows immediately. Moreover, if I is an infinite-
ly divisible abelian group, then it follows from the well-known Eilenberg-
Steenrod theorem [10] that H,(—, I) is naturally isomorphic to the Cech ho-
mology theory H.(—,I).

Let (X, A) be a pair of compact Hausdorff spaces. Consider (_TBVf(X ,A),
the set of finite multiplicative open coverings of (X, 4). For every (U,,V,) e
@f (X, A) let (K,, L,) be the realization of the nerve (N,, Q,) of the cov-
ering (U,,V,). We obtain an inverse system ((K,,L,),|p§|} of pairs of fi-
nite polyhedra and simplicial maps, where p§ is defined in Section 2. Let
(K, L)=lm,{(K,, L), |p§|}. We define a continuous map &: K — X as fol-
lows: let z={z,}e K and z,€ K, =|N,|; let |g,| be the smallest simplex in
K, containing z,, and let u, be the carrier of g,. Since X is a compact Haus-
dorff space, the intersection N, #, is a single point of X and we set §(z) =
M U4, The map & is onto and & ~!(A4) = L. Such spaces K associated with a
given compact space X were used in [15; 5; 2] to characterize homology the-
ories. Note that for any xe€ X we have 9 ~!(x) =l<i_rp_a|6a(x)|, where a,(x)
denotes the simplex of N, corresponding to all members of the covering U,
containing x. Moreover, for every «, the diagram

(KsL) Py
01 ~
XAy

is commutative up to homotopy, where p, is the projection and g, is a ca-
nonical map. Thus, for every infinitely divisible group 7, the diagram

H (K, L,I) _H.(pg D)
H(3,1) l \

Ho(Ke Loy 1)
Ho (X, A, 1) Helder D)

(Kas Ly)

is commutative, where {H,(p,,I)} give an isomorphism by the continu-
ity axiom and {H,.(q,,I)} give also an isomorphism by the isomorphism
H.(X,A,I)~H,(X,A,I) (because the inverse system {(K,,L,),|pg|} is
associated with (X, A); see [26]). Therefore, H,(J, I') is an isomorphism for
every infinitely divisible abelian group /. It follows from this, and from the
commutativity of the following diagram with exact rows,
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n+1(K’L’I)_" Hn+1(K:L’ J)_' Hn(K: L, G)_" Hn(K:L! I)_’ Hn(K,LN!)_) o
L= L= LHA9,0) | = L=
ree> n+1(X’A:I)-’Hn+1(X:A9J)_*Hn(X9A: C;')_"}{n(A,:flrI)_—’I{n(/Y:/LJ)_> )
which is obtained for the exact coefficient sequence (2), that H,(¢, G) is an
isomorphism for every abelian group G. Let K” be the inverse limit of the
inverse system {KZ,|p§|}, where K2 denotes the p-dimensional skeleton of
the polyhedron K. It will be proved that, for every abelian group G, the
following equalities hold:
H,(K"UL,K""'UL,G)=0 if p=n,
H,(K"UL,L,G)=0 if p>n.
For the pair (K"UL,K"~'UL) and for the exact sequence (2), we have the
exact sequence
vee > p+1(K”UL,K”‘1UL,I)—>Hp+1(K”UL,K”‘1UL,J)
4) aHp(K"UL,K"“IUL,G)—»H_,,(K”UL,K”‘IUL,I)
- H,(K"UL, K" 'UL,J)—> ---.
It is easy to see that H,(K"UL, K"~ UL, I)=0for every infinitely divisible
group I if p # n, since H*(- I) is isomorphic to the Cech homology theory
with coefficients in 7. Therefore, it follows from (4) that
H(K"UL,K"'UL,G)=0 if p>n or p<n-—1.

To prove that H,_;(K"UL,K""'UL, G) is also trivial we consider the fol-
lowing commutative diagram with exact rows:

3)

0-H,(K"UL,K""'UL,G)— H,(K"UL,K""'UL,I) - H(K"UL,K""1UL,J)

i 1= 1=
(5) ljma Haina HO(*: G) - ljgla Haina HO(*sI) g liEa H"ina HO(*’ J)
1= 1= 1=
lim, Hom(C"(N,, Q,), G)—lim, Hom(C*(N,,, Q,), I) = lim,, Hom(C"(N,, @,), /)
N

li_nlg) Hom(C™(N,,Q,),G),

where o/, is an oriented n-simplex of K\ L, and the vertical arrows are iso-
morphisms. Since the abelian group lim, C*(N,, Qq, Z) is free (see Section
2), it is known [11] that in this case we - have 1im$) Hom(C"(Ny, Qu, Z), G) =

