REGULAR NEIGHBORHOODS OF ORIENTABLE 3-MANIFOLDS
Robert M. Dieffenbach

1. INTRODUCTION

If M™and QY are PL manifolds with M C Q, any two regular neighborhoods of
M in Q are isotopic relative to M [1]. The matter of classifying different regular
neighborhoods of a fixed M has been studied by C. P. Rourke and B. J. Sanderson
[6], who construct a universal classifying space BPLg; different neighborhoods
correspond to homotopy classes of (A-) maps of M into BPLg.

In this paper, the different regular neighborhoods of orientable 2- and 3-mani-
folds will be constructed and compared. As is usually the case, two regular neigh-
borhoods N; and N3 of a manifold M will be considered the same (N; = N;) if and
only if there exists a PL homeomorphism h: N; — N, such that h(x) = x for all
x € M. It will be seen in these two cases that the distinct orientable regular neigh-
borhoods are in one-to-one correspondence with the elements of H2(M; Z,). A
similar classification exists for tubular neighborhoods of differentiably embedded
closed orientable 2- and 3-manifolds; the techniques are easily adapted to the
differentiable case.

The notation and definitions used here will be consistent with those found in
J. F. P. Hudson’s book [4]. The boundary of a manifold M will be denoted by M,
and A™ will be the standard n-simplex; further, we write

1=100,1], 1=1[11], m=1m-lxi, g»=jsm!,

If L and K are simplicial complexes with L <K, cx(K - L) will be used to denote
the smallest subcomplex of K that contains K - L by K" (rel L) we shall mean a
second derived subdivision of K relative to L. All maps and manifolds will be PL.
In particular, if V and V' are PL manifolds, a concordance is a PL homeomor-
phism H: VX I — V' X I that maps V x {i} homeomorphically to V' x {i} for
i=0, 1. Two homeomorphisms fy, f;: V — V' are said to be concordant relative to
X C V in case there exists a concordance H: VX I— V'XI with Hy = fy and

H; =f; such that H(x, t) = (Hg(x), t) for all x € X. In this event, H is said to be
Jfixed on X.

Block bundles [6] are a key tool in the construction, as are A-sets and their
homotopy groups [7]. Of particular importance are the A-sets PLg, whose k-
simplexes are block isomorphisms of AK x I9 onto itself, and PL (I) the sub- A-
set of fibre-preserving block isomorphisms. Each of these sets has two components;
however, the symbols PLg and PLq(I) will be used here (incorrectly) to represent
only the component containing the identity map.

If K is a simplicial complex (with the set of vertices totally ordered), K will
represent the associated A-set. Each n-simplex A € K will be identified with A™
according to the order of its vertices by a map o™. This identification induces for
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each g a unique linear homeomorphism ijs: A X 11 - A" x 19 defined for

(x, t} € A X1I? by the equation ia(x, t) = (6™(x), t). Hence a A-map f: K — PLY
(respectively, PL(I)) induces a PL homeomorphism f: K X 19— K x Iq where for
each A € K the restr1ct10n of f to AXIYis 1A1 o f(A)o ip. Sucha homeomor—
phism will be called a block isomorphism (respectively, a fibre-preserving block
isomorphism) with base K and blocks I9.

In Section 2 it will be shown that each orientable regular neighborhood of an
orientable 2- or 3-manifold can be written as the union of two product neighbor-
hoods identified by a homeomorphism along certain subsets of their boundary. An
equivalence relation will be introduced such that equivalent homeomorphisms define
the same neighborhood. In Section 3, these homeomorphisms will be studied; in Sec-
tions 4 and 5, orientable regular neighborhoods of orientable 2- and 3- manifolds
will be classified.

The author is pleased to acknowledge the help received from Professor T. M.
Price, who supervised the dissertation from which this article is taken.

