ASYMPTOTIC PATHS FOR POWER SERIES
WITH EXPONENTS OF THE FORM nP
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Corresponding to each function f analytic in the unit disk D, we denote by
M(r) = M(r, f) the maximum modulus of f on the circle |z] =r (0<r <1), and we
define the ovder a(f) by the formula

R log log M(r)
a(f) = lim sup g (1-1) °
r—1

In [4], we showed implicitly that if p is an integer (p>2), and if f is defined in D
by a Taylor series of the form .

(1)  f(z) = 2 oagzR

n=0

and has order a(f) > 1/(p - 1), then { is unbounded on every continuous curve that
begins at the origin and tends to the unit circle. Using known results on Abel sum-
mability, we shall now show that the conclusion need not hold"if a(f) =1/(p- 1).

THEOREM. For each integer p (p > 2), there exists d function of the form (1)
that has ovder 1/(p - 1) and possesses a finite vadial limit at the point z = 1.

Proof. In [1], B. Kuttner remarks that an earlier theorem of E. G. Phillips [3]
(XJ T
implies that for p > 1, the series En:O b® is summable (A, nP) (that is,

o0
lim 2 bPe~0nP
og— 0t n=0

exists and is finite), for each value b = reif in the region defined by the inequality
r < exp{|9| tan(7/(2p))} (n <o <.

Thus, if we take 6=, K = (7/2)tan(a/(2p)), and r = exp K, then

o]

—-gnP

lim 2 e”F(-1)"e 0"
g — 0t n=0

exists and is finite. Hence, if we define f in D by the formula
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f(z) = 22 ePK(-1)n znp,

n=0

then f is of the form (1) and possesses a finite radial limit at z = 1. To see that f
has the required order, we note that by a result of G. R. MacLane [2, p. 38],

log* log™ |an)

a(f) = lim sup

n—o lognP - log* log® |an|

log n + log K _ _
-1)logn-logK 1/(p - 1).

lim sup ®

n-— oo
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