0. Thus, from the diagram (5) we obtain that the homomorphism

H,(K"UL, K" UL, I)>H,(K"UL,K""'UL,J)

is surjective and hence H,_;(K"UL, K" 'UL, G) =0 from (4). The trivial-
ity of the group H,(K"UL, L, G) if p> n for every abelian group G follows
from the exact sequence
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> H, (K"UL,L,J)>H,(K"UL,L,G)—->H,(K"UL,L,I)— ---

and from the fact that H,(K"UL, L, I} is trivial if p > n for every infinitely
divisible group 1.
Consider now the chain complex

I(X,A4,G)={H,(KPUL,K?"'UL,G),A,},

where A _ap 18,, Ay Hy(KPUL,KP~'UL,G) - H,_(KP"'UL, L, G),
and g,_: Hp_(K?~ 1UL L G)— H,_ (K"~ IUL KP~ 2UL G) are homo-
morphlsms in the exact sequences of homology groups for triples (K/UL,
K/7'UL, L). It is well known that there is a natural homomorphism

H,I'«(X,A,G)-»H,(K"UL,L,G)

if n> p, which is an isomorphism if (3) holds. In fact, for every p we have
the exact sequence

0— H,(KPUL,L, G)—(’ﬂ»Hp(Kp UL,KP~1UL, G)in_l(Kp"‘UL,L, G),
which induces the isomorphism Ker (o, ;4,) = H,(K?UL, L, G). The exact
sequence

Hp+1(K”+1UL,K1’UL, G)—- H,(KPUL,L,G) —+Hp(Kp“UL,L, G)—-0
shows that the composition
Ker(o,_14,) » H,(KPUL, L, G)—»HP(K"“UL,L, G)

induces a natural isomorphism H,I',(X, 4, G)— H,(K? tlyL, L, G). There-
fore we have the isomorphism H,I'.(X, 4, G) - H,(K**"UL, L, G) for all
r=1since, from H,(K"UL,K""'UL, G)=0if n# p, it follows that

H,(KP*'UL,L,G)> H,(K’*"UL,L,G) for every r>1.

From diagram (5) it also follows that for every » we have an isomorphism
H,(K"UL,K""'UL, G)—1im,II,» Hy(*, G). The composition

H/(K"UL,K""'UL, G)—»hmHHO(* G)—»hmHom(C”( ,0.), G)

a ‘71 o
becomes an isomorphism and commutes with the boundary operators of the
chain complexes I',(X, 4, G) and C.(X, A, G). Therefore we obtain a nat-
ural isomorphism of chain complexes I'.(X, 4, G) > C.(X, A4, G).
Finally, consider the commutative diagram with exact rows

Hp ((K"UL,L, 1)~ Hp  ((K"UL,L,J)~ Hy(K"UL,L,G)— Hp(K"UL, L, 1)~ H,(K"UL, L, J)
6) ! l ! i \
Hp-}—l(K,L:I) - p+](K)L9J) - Hp(K’L,G) - Hp(KsL,[) - Hp(K!L’J)-
For every infinitely divisible group 7, from the continuity of H, we have the

isomorphism H,(K,L,I) —>11m o« H«(K,, L,,I) and therefore, if p < n, we
have the natural Isomorphlsm H,(K "Hlyr,L,I)=H, (K, L, TI) for every
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infinitely divisible group 1. Thus, from diagram (6) we obtain that the homo-
morphism H,(K"UL, L, G) - H,(K, L, G) is an isomorphism for every abe-
lian group G if n=p+2.

We have obtained a sequence of isomorphisms

H,(X,A,G)> H,I'\(X,A,G)> Hy(K,L,G)> Hy(X, A, G).

The composition of these isomorphisms establishes a natural isomorphism
a,(X, A, G): Hy(X, A, G)> H,(X, A, G) for every abelian group G and all
p.Amap f:(X,A) - (X, A’) of compact Hausdorff pairs induces the com-
mutative diagram

(K,L) 2 (X, A)

) L7
(K, L)Y (X', A%).

Hence isomorphisms «,(—, G) (p = 0) are compatible with maps of the cat-
egory A .. It is easy to see that they are also compatible with the boundary
operators A, and d,, and with homomorphisms of the category of abelian
groups. This completes the proof of Theorem 1. U

All exact homology theories constructed in [18; 25; 7; 8; 12; 24; 21; 29; 23]
give exact bifunctor homology theories which satisfy the conditions of The-
orem 1 and are therefore isomorphic on the category of compact Hausdorff
pairs.

