ON PRIME SEQUENCES OVER AN IDEAL

L. J. Ratliff, Jr.

1. Introduction. In [10], Rees introduced the concepts of an asymptotic
sequence, an asymptotic sequence over an ideal, and a prime sequence over an
ideal. In [4] it was shown that most of the basic results known to hold for
R-sequences have a valid analogue for asymptotic sequences, and it was noted
there that, conversely, sometimes a new result on R-sequences can be found by
proving the R-sequence version of a new result on asymptotic sequences. The
main purpose of this paper is to illustrate this converse phenomenon and thus to
derive some new information on R-sequences. Actually, in the present case, the
results are the ‘‘prime sequence over an ideal’’ version of ‘‘asymptotic sequence
over an ideal’’ results.

Specifically, in [6, (5.6.1) and (5.7)] it is shown that by, ..., by are an asymp-
totic sequence over an ideal I in a local ring R if and only if by,..., by, u are an
asymptotic sequence in the Rees ring ® = ® (R, I), and this holds if and only if
b,,...,bs, u are an asymptotic sequence in Rqy, where M is the maximal homo-
geneous ideal in ®. Then, among other things, it is shown that: the /-forms of
by,...,bs are an asymptotic sequence in the form ring F(R,I) [6, (5.10)]; the
images of by,...,bs in R[I/b,] are an asymptotic sequence [6, (7.4)]; each
permutation of by,..., bs is an asymptotic sequence over I [6, (6.2)]; by, ..., b
are an asymptotic sequence in R [6, (6.4)]; and, any two maximal asymptotic
sequences over I have the same length [2]. The prime sequence over an ideal ver-
sion of each of these results is proved in §2, and certain additional results are also
proved, such as: the form ring result just mentioned actually characterizes a
prime sequence over an ideal and

S
(b1, ..., bIYRN(I+Bs)' =Y, bfi(I+Bs)" ¢
i=1
for all positive integers ¢; and for all n =20, where B, = (b, ..., bs)R.

Since most of the results mentioned in the preceding paragraph are rather
natural to consider for any type of sequence of elements, the R-sequence versions
probably would have been found without knowing that the asymptotic sequence
versions are true. But even so, the close analogy between the two versions of the
results does nicely illustrate the converse phenomenon mentioned above.

Prime sequences over an ideal seem to have some interesting and useful prop-
erties. Hopefully the results in this paper will be useful in any future research on
such elements.
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2. Main results. In this section we first give the relevant definitions and then
prove (2.2) which gives three characterizations of a prime sequence over an ideal
in a local ring. Then quite a few corollaries of (2.2) are given.

We begin with the definitions.

(2.1) DEFINITION. Let I be an ideal in a Noetherian ring R and let by, ..., bsin
R. Then:

(2.1.1) by, ..., b are a prime sequence over I in case (I,b,...,b;)R # R and
(1,b,,. ..,b,')nRZ b,‘.HR =(1, bl,...,b,‘)nR fori=0,1,...,s—1andforalln >1.

(2.1.2) by, ..., bs are an asymptotic sequence over I in case (I, b;,...,b;)R #R
and ((1,by,...,5;)"R),: bi . \R=((I,by,...,b;)"R), for i=0,1,...,5—1 and
for all n =1, where J, is the integral closure of the ideal J in R.

2.1.3) R(R,I)=R[tl,u] (¢t an indeterminate and u =1/¢) is the Rees ring of
R with respect to 1.

It is clear from the definitions that if by,..., bs are a prime (respectively, an
asymptotic) sequence over I, then their images in Rg are a prime (respectively, an
asymptotic) sequence over I for all multiplicatively closed sets S (0 € S) in R
such that (7, b,,...,bs)Rs#Rg. Also, ®(R,I) is a graded subring of R[¢, u]
and u"®R(R,I)NR =1I" for all n 2 1. These facts will be implicitly used below.

(2.2) is the main result in this paper; it gives three useful characterizations of
prime sequences over an ideal in a local ring. Like most of the results in this
paper, (2.2) is the R-sequence version of a new result on asymptotic sequences.
In each such result, the cited reference is to the known asymptotic sequence
result.

(2.2) THEOREM. (Cf. {6, (5.6.1) and (5.7)].) Let I be an ideal in a local ring
(R, M), let by,...,bsinM, let Bi=(by,...,b;)R (i=1,...,s), and let By = (0).
Also let ®; =R (R, I+B;) (i=0,1,...,s) and let W= (u, M, t1Y®Ry. Then the
Jollowing statements are equivalent:

(2.2.1) by, ..., bs are a prime sequence over I.