2. PRELIMINARY LEMMAS

Let M™ C Q9"3 be closed orientable connected PL manifolds (m = 2 and
q>2 or m=3 and q > 3), and write M = M; UfM,, where M) and M, are orient-
able discs (or cubes) with handles having connected boundaries. For i =1, 2, let N;
be a regular neighborhood of M; relative to 9M; in Q suchthat N =N; U NZ is a
regular neighborhood of M and such that N; N N, = N C oN; is a regular neighbor-
hood of dMj in dN;. Since M) and Mj collapse to a wedge of circles, N; and N,
do also. In fact, as a consequence of J. F. P. Hudson’s unknotting theorem and the
theory of regular neighborhoods, there exists a homeomorphism

Gy (M; x I, M; x {0}) — (N, M;)

such that
(1) Gi(x, 0) = x  for all x € M;

and

~ 1

(2) G |oM; x 1% oMy x 1% 2 N,
Therefore G; U Gp: (M) XI%) UM, %19 — N is a homeomorphlsm if oM, x1? i
identified with 9M, X I by the homeomorphism G;!G, |aM, X I

Hence, up to homeomorphism, every orientable regular neighborhood of M is of
the form (M, X I9) Up (M, X I9, where F: 8M; X I? — aM, X I is a homeomorphism
that extends f.

Notation. (a) Let M; and M, be manifolds with boundary, let f: 8M] — M2 be
a homeomorphism, and let M =M; UgM,. If F: o0M; X . oM, X 1% is a homeo-
morphism extending f, we shall use either No(M;, M2; F) or Ng(M1, M; F) or
simply Ng(M; F) to denote (M) X 19 Up (M2 x 19,

(b) If G: Ng(M; Fo) — Ng(M; F1) is a homeomorphism such that G(x, 0) = (z, 0)
for all x € M, we shall say that G is 0-preserving.

Now, while every orientable neighborhood of M is of the form Ng(M;, M2; F),
it is also clear that different extensions of f may define the same neighborhood.
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The next two lemmas dismiss the obvious cases and suggest a useful equivalence
relation. In both cases, M; and M, are manifolds with boundary, and f: oM; — 9M,
is a homeomorphism.

LEMMA 1. Let Fg, Fj: aM; X ¥ - oM, X 1 be homeomorphisms extending f.
If theve exists a concovdance

H: oM, x I3 x I — aM, xI1x1,

fixed on 3M; X {0}, such that Hy = Fi! o ¥, and H; = identity, then theve exists a
0-preserving homeomorphism G: Nq(M; Fg) — Ng(M; Fp).

Proof. Let c: dM; X1 — M; be a boundary collar with c(x, 0) = x for all
x € aM;, and let C: aM; X I% X I — M; X I? be the map C(x, y, t) = (c(x, t), y). The
desired homeomorphism G is given by

(x, y) for (x, y) € cl(M - c(6M; X I)) X 19,
G(x, y) =
CHC l(x,y) for (x,y) € c(d@M; xI) x 14,

LEMMA 2. Let F: 0M; X 19 - aM, X 19 e a homeomorphism extending f. If
h: 19 — 19 is a homeomorphism such that h(0) = 0, and if H: 9M; x I — oM, X I? is
defined by the equation H(Xx, y) = (x, h(y)), then there exists a 0-preserving homeo-
morphism G: No(M; F) — No(M; FH).

This lemma is obvious.
Definition. Let V, Vi, V, be manifolds.

(a) Homeomorphisms Fg, F;: V; X 19 — V, X 12 will be called equivalent
(notation: Fqo ~ Fi) if Fg is concordant to F; relative to V; x {0}.

(b) A homeomorphism F: V xI% — V x I9 will be said to reflect VX I9 in V if
the induced isomorphism F,: H (VX I9, V X 919) — H, (V X I9, V X 819) is not the
identity.

(c) C4(V) will denote the group of ~-equivalence classes of 0-preserving ho-
meomorphisms of V X I9 onto itself that do not reflect V XI% in V. An element of
an equivalence class will be called a Cqy-homeomorphism.

From Lemmas 1 and 2 it is apparent that equivalent extensions of f: oM; — oM,
define the same neighborhood of M. We shall see, however, that in some cases non-
equivalent homeomorphisms define the same neighborhood. For example, if
F: oM; X 9 - oM, X I? is a homeomorphism extending f, and if

G: M, XxI1 - M, x14

is a 0-preserving homeomorphism, then Ny(M; F) = Ny(M; GF), but there is no rea-
son to suppose that F is equivalent to GF.