It is an immediate and trivial consequence of the well-known uniqueness
theorem of Eilenberg-Steenrod for the Cech cohomology theory [10] that if
an exact bifunctor cohomology theory H* on the category A . of compact
Hausforff pairs with coefficients in the category of abelian groups satisfies
the conditions of Theorem 1, then H* is naturally isomorphic to the Cech
bifunctor cohomology theory with coefficients in the category of abelian
groups. Therefore, on the category of compact Hausdorff pairs, the charac-
terization of the Steenrod bifunctor homology theory is completely analo-
gous to the characterization of the Cech bifunctor cohomology theory.

COROLLARY 2. A bifunctor homology theory on the category of compact
Hausdorff pairs is isomorphic to the Steenrod bifunctor homology theory if
and only if it is an exact bifunctor homology theory which is naturally iso-
morphic to the Cech homology theory for every infinitely divisible abelian

group.

On the category A ), of compact metric pairs this characterization of the
Steenrod bifunctor homology theory is an easy consequence of Milnor’s axi-
omatic characterization.

In order to characterize the Steenrod bifunctor homology theory with the
partial continuity property, we shall need the Vietoris property for the bi-
functor homology theory. The Vietoris-Begle theorem for the Borel-Mocre
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homology theory is proved in [6] when the coefficient group is the group of
integers. On the category of compact metric pairs, the Vietoris-Begle the-
orem for the Steenrod homology theory with an arbitrary fixed coefficient
group is obtained in [17] when the notion of the Vietoris map is formulated
in terms of open coverings. From this it follows that the Vietoris-Begle the-
orem for the Steenrod homology theory is known when the coefficient group
is finitely generated.

Let H, be a bifunctor homology theory on an admissible category A of pairs
of spaces and continuous maps with coefficients in an abelian category G. A
map f: (X, A) - (Y, B) of the category A is called a Vietoris map for the bi-
functor homology theory H, if (1) f is surjective; (2) f ~!(B) = A; and (3) for
any y € Y and every G € G, the reduced homology H,(f ~!(»), G) is trivial.

For the Steenrod or Cech bifunctor homology theory on the category of
compact pairs, a surjective map f: (X, A) — (Y, B) such that f ~!(B)=Aisa
Vietoris map if the corresponding reduced homology of £ ~!(») is trivial for
any y € Y and for the coeflicient groups Q and Q/Z. In fact, if

H(f™' ), Q) =H.(/7'(»),0/2) =0,
then from the exactness of H, we deduce ﬁ*(f"l(y), Z)=0 for any y €Y.
From the exact sequence (1) it follows that
Hom(H"(f ~\(), Z), Z) =Ext(H"(f ~'(¥), 2), Z) =0
for every n=0. It has been shown (see [6, §V, Prop. 13.7]) that this implies
H"(fY(»),Z)=0 for every n=0.

Thus from (1) we have ﬁ,,( S~ Y(»), G) =0 for every n and for every abelian
group G. If

H,(f~'\),0)=H.(f"(»),0/Z)=0,
H(f'(»),Q=H,(/"'(»),0/Z)=0

for every n. Therefore H.( f~(»), G)=0. But there is a canonical epimor-

phism - -
H.(f'(»),G) - H (f7'(»), G).

Thus H.(f ~}(y), G) is trivial for every abelian group G. We see also that
on the category of compact pairs a Vietoris map for the Steenrod bifunctor
homology theory is a Vietoris map for the Cech bifunctor homology theory
and conversely.

We shall say that a bifunctor homology theory H, has the Vietoris prop-
erty if for every Vietoris map f: (X, A) — (Y, B) of the category A the in-
uced morphism H.(f, G): H.(X, A, G)—- H.(Y, B, G) is an isomorphism
for every GeG.

then

LEMMA 3.

(1) On the category A, the bifunctor homology theory H, (resp., on the
categories A - and ACM the Steenrod bifunctor homology theory) with
coefficients in the category of abelian groups has the Vietoris property.
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(2) On the categories A and A ¢y the Cech bifunctor homology theory
with coefficients in the category of abelian groups has the Vietoris

property.

Proof. (1) Let f: (X, A)— (Y, B) be a Vietoris map for H,. For any yeY
and every abelian group G we have the exact sequence

0-Ext(H™*'(f~(»),2), ®) > Hi(f '), G)
~Hom(H'(f7(»),2),5)~0

for every i = —1. Thus Hom(H'(f ~1(y), Z), I) = 0 for every infinitely divis-
ible group 7 and all i = 0. Therefore

Hi(fY(»),Z)=0 for every i=0.