(2.2.2) by, ..., b, u are an Ry-sequence.

(2.2.3) by,..., b, u are an Rygy-sequence.

(2.2.4) u, b; ., are an R;-sequence fori=0,1,...,s—1.

Proof. u"®;,NR=({I+B;)" fori=0,1,...,s and for all n =1, and if p is a
prime divisor of u®; for some i, then pNR is a prime divisor of (/+B;)" for
some n =1, by [3, (5.1)]. Therefore it follows that (2.2.1) & (2.2.4).

Note that 9 is the maximal homogeneous ideal in ® and every homogeneous
ideal in R is contained in M. Therefore, since the prime divisors of all the ideals
generated by subsets of u, by, ..., by are homogeneous, it follows that by, ..., bs, u
are an ®Ry-sequence if and only if they are an Ryqr-sequence, so (2.2.2) & (2.2.3).

Now assume that (2.2.4) holds, so u, b, are an ®j-sequence. Therefore b, u
are an Ry-sequence, by (2.2.2) ¢ (2.2.3). Thus fix i (1 <i<s) and assume that
by, ..., b;,u are an ®y-sequence. Then ®; =Ry [¢by,...,tb;] and th;=b;/u, so
every element in ®; can be written in the form r/u* for all large k, where
r€ (B, u)*®y. Now B/"®Ry: u®Ry=BI"®R, for all m > 1, since by, ..., b;,uarean’
Ry-sequence, so
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(Bi,u)"®Ry: u®y= (B, u(B;, )" HRy: u®,
=B"®Ry: uRy+ (B;, u)" 'Ry = (B;, u)" " 'R,.
Therefore it follows that
u"®;NRy=(B;, u)"'R,

for all n>1, and so by,...,b;,u,b;,, are an ®Ry-sequence, since b;,; is not
in any prime divisor of u®;, by (2.2.4). Therefore by,...,b;,.,u are an ®R,-
sequence, by (2.2.2) ¢ (2.2.3), so it follows that (2.2.4) = (2.2.2).

Finally, assume that (2.2.2) holds, fix i (0<i<s—1), and let p be a prime
divisor of u®;. Then there exists a homogeneous element x¢* in ®; such that
u®;: xt*®; =p, so u**'®; : x®; = p, and so (uk“(ﬂ,-ﬂ(ﬁo):x(Ro =pNQ&,, by
[12, p. 220]. Now u"“(R,- N®y = (B;, u)k“(Ro, as in the previous paragraph, so
PN QR is a prime divisor of (B;,u)"®, for some n >1. But b;,, is not in any
prime divisor of (B;,u)"®, for all m 21, by hypothesis and [5, (4.1)], so
b+, & p, and so it follows that (2.2.2) = (2.2.4). O

We now derive several corollaries of (2.2) which give some useful infor-
mation concerning prime sequences over an ideal. The first of these extends
2.2.1)=(2.2.4).

In the proof of (2.3) we use the following result proved in [11,.(2.9)]: if each
permutation of ¢gy,cy,..., ¢ is an R-sequence in a Noetherian ring R, then each
permutation of cgy,c;/cp,...,Ci/Co,Cis1,---,Cs 1S an A;-sequence, where A4; =
R[C]/Co,. ..,C,'/C()] (l= 1,...,s).

(2.3) COROLLARY. (Cf. [6, (7.1.2)].) With the notation of (2.2), if b, ..., bs
are a prime sequence over I, then each permutation of u,tby,...,tb;,b;iy1,...,bs
is an ®;-sequence fori=0,1,...,s.

Proof. The elements b,y,..., b, u are an ®Ry-sequence, by (2.2.1) = (2.2.2), so
each permutation of u, b,,..., by is an Ry-sequence, by (2.2.2) & (2.2.3). There-
fore, since ®R; = Ry[b,/u,...,b;/u], the conclusion follows from [11, (2.9)]. O

(2.4) shows an interesting relationship between certain ideals related to 7 and
b,,..., bs; the asymptotic sequence version of (2.4) is not true. In (2.4) the usual
convention that J” = R (where J is an ideal in R and n < 0) is used.