In any event, the first step is to understand better the groups Cq(V) for
V =8M; or dM, and to determine the conditions under which one and hence each
representative of a particular equivalence class can be extended to a homeomor-
phism of M; X I9,
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3. Cq-HOMEOMORPHISMS

Let M be a manifold, and let g: M X I9 — M X I9 be a Cq-homeomorphism.
Then we can regard M as a simplicial complex, and we can assume that g is sim-
plicial. Moreover, by virtue of [6, Theorem 4.4}, g is ~-equivalent to a block iso-
morphism, and if g l oM X I? is already a block isomorphism, then the concordance
can be taken relative to oM x I,

Suppose then that K is a triangulation of M, and let K represent the A-set de-

fined by K (with some ordering of the vertices). Since block isomorphisms of
K x I? onto itself correspond bijectively with homotopy classes of A-maps from K

into PLq, and since A-homotopies correspond bijectively with ~-equivalences,
there exists a bijection (of sets) between C4(M) and the set of homotopy classes
[K; PL3]. Likewise, if L <K is a triangulation of 9M, then a block isomorphism

g: L xI9— L x I9 extends to a 0-preserving homeomorphism of K X I onto itself
if and only if the induced A-map g: L. — PL3 extends to a map of K into PLg.

LEMMA 3. Let L <K be simplicial complexes, let (K, L) be the associated
A-sets, and let g: (K, L) — (PLq, PLq(I)) (g>3).

(a) If dim(K) < 2, then g is homotopic velative to L to a A-map h: K — PL4(I).

(b) If dim (K) < 3, then there exists a A-map h: K — PLq(I) that agrees with g
on L.

In other words, if K is a 1- or 2-manifold, then the natural map
[K, PLq(D)] — [K, PLg] is a bijection.
= q q

Proof. The proof is by induction on the dimension of K, and it follows immedi-
ately from the triviality of the groups 7;(PLy, PLq(I)) and TTZ(PLq(I)) for i <2 and
q>3 [3].

It follows that if V is a 1- or 2-manifold, then each equivalence class in C,(V)
contains a fibre-preserving block isomorphism. In particular, if |K| =81, then

Cq(sh) = [K, PLq(D] ~ m(PLg(D) =~ Z3.
Likewise, since nz(PLq(I)) ~ 0,

Cq(S! x 81) = m (PLy(1)) @ my (PLy (1))

R

Z,DZ,.

If I? is identified with the unit g-ball BY, then, since nl(PLq(I)) ~ 711(SO(q)),
the induced homeomorphism f: sl x B2 — 8! x B9 can be realized as a fibre-pre-
serving SO(q) bundle map of the form G(x, y) = (X, g«(y)), where g, = g(x), and
g: S! — 50(q) represents a generator of 7;(SO(g)). The map g: S! — SO(g) can in

turn be defined at each point eif € Sl as the (q - 2)-fold suspension of the map
g,: S — SO(2), where gz(ele) is the rotation of B2 through 6 radians.

A nice geometric analysis of maps f: S! X I3 — S! x I3 is presented in [2].
COROLLARY 1. Let (M, oM) be a 2- or 3-mawnifold with triangulation (K, L),
and let g: M x 1?1 > M X 19 be a fibre-preserving block isomorvphism induced by
g: L = PLy(I). Then g extends to a 0-presevving homeomorphism
G:MxI? - MxId

if and only if g extends to map K into PLq(I).
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Proof. If g extends, it is evident that g extends. Conversely, as we observed
earlier, every O-preserving extension of g is ~-equivalent relative to dM x 19 to a
block isomorphism. Therefore the desired extension exists, by Lemma 3(b).

COROLLARY 2. Let (M, aM) be a 2-manifold with triangulation (K, L), and
let g: L — PLq(I) be a map. Then g extends to map K into PLq(l) if and only if
g~ 0.

Proof. If g~ 0, then g clearly extends, and conversely, since m (PLq4(D)) = Z; .

COROLLARY 3. Let Uy be a solid orientable 3-dimensional handlebody of
genus n with triangulation K, and let g: 0K — PLq(I).

(a) There exist a solid torus T C int(U,) with triangulation Ko < K" (rel 9K)
and an extension G: L — PLq(I), wheve L = cx(K"(rel 8K) - Ko).

(b) If n=1 and J < 3K represents a meridian, then g: 9K — PL(I) extends if
and only if g |J ~ 0.