Since the Vietoris-Begle theorem holds for paracompact pairs and for the
Cech cohomology theory, the map f induces an isomorphism H{(Y,B,Z)>
HY(X, A, Z) for every i =0. Consider now the commutative diagram with
exact rows

0— Ext(HtY(X, A, Z), G)— H:(X,A, G)— Hom(H'(X,A,Z),G)—0
1= ) 1=
0— Ext(H'*Y(Y,B, Z), G) — H;(Y,B,G) — Hom(H'(Y,B, Z),G) —0

induced by the map f, where the left and right vertical arrows are isomorph-
isms. It follows that the homomorphism H;(X, A, G) - H;(Y, B, G) is an
isomorphism for all /i = —1 and every abelian group G. For the categories
A and A, the proof is similar. This ends the proof of (1). Note that if
f:(X,A)— (Y, B) is a surjective map such that f~ I(B) = A4 and the reduced
homology H.(f~Y(»), Z) is trivial for any y € Y, then the induced homomor-
phism H.(f, G): H.(X,A,G)—- H.(Y,B,G) is an 1somorphlsm for every
abelian group.

(2) Consider now the Cech bifunctor homology theory H, on the category
A ¢ with coefficients in the category of abelian groups. Let f: (X, A) —» (Y, B)
be a Vietoris map for H,. It follows from [22] that for a compact pair (X, A)
and for every abelian group G there is a functorial exact sequence

0 - Pext(H*Y(X,A,Z),G)—»Hi(X,A,G)—H(X,A,G)—0

for every i =0, where Pext(X,Y) is the subgroup of pure extensions of the
group Ext(X,Y) (on Pext see also [11]). Therefore, for every abelian group
G and all i =0, the map f induces the following commutative diagram with
exact rows:

0— Pext(H*(X, A, Z),G)— H;(X,A,G)— H;(X,A,G)—0
@) L 5% L7 1A
0— Pext(H'*Y(Y,B,Z),G) — H:(Y,B,G)— H;(Y,B,G)—0.

Since the map f is also a Vietoris map for the Steenrod bifunctor homol-
ogy theory H,, by (1) of Lemma 3 the homomorphism f; is an isomorphism
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for all i =0 and every abelian group G. As proved in (1), the homomorph-
ism H!(Y, B, Z) -» H(X, A, Z) is an isomorphism for all i = 0, and therefore
fP, is an isomorphism for all i =0 and every abelian group G. It follows
from diagram (7) that f; is also an isomorphism for all / =0 and every abe-
lian group G. This completes the proof of Lemma 3. O

On the category A o), of compact metric pairs, Kaul [15] characterized the
Cech homology theory with the Eilenberg-Steenrod axioms, the property of
partial continuity, and the Vietoris property, when the coefficient group is
either an elementary compact topological group or a field. Lemma 3 gives
the possibility of obtaining a similar characterization of the Steenrod and
Cech bifunctor homology theories with coefficients in the category of abe-
lian groups.

THEOREM 4.

(1) On the categories A and A ¢y, there exists one and only one exact
bifunctor homology theory with coefficients in the category of abelian
groups (up to natural equivalence) which has the Vietoris property
and satisfies the axioms of homotopy, excision, dimension, and par-
tial continuity for every infinitely divisible group.

(2) On the categories A ¢ and A ¢y, there exists one and only one partial-
ly exact bifunctor homology theory with coefficients in the category
of abelian groups (up to natural equivalence) which has the Vietoris
property and satisfies the axioms of homotopy, excision, dimension,
and partial continuity.

Proof. By Lemma 3 the existence is clear. To prove the uniqueness, con-
sider the canonical map d: (K, L) — (X, A) (see the proof of Theorem 1). In
case (1), from the partial continuity it follows that

H.(37'(x), 1) =ljm A.(|5,(x)|, 1) =0

for any x € X and every infinitely divisible group /. From the exactness of
H, under exact coefficient sequences we deduce that H,(3'(x), G)=0 for
every abelian group G, and therefore the map ¢ is a Vietoris map for H,. In
case (2), the map ¢ is also a Vietoris map for H,. Therefore, in both cases,
from the Vietoris property it follows that the map ¢ induces an isomorph-
ism H.(K,L,G)> H,.(X, A, G) for every abelian group G. Since (K, L) =
lim,{(K,,L,),|p§|} is the inverse limit of pairs of finite polyhedra and sim-
plicial maps, from the partial continuity property it follows that we have the
isomorphism H,(K,L, G) > Liga H.(K,, L,, G) for every infinitely divisible
group G in case (1) and for every abelian group G in case (2). For case (1) the
rest of the proof is similar to the proof of Theorem 1, and it is more simple
for case (2) (see [15]). O

REMARK. All results of this paper are true when the category G of coeffi-
cients is the category of modules over a principal ideal domain.
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