(2.4) COROLLARY. With the notation of (2.2), for i=0,1,...,s, for all
n 20, and for all positive integers e, ..., e, it holds that

i
T ofi(I+Bi)" ™9+ (b, BT +B)" = (b1, .., OIRN".
Jj=

Proof. Fixi (0<i<s)andlet R=®R(R,I+B;). Thentby,...,th;,b;11,...,bs, u
are an ®-sequence, by (2.3), so (tby)°l, ..., (tb;)%, bfi4t, ..., bss,u are an R-
sequence. Therefore KR [1/u]N&R =K, where

K= ((th))™, ..., (th))%, bjix, ..., bis)R,
Also, K& [1/u]= (b5),...,b&)R[t,u], so K =H, where
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H=(b&,...,b%)R[t,ulN®,

since H:u® = H. Therefore {reR;rt" €eK}={r€R;rt"€H} for all n=0,
and the conclusion readily follows from this and the definition of ®R. O

(2.5) gives another characterization of a prime sequence over [, this one in
terms of the form ring (= associated graded ring) of R with respect to 1.

(2.5) COROLLARY. (Cf. [6, (5.10)].) Let I be an ideal in a local ring (R, M)
and let by, ..., bs; be elements in M. Then by, ..., bs; are a prime sequence over
I if and only if the I-forms of b,,...,bs are an F-sequence in the form ring
F=F(R,I) of R with respect to 1.

Proof. By [8, Thm. 2.1], F = ®/u® and the I-form of ¢ € R is ct* + u® (where
cel* ¢I1¥*Y) in §, where ® = R(R, I). Therefore, if by,...,b, are a prime
sequence over I, then b,,..., bs, u are an ®R-sequence, by (2.2.1)=(2.2.2), so
u,by,...,b, are an ®R-sequence, by (2.2.2) ¢ (2.2.3), and so the I-forms of
by,...,bs are an F-sequence. The converse follows essentially by reading back-
wards, since u is regular in . O

(2.6) shows that a prime sequence over I gives rise to an A;-sequence, where 4;
is a certain monadic transformation ring of R. (Concerning (2.6), it should be
noted that R € A;, since by,..., b are an R-sequence (and hence each is regular)
in R, by (2.11) below.)

(2.6) COROLLARY. (Cf. [6, (7.4)].) Let by, ..., bs be a prime sequence over an
ideal I in a local ring R and let A;=R[(I+B;)/b;] (i=1,...,s). Then fori=
1,...,5 each permutation of b,/b;,...,b;_y/b;, b;, biy,..., b, is an A;-sequence.

Proof. Let ®;=®(R,I+B;) and 8§; =®;[1/tb;]. Then tb; is a unit in §;,
so u8;=b;8; and tb;8; = (b;/b;)8; (j=1,...,i). Also, each permutation of
u,thy,...,th;,bi+1,...,bs is an ®;-sequence, by (2.3), so it follows that each
permutation of tb,...,th;_, b;,..., bs is an §;-sequence. Therefore the conclu-
sion follows, since 8; = A;[tb;, 1/tb;] and tb; is transcendental over A;. a

The next corollary of (2.2) shows that any two maximal prime sequences over
an ideal in a local ring have the same length.

(2.7) COROLLARY. (Cf. [2].) If I is an ideal in a local ring (R, M), then any
two maximal prime sequences over I have the same length.

Proof. Let by,...,bsand cy,..., c; be two maximal prime sequences over 7, let
s<t,and let ®=®R(R,I). Then by,...,bs,u and c,,...,c;, u are ®R-sequences
contained in (u, M)®R, by (2.2.1)= (2.2.2). Also, there exists a prime divisor P
of (u,by,...,bs)®R such that M®R < P. For if not, then there exists bs 1 €M
such that b,,...,bs,u,bs,, are an ®R-sequence, so by,...,bs,,u are an
®R-sequence, by (2.2.2) & (2.2.3), hence b,, ..., bs,, are a prime sequence over /,
by (2.2.2) = (2.2.1), and this contradicts the fact that b,,..., b; are a maximal
prime sequence over /. Therefore grade Pp =s+1 and the ®R-sequence cy,...,c;, u
is contained in P, so it follows that 7 <s. Therefore s =¢, and so the conclusion
follows. O
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(2.8) globalizes (2.7) to the case where the prime sequences over I are con-
tained in the Jacobson radical of R.

(2.8) COROLLARY. Any two prime sequences over an ideal I in a Noetherian
ring R which are maximal with respect to being contained in the Jacobson radical
of R have the same length.