Pyroof. If n=0, then Uy =1I> and g extends to all of K, since 72(PLq(I)) ~ 0.
g L q

Otherwise, let A, -+, A, < 9K be subcomplexes representing meridians of
U,, and let A, -+, A, <K be disjoint discs with 9A; = A;. Choose discs
Dy, -+, Dy_; < K disjoint from each other and from the A;, with (D;, aD;) < (K, 9K)
and such that A; U 9D U A;j4; bound on 9K.

Suppose first that g léi #0 for all i (1<i<n). Then, since 71(PLq(I)) ~ Z;,

-1
g|8Di~ 0 and hence g extends to a map of 9K U (U?:1 1_)i) into PLg(I). Let
T C int (U,) be a solid torus that intersects each A; once and misses each D; and
-1
such that the region between T and oU, U ( U ?:1 lDiI ) is homeomorphic to
9T X (0, 1). Since T can easily be chosen to coincide with a subcomplex of
K" (rel 9K), the map g will extend.

Now, if g |A;£ 0 for 1 <i<k<n,and g|A;~ 0 for k <i<n, then g ex-
tends to map Aj into PLg(I) for k <i < n. After we cut Un along these Aj, the
proof follows as above.

(b) follows immediately from (a), since 72(PLq(I)) =~ 0.

4. REGULAR NEIGHBORHOODS OF TWO-MANIFOLDS

As we have seen, if M is a closed orientable 2-manifold embedded in a (q + 2)-
manifold Q (g > 3), and if N is an orientable regular neighborhood of M in Q, then
corresponding to each decomposition M = M; U M, with

M; N M, = dM; = M, = = = gl

there exist a Cg-homeomorphism g: Z XI9 — £ X I9 and a homeomorphism
H: N — Ng(M1, M2; g) such that H(x) = (x, 0) for all x € M. Since Cq(Z) = Z2, it
remains only to observe that the two possible neighborhoods are distinct.

Let K be a triangulation of Z, let g: K — PLq(I) be a map onto a generator of
71(PLg(1)), and let g: 9M; X I? — 3M2 X I be the induced homeomorphism.

THEOREM 1 (T. M. Price [5]). Let M be a closed ovientable 2-manifold
piecewise-linearly embedded in a (q + 2)-manifold Q (@ > 3). Let M), My CM bpe
compact submanifolds such that



76 ROBERT M. DIEFFENBACH
M=M UM, and M;NM,=0M;N3M, =32 =g,

If N is an ovientable re%ular neighbovhood of M in Q, then either N =M X 19 or
N = (M) x I Uy (M2 X I¥) = Ng(M1, Mz; g).

Furthermove, the two possibilities ave distinct; that is, theve exists no 0-pre-
sevving homeomorphism M x 1% — Nq(M, M2; g).

Proof. As we observed above, it remains only to prove that the possibilities are
distinct.

Suppose there exists a 0-preserving homeomorphism
H: MxI? — Ng(M;, Mp; g).

By [6, Theorem 4.4] and Lemma 3(a), we can suppose that H is a fibre-preserving
block isomorphism, and in particular that H restricts to fibre-preserving homeo-
morphisms Hj: M; x I9 — M; x I for i =1, 2. The diagram

oM, x 11 LN oM, x 1%

where h; = H; | aM; x I, must then commute. Now h; and hz: ZxI? — Z x 17 are
induced by A-maps hj, hp: K — PL4(I), and since the diagram commutes, gh; = hp,

where the product is in 71(PLq(I)). But hi ~ 0 ~ hz, by Corollary 2. Hence g =~ 0,
a contradiction.

5. REGULAR NEIGHBORHOODS OF THREE-MANIFOLDS

Let M =M; Usf M, be a Heegard splitting of an orientable 3-manifold M, where
M; = U, 2 M2, and suppose that M € Q3*3 (q > 3). As we have seen, every orient-
able regular neighborhood of M in Q is of the form

N = (M, xIY Up (M, x 1Y) = Ng(M;, Mp; F),

where F: oM X 11— oMz X 11 isa 0-preserving homeomorphism that extends f.

Now C4(@M;) is apt to be large, and in any case it depends on the Heegard
splitting. The next lemma will allow modifications of the decomposition of M. Let
M =M; Us M, where M; and M are arbitrary submanifolds of M identified by {
along a common boundary, and let F: oM; X 11— oM X I? pe an extension of f.