Proof. Suppose not and let by,..., b, and c;,...,c; be two prime sequences
over I which are maximal with respect to being contained in the Jacobson radical
J of R and are such that s <¢. Then, since by, ..., b, is a maximal prime sequence
over [ that is contained in J, there exists a prime divisor P of (I, by,...,bs)"R
(for some n =1) such that J S P. (By [1], {P€SpecR; P is a prime divisor of
(I,by,...,b)"R for some n =1} is a finite set.) Then the images in Rp of
by,..., bs are a maximal prime sequence over Ip. However, ¢y, ..., ¢, are in J and
J € P, so the images of ¢, ..., ¢, in Rp are a longer prime sequence over Ip, and
this contradicts (2.7). Therefore the conclusion follows. O

(2.9) shows that each permutation of a prime sequence over / is again a prime
sequence over 1.

(2.9) COROLLARY. (Cf. [6, (6.2)].) If by,..., bs are a prime sequence over an
ideal I in a local ring R, then each permutation of b, ..., b is a prime sequence
over 1.

Proof. This follows immediately from (2.2.1) & (2.2.3). a
(2.10) globalizes (2.9) to the case where the b; are in the Jacobson radical of R.

(2.10) COROLLARY. (Cf. [6, (6.3)].) Let by, ..., bs be a prime sequence over
an ideal I in a Noetherian ring R. If by, ..., b are in the Jacobson radical of R,
then each permutation of b, ..., by is a prime sequence over 1.

Proof. Suppose not and let cy,..., c; be a permutation of by,..., by such that
C1,...,Ci (0<i<s) are a prime sequence over I and there exists a prime divisor
Pof Ci=(,cy,...,c;)"R (for some n 2 1) such that ¢;,; € P. Let M be a maxi-
mal ideal in R that contains P. Then the hypothesis implies that the images of
by,...,bs in Ry, are a prime sequence over I, so the images of ¢, ..., ¢, in Ry,
are a prime sequence over 7, by (2.9). However, P, is a prime divisor of Cjy
and the image of ¢;, | is in Py, and this implies that the images of ¢;,...,c; 4 are
not a prime sequence over Ip,. This contradiction thus implies that the conclu-
sion holds. a

(2.11) shows that a prime sequence over / is also an R-sequence; concerning
this, see (2.16) below.

(2.11) COROLLARY. (Cf. [6, (6.9)].) If by, ..., bs are a prime sequence over an
ideal I in a local ring R, then b,, ..., b, are an R-sequence.

Proof. By (2.2.1)=(2.2.2), by,...,bs,u are an ®Ry-sequence, where ®R,=
®R(R,I). Therefore by, ..., by are an Ry[1/u]-sequence, and Ry[l1/u]l=R [t u].
Therefore, since ¢ is an indeterminate and u =1/¢, it follows that b,,..., by are
an R-sequence. O
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(2.12) globalizes (2.10) to the case where I is contained in the Jacobson
radical of R.

(2.12) COROLLARY. (Cf. [6, (6.5)].) Let by, ..., bs be an asymptotic sequence
over an ideal I in a Noetherian ring R. If I is contained in the Jacobson radical of
R, then b,,...,bs are an R-sequence.

Proof. Suppose not and choose i (0<i<s) such that b,,...,b; are an R-
sequence and there exists a prime divisor P of B;=(b,,...,b;)R such that
bi+1 € P. Let M be a maximal ideal in R that contains P, so I+ B; €M and the
image of b;,; in Ry, is in Py, so the images in Ry, of by, ..., b;; are not an Ry,-
sequence. However, by, ..., b;,; are a prime sequence over I, so their images in
Ry, are a prime sequence over I;. But this contradicts (2.11), so the conclusion
follows. a

The graded ring case is briefly considered in (2.13).

(2.13) REMARK. (Cf. [6, (6.6)].) Let R be a graded Noetherian ring and let /
be a homogeneous ideal in R. Then the following statements hold:

(2.13.1) Any two homogeneous prime sequences over I (that is, prime se-
quences over I consisting of homogeneous elements) which are maximal with
respect to being contained in all maximal homogeneous ideals in R have the same
length.

(2.13.2) If by, ..., by are a homogeneous prime sequence over I and are in all
maximal homogeneous ideals in R, then each permutation of b,,..., b, is a
prime sequence over 1.

(2.13.3) If Iis contained in all maximal homogeneous ideals in R and b, ..., b
are a homogeneous prime sequence over I, then by, ..., by are an R-sequence.

Proof. The proofs are similar to the proofs of (2.8), (2.10), and (2.12), respec-
tively, but also use the fact that every homogeneous ideal in R is contained in a
maximal homogeneous ideal in R. O

The next result shows that the prime divisors of powers of (b,,...,5;)R are
contained in the prime divisors of powers of (/, by,...,b;)R.

(2.14) COROLLARY. (Cf. [7, (4.2)].) Let by, ..., by be a prime sequence over
an ideal I in a Noetherian ring R, let Bi=(by,...,b;)R (i=1,...,s), and let
By = (0). Assume that I is contained in the Jacobson radical of R, fix i, and let
p be a prime divisor of B{* for some n 2 1. Then there exists a prime divisor P of
(I +B;)" for some m 21 such that p S P.

Proof. Suppose not. Now ® ={P; P is a prime divisor of (/+B;)”" for
some m 21} is a finite set, by [1], so the supposition implies that there exists
x€p, £ U{P;P€®). Therefore by,...,b;,x are a prime sequence over I and
they are not an R-sequence, since B;: xR # B;, by the choice of x and [5, (4.1)].
However, this contradicts (2.12), so the conclusion follows. O

(2.15) shows that the images of b;,,,..., bs in R/B; are a prime sequence over
(I +B;)/B;. This does not follow immediately from the definition.
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(2.15) COROLLARY. (Cf. [7, (3.3)].) With the notation of (2.14), the
images modulo B; of b;.y,...,bs are a prime sequence over (I+B;)/B; for
i=1,...,s—1.

Proof. Assume first that R is local, let R=® (R,I), and let Bfy=B;R[t,u]N&.
Then B;R: u® =B;R, by (2.21)=(2.2.2), so it follows that B;® = B}. There-
fore, since by,..., b;, biyy,..., bs, u are an ®R-sequence, by (2.2), it follows that
the Bj-residue classes of b;.q,...,bs,u are an ®R/B}-sequence. But R/B} =
®R(R/B;, (I+B;)/B;), by [9, Thm. 2.1], so the images of b;,,...,bsin R/B; are
a prime sequence over (I +B;)/B;, by (2.2.2)=(2.2.1).

Now, for the general Noetherian ring case, suppose that there exist i and j
such that the images of b; ., ..., b; are a prime sequence over (I + B;)/B; and the
image of b;, is in some prime divisor P’ of (I + B;)"/B; for some n > 1. Then it
may be assumed that R is local with maximal ideal P, where P is the pre-image in
R of P’. But then it readily follows that the supposition contradicts what was
shown in the previous paragraph, so the conclusion follows. O

(2.16) shows that the images of by, ..., b, in R/I" are an R/I"-sequence for all
n = 1. This also does not follow immediately from the definition.

(2.16) COROLLARY. (Cf. [8, (4.2)].) If by, ..., bs are a prime sequence over an
ideal I in a Noetherian ring R, then their images in R/I" are an R/I"-sequence
Sforalln>1.

Proof. By definition, b, is not in any prime divisor of I" for all n =1, so
the conclusion follows if s=1. If s>1, then note that (R/I")/(b;(R/I")) =
R/((I",b))R)=R’/I'" for all n 21, where the ’ denotes residue class modulo
biR. Then b;,..., by are a prime sequence over I’, by (2.15), so their images in
R’/I'" are an R’/I’'"-sequence for all n =1, by induction on s. Therefore the
conclusion follows from the isomorphism, since b, + " is regular in R/I" for all
nzl. O

(2.17) shows an interesting fact concerning the prime divisors of ideals of the
form ((Z,by,...,0;)",bj1,...,b;)R.

(2.17) COROLLARY. (Cf. [7, (4.3)].) Let by, ..., bs be a prime sequence over an
ideal I in a Noetherian ring R and let Bij= (b,,...,b;)R (i=0,1,...,s). Then for
0 <j <i<sit holds that if p is a prime divisor of ((1,by,...,b;)",bj.y,...,b;)R
Jor some n =1, then there exists a prime divisor P of (I, b,,...,b;)"R for some
m 21 such that p < P.

Proof. Suppose not and let ¢ in p such that ¢ is not in any prime divisor of
(1,by,...,b))"R for all m21. Then bj,,,...,b;,c are a prime sequence over
C=(1,b,,...,b;)R but their images modulo C" are not a prime sequence in
R/C". However, this contradicts (2.16), so the conclusion follows. O

This paper will be closed with the following remark which extends the useful-
ness of the preceding results.



120 L. J. RATLIFF, JR.

(2.18) REMARK. It follows from (2.2.1) = (2.2.2) that if b,,..., b, are a prime
sequence over an ideal 7 in a local ring (R, M) and ey, ..., e, are positive integers,
then by1,..., b¢s are a prime sequence over I. Then it follows from (2.17) that
they are a prime sequence over I for all m = 1. Therefore the results in this
paper hold with 7™ in place of I and b{1,..., b% in place of b, ..., bs.
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