LEMMA 4. Let K, be a triangulation of M), and let g: 8K| — PLg(I). Let

Mo C M, be a submanifold with triangulation Ko < K, and define L = cx(K) - Ko). If
g extends to a map G: L — PLq(I), then there exists a 0-presevving homeomovphism

H: M; X 12 Up M x I9 — Mg x 1?2 Ug, el(M1 - Mo) X 1d U1 M2 X 9,
1

where for i =0, 1, Gy aM; x 19 - aM; x 19 is the homeomorphism induced by the
vestriction of G to.9K;.
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In pavrticular,
(a) if FGj} =fx 1: aM; X I? —aM, x 1%, then

Nq(Ml ’ MZ; F) = Nq(MO, 01(M - MO); GO):

. ~ -1
(b) if Mg =@, then Nq(Ml ,Mo; F) = Nq(Ml » Mz; FGy ).

Proof. The proof is identical to that of Lemma 1. Define

(%, y) for (x, y) € (Mg UM;) xI%,
H(x, y) =
G(x, y) for (x,y) € cl(M; - My) x 1%,

where G: cl(Ml - MO) x 11 - cl(Ml - M) X I is the fibre-preserving block isomor-
phism induced by G. '

COROLLARY 4. Let M be a closed ovientable 3-manifold in a (q + 3)-manifold
Q (g > 3). If N is an orientable vegular neighborhood of M in Q, then theve exist a
solid tovus T C M, a fibve-presevving block isomorphism

Gg: 0T xI? — 3(cl(M - T)) x 19,

and a homeomorphism H: N — Ng(T, M; Go) such that H(x) = (x, 0) for all x € M.

Proof. Let M=M; Uy M, be a Heegard splitting of M with triangulation
K = K; UsK;,, and let F: aM; X I9 — 9M, X I? be the product extension
F(x, y) = (f(x), y). By Lemma 3 and the remarks prior to it, there exists a A-map
G1: 9K — PLy(I) such that N ® Ngq(Mj, Mz; FGj). By Corollary 3, there exist a
solid torus T C M, with triangulation Ky < K{ (rel 9K;) and an extension
G: L — PL4(I), where L = cx(Kj (rel 9K;) - Kg) is a complex triangulating
cl(M; - T). Let

Gg: 8T X I? - 3(cl(M - T)) x 14

be the map induced by Go = G | 8Kg. Then, because (FG;)Gi! = F =1 X 1, the result
follows from Lemma 4(a).

Now, for each torus T € M with triangulation Kg, there are four possible ho-
motopy classes of maps g: 9Ko — PLg(I), since Cqy(S! X S!) ~ Z, ® Z, . However,
we shall see in the next lemma that at most two different neighborhoods of the form
Ny(T, M; G) can occur, for any given T.

Let T be a solid torus with triangulation K, let a, b: 942 — 9K, be homeo-
morphisms onto a meridian and longitude, respectively, and for i, j = 0 or 1, define
maps g ;2 9Ko — PLq(I) by

gi,jeazx 0 if and only if i = 0,
gi,;j°b ~ 0 if and only if j = 0.

As usual, g; j: 9T X I9 - 8T X I? will be the induced homeomorphism.

LEMMA 5. Let M be an orientable 3-manifold, and let T C M be a solid
torus. Then

(a) Nq(T, M; gO,j) =MxI4 Jor 1=0,1,
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(b) Ng(T, M; g1,0) = No(T, M; g1,1).

Proof. By Corollary 3(b), the map g, ,j: 0Kg = PL(I) extends to a map of K
into PL(D).

(a) By Lemma 4(b) (with Ml =T and Mg = @), there exists a 0-preserving ho-
meomorphism N (T M; go J) M x 14

(b) Let h=g 5o go,l. By Lemma 4 (with Mg = @), there exists a 0-preserv-
ing homeomorphism

TXxI1%Ug oM - T)xI? = Tx 1 uy, el - T) x 19,

But h =g ¢ Ogo 1~ 81,0°80,1 ~ 81,1- Therefore, by Lemma 1,
N(TVI g1, O)" q(T M’gl l)

THEOREM 2. Let M be a closed orientable 3-manifold, piecewise-linearly
embedded in a (q + 3)-manifold Q (q > 3), and let N be an orientable vegular neigh-
borhood of M in Q. Then there exist a polyhedral simple closed curve g C M, a
regulay neighborhood T, =Jq X 12 of J, in M, and a homeomorphism
F: N — Ny(To, M; g1,0) such that F(x) = (x, 0) for all x € M. Furthermore, if
J1 € M is another polyhedrval simple closed curve with regular neighborhood
T C M, then there exists a O-presevving homeomorphism

H: Nq(TO’ M; gl,O) = Nq(Tl » M gl,O)
if and only if Jg ~ Jy (mod Z5). In particular, Ng(To, M; g1,0) =M X 19 if and only
if Jo ~ 0 (mod Z ).
LEMMA 6. Let M be a 3-manifold with triangulation L. such that

oL =K = Un 1 K, is a collection of disjoint complexes with |K | =gl x gl Jor all
n (1<n<N). Let ay, by: 9a2 — K| be simplicial maps vepresenting genevators

of 7, (K,), and let o, B, € H|(K,; ZZ) be the induced genevators. Let

g: K — PL(I), and suppose that the restriction of g to K, is 8ip, iy Wheve in, jn =0

N
or 1. Then g extends to map L into PLy(D) if and only if 2iy-) i,(in oy +1inBy) =0,
where i H{(K; Z,) — H (L; ZZ)
Proof. Let p € Hy(K; Z,) be the generator. Then the diagram (coefficients in
WI(PLq(I)) ~ Zz)

H!(K) —> H2(L, K)

= lapﬂ X lpﬂ
1,
H{(K) ——> H; (L)
commutes; here 9pN and pN are the isomorphisms of Poincaré and Lefschetz dual-

ity, respectively.

Since PLy(I) represents the component that contains the identity map, the only
obstruction to extending g over L is an element, c(g), of H2(L, K; 7, (PL (1))).
Moreover, it must be in the image of 6%, since 3*(c(g)) = 0, where

i*: HA(L, K; m (PLg(D) — HA(L; 7y (PLy(D)).
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N
We shall show that the obstruction c(g) is equal to (pn)-1 ( 2in-1 i, 0, +ip Bn)) .
The lemma then follows, since pN is an isomorphism.

Let £, = (9pN)~! (a,), and let &, = (3pN)~! (8,). Then

N N
(pm)-1< 23 i*(jnan+inﬁn)) = 2 8% a_+ij B).

n=1 n=1

Let v*K be a cone over K, and let p: L. — v*K be a projection that is the
identity on K. Then if €(g) is the obstruction to extending g over v*K,
c(g) = p*(e(g)).

Now, it is straightforward to verify that &(g) = Eil 6"‘(in &, +i,h,), where
5*: Hl K; Z,) — HZ(V*K, K; Z;,). Forif z = v * an (1 <n <N) is a generator of
Hy(v *K, K; Z;), then [z, ¢(g)] = 0 if and only if goa, ~ 0, by the definition of an
obstruction. On the other hand, goa, ~ 0 if and only if

N N
i =| 0z, 20 (p&n+inBn) | =| 2, 20 6Minay +inBy) [=0.
n=1

n
n=1

Likewise, if z = v*b, (1 <n < N), then [z, &(g)] = 0 if and only if

N
[z, 2 5*(in&n+jan)} =0.

n=1
Since [z, ¢(g)] can only be 0 or 1, ¢(g) must be the indicated sum.

N
Therefore, c(g) = p*(€(g)) = Eml 6*(ip Gp + jnBn), since p* 6* = 6*p*, and since
p* is the identity on HI(K; Z,).

Pyoof of the theovem. In view of Corollary 4 and Lemma 5, it is only necessary
to show that

(1) Ng(To, M; g1,0) ¥ Ng(T1, M; g),0) if and only if Jo ~ J) (mod Z5),
(2) N(Tq, M; gl,o) EMXI?if J~ 0 (modZ,).
By an isotopy, we may assume that To and T; are disjoint.

Suppose then that Jg ~ J, and let ag, a1, Bg, B1 be meridians and longitudes
on 3Ty = a(cl{M - Tq)) and 9T = a(cl(M - T;)), respectively. From the Mayer-
Vietoris sequence (coefficients in Z;)

H,(3(cl(M - (To UTD) > HY(To UT1) @ Hiel(M - (To UT1) > Hi(M)
we see that ®(0 @ (Bp +81)) = 0. Hence there exists
7z = joag+ijray +igBo+i181 € Hi(@(cl(M - (To U T1))))
with jo, j1, ig, i1 =0 or 1 such that

‘P(Z) = (iOBO+ilBl)®(j0a0+j1a1+iOBO+i131) = 0®(ﬁo+31).
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Necessarily then, ig = i; = 0; that is,
(*) z = joao tjro1 = Bo+B1.

Let L be a triangulation of ¢l(M - (Tg U T})), and let Kg, K; < L. be subcomplexes
that define triangulations of dTg and 9T;, respectively. Define

g: Kj UKo — PLg(I)

by the equations

glK1=g1,,-

g Ko = g1,jy»

Then g will extend over L provided that i (]0010 +Bo+ji1a1+ B1) =0, which it is,
by (*). From Lemma 4 (with Mg = To, M1 =cl(M - T1), and M} = T1) it follows
that

M- TP xI%u, . TixIT 2 Tox1uy . clM - To) x1%,
gllJl 1’.]0

By Lemma 5(b),

q ~ q 9 _ .
cl(M—Tl)XIquI’leIXI =T, xI Ugl’ocl(M—Tl)XI = Ng(T1, M; g1,0)

and

~

T,xI9U, cl(M—TO)qugTOXIqulOcl(M-TO)XIq Ng(To, M; g1,0) -

1.ig
Therefore, if Jg ~ J; (mod Z ), then
Ng(Tgo, M; g1,0) ¥ No(T1, M; g1 ,0) -
Moreover, if we replace T; by the empty set in the proof above, case (2) (where

J ~ 0 (mod Z ;)) follows.

Conversely, then, if there exists a 0-preserving homeomorphism

cl(M - Tg) x 11 — Ty x 19 cl(M - T;) x 17,

Ugl,O

we can, by [6, Theorem 4.4] and Lemma 3, suppose that H is a fibre- preservmg
block isomorphism, and in particular that the restriction of H maps T; X 19 onto
itself for i = 0, 1. Hence the diagram

£1,0 1
T o x I ——> 3 cl(M - (To U T})) x I «—— 3T xI1¢

hol HOlHl hll
1

g
9T X I3 — > acl(M - (To U T1)) x 1% <22 57, x 19

commutes; here h; is the restriction of H to 9T; X 19, and H; the restriction to
2cl(M - T;) xI9. Since h; extends to map T; X I onto itself, hg ~ g0,j,» Where

jo=0 or 1; similarly, h; ~ gg ;. (j; =0 or 1). Therefore, by commutivity,
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Hy ~ hogily ~ g1,j,- Likewise, H; ~ g; ; . As before, let L be a triangulation

of ci{M - (Tg U T})), and let Ky, K; < L be subcomplexes triangulating 2 c1(M - Ty)
and 9 cl(M - Ti), respectively. Let g: Ko U K; — PLg(I) be the A-map defined by
the equations g | Ko = g1,j, and g|K; = g1,j, - Then g induces Ho in 3 cl(M - To)
and H; in 3 cl{M - T;). Now, g extends to a map of L into PLq(I), by Corollary 1;
therefore, i,(jo @g +Bop +j1 @1 +B1) =0, by Lemma 6. Equivalently,

i,(8o +By) =i, igag +iyay) in Hy(clM - (Tg U T1)); Z;). Now let

iy Hy(el(M - (Ty U T))); Z,) — H{(M; Z))
be the inclusion-induced morphism. Since iy i, (jo @p +j; @;) = 0, it follows that

i, i,(Bo +B1) = 0 also; hence Jo ~ J1 (mod Z32) in M.

COROLLARY 5. Let M be a closed 3-manifold with Hi(M; Z) =~ 0. If M is
piecewise-linearly embedded in Q3 (q > 3), and if N is an orientable rvegular
neighbovhood of M in Q, then N =M X 12.

Proof. It is sufficient to observe that M is orientable, since H;(M; Z5) =~ 0.
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